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Abstract: A positive divisor d of a positive integer n is said to be a unitary divisor of n if
(d,n/d) = 1. The set of positive integers is a meet semilattice under the unitary divisibility rela-
tion but not a lattice since the least common unitary multiple (lcum) does not always exist. This
meet semilattice can be embedded to a lattice; two such constructions have hitherto been pre-
sented in the literature. Neither of them is distributive nor locally finite. In this paper we embed
this meet semilattice to a locally finite distributive lattice. As applications we consider semimul-
tiplicative type functions, meet and join type matrices and the Mdbius function of this lattice.
Keywords: Unitary divisor, Meet semilattice, Distributive lattice, Semimultiplicative function,
Meet matrix, Mobius function.
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1 Introduction

It is well known that the set Z, of positive integers is a poset under the usual divisibility relation.
It is likewise well known that the gcd and the lcm operations serve as the meet and the join on
this poset. Thus Z. is a lattice under the usual divisibility relation, known as the divisor lattice.
This lattice is distributive.

A divisor d € Z, of n € Z, is said to be a unitary divisor of n and is denoted by d|n if
(d,n/d) = 1. For example, the unitary divisors of 200 (= 2352) are 1,8,25,200. The unitary
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divisors of a prime power p® are 1 and p®. A general formula for the unitary divisors of n =
[1,p p¥»("™ can be written as

H pup(n)’

peP

where u,(n) runs over the (one or two) values 0 and v,(n) for all primes p. The number of
the unitary divisors of n is 2¢("), where w(n) is the number of distinct prime divisors of n with
w(1)=0.

The concept of a unitary divisor (or a “block factor”) originates from Vaidyanathaswamy [22]
and was further studied for example by Cohen [4] and T6th [21]. General accounts can be found,
e.g.,in [14, 18].

We denote the greatest common unitary divisor (gcud) of m and n as (m,n)ee. The gcud of
m and n exists for all m,n € Z, and

(m,n)es = pr(vp(m)wp(n)),
peP
where p(v,(m),v,(n)) = v,(m) if v,(m) = v,(n), and p(v,(m),v,(n)) = 0if vy(Mm) # v,(n).
We denote the least common unitary multiple (Icum) of m and n as [m, n]ee. The lcum of m and
n exists if and only if v,(m) = v,(n), v,(n) = 0 or v,(m) = 0 for each prime p. For example,
the lcum of 2 and 4 does not exist and the lcum of 12 = 223 and 20 = 225 exists and is equal to
60 = 22-3-5. Hansen and Swanson [7] overcame the difficulty of the nonexistence of the Icum

by defining
. mn

) (m7 n)EBGB.

It is easy to see that [m,n]* exists for all m,n € Z, and [m,n]* = [m,n]ee When [m,n]ee

[m, n]

exists. Naturally, [m,n]* # [m, n]ee Wwhen [m,n]ee does not exist. For example, [2,4]* = 8 but
[2,4]ee does not exist. It is not reasonable to say that 8 is the lcum of 2 and 4, since 2,4 4 8.

It is easy to see that the unitary divisibility relation is a partial ordering on Z,. The gcud
operation serves as the meet on this poset. Thus Z, is a meet semilattice under the unitary
divisibility relation. Unfortunately, however, it is not a lattice, since the lcum does not always
exist. Korkee [12] embedded the unitary divisor meet semilattice (Z,, |) in a lattice by adding an
element, denoted as oo, so that each n € Z, is a unitary divisor of co. Then

S [m,n]ee if [m, 7?]@@ exists,
00 otherwise.

Thus (Z, u {co},|) is a lattice. For example, the join of 2 and 3 is 6, and the join of 2 and 4 is
oo. This approach may be considered the one-point compactification of the discrete topological
space Z., [6].

The authors in [9] propose another way to embed the unitary divisor meet semilattice (Z,, |)
in a lattice. They apply the one-point compactification with respect to each set of prime powers
{p*:a=0,1,2,...} and then apply the fundamental theorem of arithmetic. This lattice may be
considered a refinement of the lattice adopted by Korkee [12]. This extension goes as follows.
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Let p be a prime and denote U, = {p®:a =0,1,2,...}. Let (U,, 7) denote the corresponding
discrete topological space. Let (U, 7*) be the one-point compactification [6] of (U, 7). Denote
the inserted point (often called the point of infinity) by p>. Thus U} = {p®:a=0,1,2,... ora =
oo} ={1,p,p?,...,p>}, where 1||p?||p> forall a =0,1,2,...,00 and p* } p? forall 0 < a,b < oo
with a # b. Then (U}, |) is a lattice. In this lattice, for example, 1vp = p, pvp? = p=, p? v p? = p?,
p? v p* =p> forall p e P.

The lattice (Z*, |) is the direct product

z:-T1Y;

peP

of the lattices (U, [ ). In [9], Z7 is defined topologically; we do not present these details here.
As an illustration of the lattice (U7, [) = ({1,p,p%...,p>},|) its sublattice ({1,p,p% p?,
p>}, ) is shown in Figure 1.

Figure 1. The sublattice ({1,p,p?, p® p>}, |) of the lattice (U}, ||)

It should be noted that neither of the above extensions (Z, U {oo}, ) and (Z,|) of (Z,,|)
to a lattice is distributive nor locally finite. The main purpose of this paper is to emped (Z,, |)
to a locally finite distributive lattice, see Section 2. As an application of distributivity, in Section
3 we consider semimultiplicative type functions, which we in turn utilize in meet and join type
matrices in Section 4. Locally finity is needed to consider the Mobius function of the lattice, see
Section 5.

2 Embedding to a locally finite distributive lattice

Consider first the meet semilattice ({1, p, p?,p3},|), where p is a prime number. Its Hasse dia-

ng
1

Figul‘e 2. ({1ap7p27p3}7 ”)

gram is given in Figure 2.

We extend this to a distributive lattice as is shown in Figure 3. We denote this distributive

extension as ({1,p,p? p3}?,|), where d stands for distributive.
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Figure 3. The distributive lattice ({1, p, p?, p3}4, )

Let P(.S) denote the power set of S. It is easy to see that
{Lp. %"} ) = (P({1,2,3}),9).
We proceed in a similar manner to obtain
{Lpp? 0" ) = (PHL 2, n}),9).
Further, define ({1,p,p?,...}%,|) by
{Lpp*. 341 = (PI(Z0),9), (1)

where P’(Z, ) is the set of all finite subsets of Z,.
Each element n, € {1,p,p?,...} (n # 1) is of the form

np=ptveevpt k21, )

where i1, ..., € Z, are distinct. In other words, for each element n, € {1,p,p?,...}¢ (n # 1)
there is a unique finite set [,,, € Z, such that

n,= \/ P (3)
ielnp
In addition, we set I,,, = @ for n,, = 1.
For m,,,n, € {1,p,p?,...}¢ we have
mp||np — Imp c Inp. @

The meet of m,, n, € {1,p,p?,...}%is given as

myAn,= \/ P (5)
ielmpnlnp
and their join is
myvn,= \/ p" (6)
ielmpulnp

The expression of n,, is the direct join; in symbols,

n, =plt v vph = \/ p'. @)

ieln,

71



This means that n,, is the join of A = {p?,... p'} and the set A is independent (that is, for each
pii e A, pli ANV (AN {p¥i}) =1 (the least element of the lattice). For direct join, see [5].
Finally, we define (Z¢, |) as a “restricted” direct product (or a “discrete” direct product [20])
by
@) = TT (Lp.p? - 34D (8)

pelP

This means that each element n € Z? is of the form

n=(Nna,nNg, ..., Np,...), 9)

where n, € {1,p,p?,...}¢ for all primes p € P and n, # 1 for at most finitely many p € P. The
word “restricted” stands for “n,, # 1 for at most finitely many p € P”’. This is denoted in (8) by the
asterisk in [T".

In other words, we have

(Z4,)) ~ X" (A, 9), (10)

i€Z,
where A; = P'(Z,) for all i € Z,. This is again a “restricted” direct product, denoted by X*,
which means that for each (A, Ao, .. .) in this restricted direct product, A; € A; is nonempty for
at most finitely many 7 € Z,.

For m,n € Z¢ we have

m|n <= my|n, VpeP. (11)

The meet and join of m,n € Z2 are given as
mAn=(mgAng, M3 Ang,..., My Ay, ...) (12)

and

mvn=(mgVng,mgVns,...,m,Vng,,...) (13)

For n € Z4 let P, denote the set of primes p for which n, # 1. It is easy to see that if m/|n,
then P, € P, and if P,,, n P,, = &, then m A n = 1. The converse results do not hold.

For m,n € Z, we have m An = (m,n)ge, and for m,n € Z, possessing the lcum we have
mvn =[m,n]ees. We here mean that for n € Z,,

n=[]p»™ = (202 3v)  pre(m ) = (p (™) i p e P). (14)
pelP

Theorem 2.1. The pair (Z%, ) is a locally finite distributive lattice.

Proof. Tt is easy to see that (P’(Z,), <) is a distributive lattice; thus ({1,p,p?,...}%,|) is a dis-
tributive lattice. Then (Z¢, |) is distributive lattice as a restricted direct product of distributive
lattices.

Since (P’(Z.),<) concerns finite sets, it is locally finite. We show that (Z¢, |) is locally
finite. Let m, n € Z¢ with m/||n, and consider the interval [m,n] ¢ Z<. Then

m = (mg,ms,...,Mp,...), n=(N2,N3,....,Np,...),
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where m,,|n, for all primes p € P and m,,n, # 1 for at most finitely many p € P. Since
({L,p,p?,...}4,]) is locally finite, the number of elements in each interval [m,,n,] is finite,
and since m,, n, # 1 for at most finitely many p € [P, the number of elements in [m,, n, ] is greater
than 1 for at most finitely many p € P. Thus the number of elements in the interval [m,n] ¢ Z¢ is
finite. This completes the proof. O]

Recall that (Z4, ||) is presented as the restricted direct product of the lattice of all finite subsets
of Z,. We could also consider the unrestricted [3] (or complete [20]) direct product of the lattice
of all subsets of Z, as a distributive extension of the meet semilattice (Z,, |). This extension is
even a Boolean lattice but not locally finite.

It should be noted that the unitary divisibility in Z¢ is the divisibility relation with respect to
multiplication m®n in Z¢ defined by mon = mvn. Now, (Z%, ®) is a commutative semigroup of
idempotents with identity, and we have m|n if and only if there exists k& € Z¢ such that n = mo k.
In particular, for m,n € Z,, we have m|n if and only if there exists k € Z, such that n =m © k.

3 An analog of semimultiplicative functions

As an application of distributivity we introduce an analog of semimultiplicative functions. Dis-
tributivity is utilized in the proof of Theorem 3.1.

An arithmetical function f : Z, — C is said to be semimultiplicative if f((m,n))f([m,n]) =
f(m)f(n) for all m,n € Z,, where (m,n) and [m, n] stand for the gcd and lcm of m,n € Z,.
For information on semimultiplicative arithmetical functions we refer to [8, 15, 17, 18]

We propose an analog of this concept as follows. Let (m,n)y and [m,n], denote the meet
and join in (Z<, |). We say that a function f : Z¢ — C is d-unitarily semimultiplicative if

F((m,n)a) f([m.n]a) = f(m) f(n), Ym,neZ. (15)
Theorem 3.1. Let f be a d-unitarily semimultiplicative function with f(1) + 0. Then
Frv v p®) = )T f (™) (16)
for all primes p and distinct positive integers iy, . .. iy (k > 1), and
fmvn) = (1) f(m)f(n) (17)

for all m,n € Z¢ with P, n P, = @. (Thus f is completely determined by its values at prime
powers p* where pe Pand a =0,1,2,...)

Proof. We proceed by induction on £ to prove (16). It is trivial for k£ = 1. Assume that (16) holds
for some k£ > 1. We show that it holds for & + 1. Now,

@ vV ) f(pe) = f((P7 Ve vp) Apte) f((p v v pt) vpten).
By distributivity,
(p'il VA vpzk) /\pik+1 — (pll /\pik+l) \(VETSRY; (plk /\pik+1) — 1 VeV 1 — 1
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Thus

ST v v ph) f(pE)
FOT O F@)f ") f (™)
FOYED F ) f () f (p').

f(pil Voeee vpik Vpik+1)

This proves (16).
If P,,n P, =@, thenman = (m,n); = 1. We thus obtain (17). This completes the proof. [

4 Matrices associated with gcud and lcum

In this section we apply the new analog of semimultiplicative functions to a certain meet and join
type matrix. For information on these type matrices, see, e.g., [2, 10, 11, 13].

Let S = {x1,x9,...,2,} be a set of distinct positive integers with x; < 23 < -+ < x,,, and let
f be an arithmetical function such that f(z) # 0 for all = € Z,. Consider the n x n matrix (S*)
having

[2((75,7)00) (18)
f (i) (x5)
as its 77 entry. We adopt the notation

Bj(w:) = dZ 9r(d)

e,

t<i
forall:=1,2,...,n, where

x *
gr(z) =2 2| 5 | (d).
d|x d

The function p* is the unitary analog of the number-theoretic Mobius function [4].

Let S = {dy,ds,...,d,} be the minimal gcud-closed set containing S. Define the n x m

\/Bi(d;)
lfdj || ZT;

matrix C' = (¢;;) by

Gi =3 fx)
0 otherwise.
It is shown in [9] that
(S*);=CCT. (19)
It is also shown in [9] that if .S is gcud-closed, then
n Bj(x)
det(5¥); =] -L—. (20)
(5%)s g P2(on)
If f is a d-unitarily semimultiplicative function on Z¢ with f(n) # 0 for all n € Z4, then

f@) () f([wix]a)’

f(ziyxj)a)

that is, the ij element of (5*); is equal to (AL
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5 Mobius function

Let (P, <) be alocally finite poset. The incidence algebra I( P, <) of (P, <) is the set of functions
f: P x P — C, which satisfy f(x,y) = 0 unless x < y. Addition and scalar multiplication are
defined pointwise, and the multiplication or convolution is defined as

(frg)(z,y)= Y, flz,2)9(zy).

T=z=yY

The function § € I(P,<) is defined by d(z,y) = 1 if x = y € P and §(x,y) = 0 otherwise. The
function ¢ serves as the identity under the convolution. The function ¢ € I(P, <) is defined by
((z,y) = 1if z < y. The Mobius function p of (P, <) is the inverse of the function ¢ under the
convolution. This means that

(Cxp)(z,y) = Y, w(zy) =6(x,y).

T=z=yY

Material on incidence algebras and Mobius functions can be found in [1, 14, 16, 19].

Consider the lattices ({1,p,p?,...}¢,|) and (Z<,|). According to Theorem 2.1 they are lo-
cally finite, and since they are lattices, they are posets. Therefore we can consider their Mobius
functions for which we present expressions in the following theorem.

Theorem 5.1. The Mébius function of the lattice ({1,p, p?,...}%,||) is given as
pp(mp, 1) = (=1)lfel=tmsl for |1 (22)
The Mébius function of the lattice (74, ) is given as

pza(m,n) =TT pp(my,ny), (23)

pePpUP,

where Py is the set of primes p for which k, # 1 (as is given in Section 2).

Proof. We prove (22) by showing that the function y,(m,,, n,) defined in (22) satisfies

Z :“p(dp?np) = 5(mp7np)7

mp|dpllnp

for my,n, € {1,p,p?,...}4, where d(m,,n,) is the delta-function of ({1,p,p?,...}%,|). In fact,

Z 1p(dp,mp) = Z Np(\/pia \/ pi) = Z (-1)'1"1"_'1'.

mp|dp|np Impcicln, el i€y, ImpCICly,

Let |l |=rand|l, |=s. Since I, € I, , we have |I, \ I, |=s—r. Thus we can write

-r— (s s—r— s—r
> mpldpmp)= 3 (<L) '”:Z( k )(—1) = (1 (-1))"".
mplldp|np Ie(Iny~Imy,) k=0

This is equal to 1 if s = r and 0 if s # 7. Here s = r if and only if m,, = n,,. Thus

Z pp(dp,mp) = 6(myp, myp),

mp|dp|np
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This shows that the function s, defined in (22) is the Mdbius function of ({1, p, p?,...}4,|).
We next prove (23). Assume first that m |t n. Then

pzs(m.n) = 0.

On the other hand, m,, {f n,, for some prime py. Then s,(m,,,n,,) = 0. Now, py € P, u P,
(since otherwise m,,, = n,, = 1 and y,(m,,, n,,) = 1), and therefore

H fip(mip, myp) = 0.

pePpUP,

Thus, in this case,

NZﬂ(man): H fp (M, 1)

pePpUP,
Assume second that m || n. Denote

S(m,n) = Z H tip(dp, myp).

ml||d|n pePaUP,
We show that S(m,n) = d(m,n).
Now, in the above sum, P, ¢ P; ¢ P,. Let P, = {p1,p2,...,pu}. Since p,(d,,n,) = 1 for
pé{p1,p2;- -, Pu}, We have
S(m,n) = Z Z Mm(dpnnm)”'/‘pu(dpuanpu)-

mp1 Hdpl ”nl)l Mpqy, Hdpu ”nl)u

Thus
S(m,n) = Z i, (dp, s np,) = H Op, (M, 11p,) = H Op (1M, mp).-
i=1 1y, l[d; |7, i=1 pePyuP,

If p ¢ P;u P,, then m, = n, = 1 and therefore ,,(m,,n,) = 1. Thus

S(m,n) =[] 0,(my,np).

pelP

By (9),

[16,(mp,np) = 6(m,n).

pelP
This completes the proof. []

Remark 5.1. The unitary analog p* of the number-theoretic Mobius function is given as
ﬂ*(n) = (_1)W(n)’ neZs,

where w(n) is the number of distinct prime factors of n with w(1) = 0, see [4]. It is easy to see
that 1,(1,p") = =1 = p*(p’) for all prime powers p’, and further, (14(1,n) = p*(n) for all n € Z,.
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