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Abstract: Let Q(x) = Q(x1, 22, ..., x,) be a quadratic form with integer coefficients, p be an
odd prime and ||x|| = max; |z;|. A solution of the congruence Q(x) = 0 (mod p?) is said to
be a primitive solution if p { z; for some i. We prove that if p > A, where A = 5 - 2%, then

this congruence has a primitive solution, with ||z < 34p/2

, provided that n > 6 is even and ()
is nonsinqular (modp). Moreover, similar result is proven for cube boxes centered at the origin
with edges of arbitrary lengths. These two results are extension of the quadratic forms problems.
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1 Introduction

Let Q(x) = Q(z1, x, ..., x,) be a quadratic form with integer coefficients and p be an odd prime.
Set ||x|| = max |z;|. When n is even we let A,(Q) = ((—1)"/?det Ag/p) if p t det Ag and
A,(Q) = 0if p| det Ag, where (-/p) denotes the Legendre-Jacobi symbol and A, is the n x n
defining matrix for Q)(x). )(x) is called nonsingular (mod p) if p { det Ag.
Consider the congruence
Qx)=0 (mod m), (1.1)

where m is a positive integer. The problem of finding a small solution of (1.1) means finding a
nonzero integral solution x such that ||x || < m® for some positive constant § < 1. The constant
0 may depend on n, but not on m. Our interest in this paper is in finding a small primitive solution
of (1.1) in the case where m = p?, a solution x with ged(z1, ..., x,, m) = 1. A primitive solution
is sought to rule out solutions of the type py where y satisfies Q(y) = 0 (mod p). For the
quadratic form Q(z) = 2% + - - - + 22, it is clear that any nonzero solution x of (1.1) must satisfy,

1/2

max |x;| > \/Lﬁm . Thus § = 1/2 is the best possible exponent for a small solution in general.
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Schinzel, Schlickewi and Schmidt [17] proved that (1.1) has a nonzero solution with
x| < m/2+1200=1) for n > 2, even, and ||x|| < m/P+01/2") for n > 2, odd. Thus for
any £ > 0 we get a nonzero solution of (1.1) with ||x|| < m(}/?*¢ provided n is sufficiently large.
We note that the solution obtained by their method is not necessarily a primitive solution. Indeed,
when m = p? they use a solution of the type py with Q(y) = 0 (mod p).

Dealing with m = p, p an odd prime, Heath-Brown [15] obtained a nonzero solution of (1.1)
with ||x|| < p'/?logp for n > 4. His result was an improvement on the result of [17] in this
case. Wang Yuan [18, 19, 20] generalized Heath-Brown’s work to all finite fields. Cochrane,
in a sequence of papers [1, 2, 3] improved this to ||x|| < max{2'p!/2 22210}. The best constant
available is due to Hakami [7, Theorem 1.3] and [11, Theorem 1] who obtained
|| < min{p*/?, 219p!/2}.

Using the method of exponential sums Hakami [8, Theorem 1] generalized Cochrane’s method
to find a primitive solution of (1.1) with ||x|| < p for n > 4 when m = p? and Q(y) is nonsin-

gular (mod p). The optimal bound, ||z|| < p for n > 1, was obtained by Cochrane and Hakami
(using geometric method) [6, Theorem 1].

For m = pq a product of two distinct primes, the optimal bound, ||x|| < m'/? for n > 4 was
obtained by Cochrane [4] and [5], building upon the work of Heath-Brown [14].

Our interest in this paper is the case m = p® with p a prime, more specifically obtaining small

primitive solutions of the congruence
Q(x)=0 (mod p?). (1.2)

To do that we shall generalize ( mod p) methods for obtaining a small primitive solution. Our
main result is the following theorem.

Theorem 1. For any odd prime p and nonsingular quadratic form QQ(x) (mod p) withn > 6, n
even, if p > A, where A =5 - 28 then there exists a primitive solution of (1.2) with

x| < 2°p%/? (1.3)

Note that this bound is best possible (order O ((p*)'/?). A generalization of Theorem 1 to
boxes centered at the origin is given in Corollary 1. Theorem 1 is an immediate consequence of
Corollary 2

Remarks

1. In order to prove Theorem 1 we shall use method of exponential sums because this method
has the advantage that it allows us to give estimates on the number of small primitive
solutions.

2. The estimate occurring in (1.3) is the best possible obtained by the method given here,
provided A, (Q) = +1 (A,(Q) is defined above) and p is sufficiently large. Weaker bounds
are obtained by the author in [9, Theorem 1] for the case A,(Q) = —1, [|x|| < p®/2+E/n),
Note that in the case of A,(Q) = —1, the estimate ||x|| < p®/2+(G/™ yields a primitive
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solution of (1.3) with exponent tending to 3/2 for n tending to infinity. For a general prime
power m = p* and nonsingular form (modp*) in n > 4 variables (n even) a primitive
solution of size ||x|| < m1/2+1/") is obtained [10, Theorem 1]

3. Our attempts to use the geometric method for congruences (mod p*) or higher powers)
have not been successful in obtaining primitive solutions of size /m.

4. For a general modulus the problem of obtaining a small primitive solution remains unex-
plored. The correct answer will depend on the rank of the quadratic form modulo each
of the prime divisors of m. For instance, the smallest primitive solution of the congruence
p(z2+23)+3p(22+22)+9(x2 — A\r2) = 0 (mod 9p), with p > 3 a prime and \ a quadratic
nonresidue (modp) has size ||x|| = p.

2 Basic identities and lemmas

Henceforth, we shall assume that n is even, p is an odd prime, and that ()(x) is a nonsingular
quadratic form (mod p) with A,(Q) = +1. Let e,s(a) = e>™/7°, Let Vs = V,5(Q) be the set
of zeros of () contained in Z” and let Q*(y) be the quadratic form associated with inverse of the
matrix for @ (mod p). Fory € Z7; set

Y ep(x-y) for y A0,
QS(V;;%}’) = xeV
[Vys| ==Y for y #0.

We abbreviate complete sums over Z; and Z; in the manner

ZZZZZZZ

X modp x1=1 rn=1 X modp r1=1 =1

The following lemma gives us a formula for ¢(V,s,y).

Lemma 1. [11, Theorem 1] Suppose n is even, Q) is nonsingular (mod p) and A = A,(Q). For
y €Z" puty' =plyincaseply ,(ie., ply; foralli). Then

2

$(V.y) =p@/D=8 N 7" Pwy(y)),

- g=0
pily; foralli
with
5, = 1 if 3—jiseven,
A if 3—7jisodd,
and
P = p*, PR (Y,
wi(y') = -7, PR ('),
0, PRy
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where QQ* is the quadratic form associated with the inverse of the matrix for Q (mod p) .

The proof of Lemma 1 is given (with some work) in Carlitz [14], and in complete detail in

[13, Theorem 1].
Let a(x) be a complex valued function defined on Zy; with Fourier expansion

a(x) =32y a(y)ep (x - y) where a(y) = p=" 37, a(x)e,s(—x - y). Then

dax) =) aly)eply - x)

Zza(y)z (Y - %)
=a(0) V[ + aly) ) eply ).
y#0 xeV
Since a(0) = p~*" Y «a(x), we obtain
D ax)=p VI ax)+ Y aly) ¢(Vs,0),).
xeV x y#0

Also by noticing that [V| = ¢(V,3,0) + p*™~1| we obtain that

d ax)=p > ax)+ Y ay)o(Vy). 2.1)

xeV

Inserting the value of ¢(V,,y) from Lemma 1 in (2.1) we obtain (see [9, Lemma 2]

Lemma 2 (The fundamental identity). For any complex valued «(x) on Z;g,

2 a6 =p7 ) alx)

X€V3
p3 p2
+ 0 > aly) + 0 ) alpy) + pP Y a(ply)
yzfl yzfl yi=1
. P*|Q*(y) ) . P?|Q*(y) ) PlQ* (¥) .
Ery Ers Ers
p3 p2
= PPy aly) - Z alpy) — p™*" Zapy. 22)
yi=1 =1 yi=1
P’lQ*(y) plQ*( ) \ ~~
~ ' -~ ~ N~ ETG
Ery Ers

3 Proof of Theorem 1

Let B be the box of points in Z" given by
B=A{xeZ"|a;<x;<a;+m; 1<i<n}, (3.1)
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where a;,m; € Z, 1 < m; < p?, 1 <i < n. Thus the number of points in B is |B| = [}, m,.
Consider the congruence
Q(x)=0 (mod p?), (3.2)

with x € B. Our first step is to obtain an upper bound on the number of solutions of (3.2)
contained in any box. Let V2 ; = V,2 z(Q) be the set of integer solutions of (3.2). First we treat
the case where all m; < p?. By work of [12, Lemma 4], we obtain

Lemma 3. Let p be an odd prime, V2 = V,2(Q) be the set of zeros of (3.2) in Zgz, and B be a
box as given in (3.1) centered at the origin with all m; < p?, then

B
BN V| <7 (% +p"> 7 (3.3)

where
y o= 2"(1 4 20/2HDy, (3.4)

Next we consider larger boxes where the m; may exceed p?. We define

n

Ns =] ([7;—2] + 1). (3.5)

i=1

Partition the box B in (3.1) into N = Ny smaller boxes B;,
B:BlLJBQU“'UBN,

where each B; has all of its edge lengths < p?. Thus Lemma 3 can be applied to each B;. We
obtain

N
BOVezl=> |BinV,.|
=1
N
B; n
(80
i=1

N
7” n
= FZ | Bil + N

i=1

B
p

Thus we have proved

Lemma 4. Let V)2 7 = V2 7(Q) be the set of integer solutions of the congruence (3.2). Then for
any box B of type (3.1),

BN Vizz| < n (F + Nz p") , (3.6)

where v as defined in (3.4) and Ng in (3.5).
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Let B be a box of points in Z" as in (3.1) centered about the origin with all m;

view this box as a subset of Zgg.

< p?, and

Let x5 be its characteristic function with Fourier expansion

x5(x) =2, ap(y)ep(x-y). Leta(x) = x5 * x5 = >_, a(y)eys(x - y). Then forany y € Z7s,
no . 9 3
3 T SI0” Y /p
aly) = L7 oy 37
(y) =p H1 STy (3.7)
where the term in the product is taken to be m? if y; = 0. In particular, if we take |y;| < p®/2 for
all 4, then using the fact that |sin(z)| > 2 |z| for |z| < 7/2, we have
3 2
73n
. 3.8
Hmm{ <2y2> } (3.8)
Apply the fundamental identity (2.2) to a(x) = x5 * x5 to get
> a2 Y alx
XEVp3 x
—_——
Main Term
p® p?
o p(3n/2)—1 Z a(y) o pZn—Z Z (py (5n/2 -3 Z p y
,vi=l yi=1 yi=1
P?Q*(y) plQ*(y) ~
\ - - ) Ere
Ery Err5
3.9

since Fourier coefficients a(y) are all positive. The main term in (3.9) is

P alx)=p ZXB*XB |B|

and the others are error terms.
For later reference, we construct a series of lemmas.

Lemma 5. Let B be any box of type (3.1) viewed as a subset of ZZ;; and o(x)
we have
Qmi

Proof. First,

> alpy) = Z Z —X - py)
yi=1 y;i=1 xlfl
p3
B IRy P
x;=1 yi=1
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x=0 ( mod p?)

1
- YL (3.10)

ueBvelB
u+v=0 ( mod p2)

Now we need to count the number of solutions of the congruence
u+v=0 (modp?),

with u, v € B. In fact for each choice of v, there are at most [ [, ([m;/p?*] + 1) cho-ices for u.
So the total number of solutions is less than or equal to [[;", m;([m;/p*] + 1). It follows from
(3.10),

ia(py) < ]% ﬁm (w] v 1> 3.1

yi=1 i=1
We split the product in (3.11) to get

m;<p? m;>p?
and so ,
P
1 m; B 2m;
Satw < i TLm I (5 +1) < 0 15
yi=1 p mi<p?  m;=p? p p m;2p P
proving the lemma. [

Lemma 6. Let B be any box of type (3.1) and a(x) = xp * x5(x). Then we have

yi=1 m1>p

Proof. We proceed as in the proof of the preceding lemma. First we observe that

p

> alp ZZ (—x-p%y)

yi=1 yi=1 7/‘1*1
p3
= Z )3 e(-x-y)
xizl yi=1
p? n
p
pdn
:pizl
x=0 ( mod p)



x=0 ( mod p)

EEDIPIE

ueB ves
u+v=0 (mod p)

i)
=1

The last inequality in (3.12) is true by the same reason given in the proof of the Lemma 5. Now
we split the product in (3.12) to get

e ([3] )ﬂpmﬂpmf( “)

and thus we deduce »

Za( |1—IQmZ

yi=1 m;=p

finishing the proof. O

Now we can proceed to estimate the error terms Ery, Er; and Erg in (3.9). First we consider

p3

Ery = p®/2-1 > a(y'). (3.13)
yi=1
Q*(y)=0 ( mod p?)

Let > be an abbreviation for Define p; by

y(mod p3), Q*(y)=0( mod p?)*

k=1 for k; > 1,
pi = (3.14)
0 for k; =0.

Using (3.8) yields

> e > Z > (%)

mod p3 k1=0
Q*(z)(EOO( HI;O()iP2) ' Pzp /mz ‘y1|<2k1p3/m
o n 3
p

SIS SED I | Fs

k1=0 kn=0 i=1 ¢

|yz‘<2k1p3/m'
s s 519
p 22k : .
1=0 k=0

‘y1|<2k1p3/m

For non-negative integers k1, ko, ..., k,, let

3
B’:{yezgg | <okl 1<z‘<n}.

m;
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Set

Then it follows that

n n 2k +1 3 n 2ki+2p3
]B’]:gm H( )<H p—

=1 =1

By the inequality (3.6) in Lemma 4, we have the upper bound

B/
BN Viezl < ‘pQ' TN D",

where by (3.5),

eI )= 1 ([F])

2ki>m, /4p
The equality in (3.18) is true by the following implication:

2ki+2 3
p < pg

= m <p
W o P<p

But the right -hand side of (3.18), is less than or equal to

n Qki-i-lp 1 . n Qkip
11 < o +?+1)<2 11 ( '+1).
=1 3

(A
2ki>m; /4p 2ki> m; /4p

So that

N < 2" 1.
y E (mz i )
9ki >m, /4p

Apply the upper bound (3.17) to the inner sum Z; in (3.15), to obtain

DICCIE S SR DAL ) b

k1=0 kn=0

‘200 00 |/ n

B 1
< ‘pﬁz > (% p2’ +%N5/p”) HQ%Z.

k1=0 kn=0 =1

say. Then by the inequality (3.16),

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)



\B\ oo 1 2’”21?3
B 1
< 'ML'B,H(Z )

B]

n-_o

— 2371

and by the inequality (3.19),

2 o0 00
Sz = Ll,g| Z Z%NB/p H22k

k1=0 kn—O

\BI

k1=0 kn=0 =1
2k1>ml/4p

& - ks 1
7” 3n n H Z 22k < mzp + 1) 22k;

i=1 k;=0
2ki <m; /4p 2 l>m1/4p
2 n oo
S X 5
p2n - - — 22]@‘1‘ QkZmZ
=1 | k;=0 k

i
2ki >m,; /4p

[
e

o (12) (1

m;<p

< 8™y @ H P

mi<p

Thus by inequalities (3.13), (3.20), (3.21) and (3.22), we have

n/2)— n B n/2)— B P
Ery <p(3 /2)—1 {23 %‘p_2|] +p(3 /2)—1 [ | | H ]

mzép

2
__ 93n (3n/2)—3 n |B’ p .
=2""mp |B| +8" "p( n/2)+1 H
ngp

ET4 1 N v
vV

Ery o

From Lemma 5 and Lemma 6, it is follows readily that

p2

ET5<p2n_2Z ( / n 2|B| H 2ml

yi=1 m; >p?
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and

E,r,6 < p(5n/2 -3 Z < p(n/Q |B’ H 277%

y;=1 >p

Summarizing our findings, we obtain

Proposition 1. Assume thatn > 4 is even, Vs = V3 (Q),BC ZZS is a box centered at the origin
and a(x) = x5 * xg(X). Then

B2
Z a(x) = % — |Error|,

where
2
|B|

p(n/2)+1 m;

|Error| < 23, pB/2)=3 |B| + v,.8"

P
Erg; N misP _
vV
Erso
2m 2m;
n 2 v n/2 v
s 11 = N
m;>p? mizp
NS —~ _y N - v
Ers Erg

In what follows we compare each error term in Proposition 1 to the main term |B |2 /P
Of course, we are seeking to make the left-hand side positive, so we make each of these error
term less than 1/5 of the main term. For the error term Er4 1, we need

1B
5|pl > 2%, pBVD3 Bl = |B| =5 - 23, p"2 (3.23)
For the error term E7y o,
1B p /=2 n p?
5 > 8 +1 me > 57,8 mllp e (3.24)
For the error term E'rs, we require that
1|B & 2ml . 2m;
5‘ i 1Bl ] =Bz 5" [ 5 (3.25)
P’ m;>p? m;>p? p
Finally, for the error term E'rg,
Ll > p273 18 [T o = (8] = 52 [ 7. (3.26)
5 p3 iy P mzp P

If the inequalities in (3.24), (3.25), (3.26) and (3.27) hold, then there exist solutions for the
congruence (1.2)

Q(x)=0 (mod p?)

in B + B. This is the content of the next theorem.
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Theorem 2. Suppose that n > 6 is even, B C Zzg is a box centered at the origin and
a(x) = xp * x5(x). If (3.24), (3.25), (3.26) and (3.27) hold, then

In particular

B
VN (B+B)| > |5:L

The condition n > 6 is placed in Theorem 2 because when n = 4 condition (3.25) always
fails. The second inequality in the theorem follows from the fact that a(x) is supported on B + B
and a(x) < |B| for all x. The next corollary demonstrates the existence of a primitive solution of
the congruence (1.2).

Corollary 1. Under the hypotheses of Theorem 2, B + B contains a primitive solution of (1.2).

Proof. First, recall that a solution of (1.2) is called primitive if some coordinate is not divisible
by p. We shall write p |x for imprimitive points. Thus to prove this corollary we must prove

Z a(x) > Z a(x).

xeV xeV
plx

As in the proof of Lemma 6, we can write

doax) < Y ax)= Y D1 <Hm({mﬂ ) |B|H2m’ (3.27)

xeV plxs, ueB velb i=1 mi=p
plx 1<i<n u+v=0( mod p)

We claim that the latter quantity is less than |B|* /5p® for n > 6. Indeed, by our hypothesis

(3.27), we have
2m; | B
I I < )
5pn/2

mizp p

B| /5p®. On the other hand Theorem 2 yields,

Since n > 6, the latter quantity is <

‘We therefore obtain

completing our proof. ]

In connection with Theorem 2 we study the following special case when the box B is a cube.
Corollary 2. Suppose n > 6 and p > 5292100/ (=) 2/ "y pore ~ i given in (3.4)).
Let B be a cube centered at the origin with all m; = B, B > 2351/”75/%3/2. Then B + B

contains a primitive solution of (1.2).

65



Proof. We may assume B = [2351/744/™;3/2] ("[1” denoting the smallest integer greater than
or equal to B). In particular, since p > 5%/ (=92100/(n=4),2/(0=1) o have 13/2 < B < p2.
We need to check that the hypotheses of Theorem 2 are satisfied. Indeed,

(324) . B> 5. 23n,ynp3n/2 S B> 51/n2371/np3/27

n

2 3
325) «= 5 1(3.27) " lp22 > TT & o4

mi<p ' p<my<p3/2

§ P> 52/(n—4) (327) 2n/(n—4),)/2/(n—4)

n Y

2m,~
2

(326) < B">5p"" []

m;>p?

B> 51/np1+(1/n)’

<= B" > 5p"T since B < p?

and

2 02 B"

3.27) <= B" = 5p?
32) I1 -

mi2p

=5p — p>4.5%"

Thus the hypotheses of Theorem 2 are satisfied, and so Corollary 1 applies.
Proof of Theorem 1. If p < 5 - 24!, the result is trivial. Next note that for n > 6,
52/(n—4)210n/(n—4),yz/(n—4) < 5. 230 . 26(1 + 24) <5- 241‘

Thus, if p > 5 - 2%, the first hypothesis of Corollary 2 holds. The second hypothesis holds
provided that B > 34 - p*2. In this case we get a primitive solution with ||x|| < 34p®/2. O
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