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1 Introduction

Balancing numbers are terms of the binary recurrence xn+1 = 6xn − xn−1 with initial values
x0 = 0, x1 = 1 (see [6]). Subsequently, Panda and Rout [5] studied sequences obtained from the
class of binary recurrences Gn+1 = AGn − BGn−1 with initial values G0 = 0, G1 = 1 where A
and B are natural numbers satisfying A2 − 4B > 0. They showed that if B = 1, the sequence
generated from the above class of binary recurrences behave like the balancing sequence and
hence they called such sequences as balancing-like sequences.

Recently, Davala and Panda [1] established several sum and ratio formulas involving balanc-
ing numbers. The objective of this work is to establish such results with terms from balancing-like
sequence and their associate sequences.

Let a ≥ 3 be a fixed positive integer. The associate sequence corresponding to the balancing-
like sequence Gn+2 = aGn+1 − Gn, G0 = 0, G1 = 1 is the binary recurrence Hn+2 = aHn+1 −
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Hn, H0 = 2, H1 = a, and is called Lucas-balancing-like sequence [7, p.26]. It is easy to see that
the Binet forms for the sequences {Gn} and {Hn} are respectively

Gn =
αn − βn

√
a2 − 4

, Hn = αn + βn,

where, α = a+
√
a2−4
2

and β = a−
√
a2−4
2

.

2 Identities involving balancing-like and Lucas balancing-like
sequences

In this section, we establish certain sum formulas in which the summands involve terms from the
balancing-like sequences. The following identities involving terms from the the balancing-like
and their associate sequences are needed for the subsequent development of this work.

(a) G−n = −Gn, H−n = Hn

(b) G2n = GnHn.

(c) Hn
2 −H2n = 2

(d) H2n − (a2 − 4)Gn
2 = 2

(e) 2Gn±m = GnHm ±GmHn

(f) 2Hn±m = HnHm ± (a2 − 4)GnGm.

We do not provide proofs of these identities as they can be easily proved using Binet forms
for the sequences {Gn} and {Hn}. These identities will be used subsequently without further
reference.

In a recent paper [1], the authors have established the formulaBn+2 = 5Bn+1+4
∑n

k=1Bi+1

relating to the balancing sequence. The following identities generalize the above formula to
balancing-like and Lucas-balancing-like sequences. Their proofs are similar to that of Theorem
1.1 of [1].

Gn+2 = (a− 1)Gn+1 + (a− 2)
∑n

k=1Gi + 1,

Hn+2 = (a− 1)Hn+1 + (a− 2)
∑n

k=1Hi + a− 2.

Using the above identities and mathematical induction, it is easy to prove the following theo-
rem dealing with weighted partial sums of balancing-like and Lucas-balancing-like sequences.

Theorem 2.1. For n ∈ N

(a) nG1 + (n− 1)G2 + · · ·+ 2Gn−1 +Gn = 1
a−2 [Gn+1 − (n+ 1)],

(b) nH1 + (n− 1)H2 + · · ·+ 2Hn−1 +Hn = 1
a−2 [Hn+1 − (n+ 1)(a− 2) + 2].

In the next theorem, we consider finding partial weighted sums involving terms from the se-
quences {Gn} and {Hn} with binomial coefficients as weights.
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Theorem 2.2. For n ∈ N

(a)
∑n

i=0

(
n
i

)
GiHn−i = 2nGn,

(b)
∑n

i=0

(
n
i

)
Gn+1−2i = an,

(c)
∑n

i=0(−1)i
(
n
i

)
GiHn−i =

0, if n is even,

−2(a2 − 4)
n−1
2 , if n is odd.

(d)
∑n

i=0(−1)i
(
n
i

)
Hn+1−2i =

a(a2 − 4)
n
2 , if n is even,

(a2 − 4)
n+1
2 , if n is odd.

Proof. We will prove (a) and (c) only. The proof of (b) and (d) are similar.

Since α− β =
√
a2 − 4, we have

n∑
i=0

(
n

i

)
GiHn−i =

1√
a2 − 4

(
n

i

)
[αn − βn + βnα2i − αnβ2i]

=Gn

n∑
i=0

(
n

i

)
+

1√
a2 − 4

[
βn

n∑
i=0

α2i − αn

n∑
i=0

β2i

]
=2nGn +

1√
a2 − 4

[βn(1 + α2)n − αn(1 + β2)n]

=2nGn +
1√

a2 − 4
[(β + α)n − (α + β)n]

=2nGn,

which proves (a). Further,

n∑
i=0

(−1)i
(
n

i

)
GiHn−i =

1√
a2 − 4

(−1)i
(
n

i

)
[αn − βn + βnα2i − αnβ2i]

=
1√

a2 − 4

[
βn

n∑
i=0

(−1)iα2i − αn

n∑
i=0

(−1)iβ2i

]
=

1√
a2 − 4

[βn(1− α2)n − αn(1− β2)n]

=
1√

a2 − 4
[(β − α)n − (α− β)n]

=− 1√
a2 − 4

(α− β)n[1− (−1)n]

=

 0 if n is even,

−2(a2 − 4)
n−1
2 if n is odd,

and (c) is proved.

The following corollary is an immediate consequence of Theorem 2.2 (c).
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Corollary 2.1. For n ∈ N

(a)
(
2n
0

)
G2n −

(
2n
1

)
G2n−2 + · · ·+ (−1)n

(
2n
n

)
G0 = 0,

(b)
(
2n+1

0

)
G2n+1 −

(
2n+1

1

)
G2n−1 + · · ·+ (−1)n

(
2n+1
n

)
G1 = (a2 − 4)n.

3 Variants of Melham identities for balancing-like sequences
and Lucas-balancing-like sequences

Using the basic identities for Fibonacci and Lucas numbers, Melham [3, 4] managed to find
several sum and alternating sum formulas of certain products of Fibonacci and Lucas numbers.
Motivated by these results, we obtain certain variants of these results for balancing-like sequences
and establish their resemblance with formulas involving natural numbers.

The following theorem, which contains index reduction formulas, will play crucial role for
establishing results of this section.

Theorem 3.1. If x, y, z, w and r are integers and x+ y = z + w then

(a) Gx+rHy+r −Gz+rHw+r = GxHy −GzHw,

(b) Gx+rGy+r −Gz+rGw+r = GxGy −GzGw,

(c) HxHy −HzHw = −(a2 − 4)[GxGy −GzGw].

Proof. We provide the proof of (a) only. The proofs of (b) and (c) are similar.
Using the Binet forms for the sequences {Gn} and {Hn}, we get

Gx+rHy+r −Gz+rHw+r

=
1√

a2 − 4
[(αx+r − βx+r)(αy+r + βy+r)− (αz+r − βz+r)(αw+r + βw+r)]

=
1√

a2 − 4
(αx+y+2r − βx+y+2r + αx+rβy+r − βx+rαy+r)

− 1√
a2 − 4

(αz+w+2r − βz+w+2r + αz+rβw+r − βz+rαw+r)

=
1√

a2 − 4
[(αxβy − βxαy)− (αzβw − βzαw)]

=
1√

a2 − 4
[(αx+y − βx+y+ + αxβy − βxαy)− (αz+w − βz+w + αzβw − βzαw)]

=
1√

a2 − 4
[(αx − βx)(αy + βy)− (αz − βz)(αw + βw)]

= GxHy −GzHw.

The following two theorems deal with sum formulas for certain products with terms from a
balancing-like sequence and its corresponding Lucas-balancing-like sequence.

Theorem 3.2. Let s, n and m are positive integers, then
n∑

k=1

GskGs(k+1) · · ·Gs(k+2m)Hs(k+m) =
GsnGs(n+1) · · ·Gs(n+2m+1)

Gs(m+1)

. (3.1)
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Proof. Let ln and rn denote the left and right sides respectively, of (3.1). Then

rn − rn−1 =
GsnGs(n+1) · · ·Gs(n+2m)

Gs(m+1)

[Gs(n+2m+1) −Gs(n−1)]

=
GsnGs(n+1) · · ·Gs(n+2m)

Gs(m+1)

[Gs(n+m)+s(m+1) −Gs(n+m)−s(m+1)]

=
GsnGs(n+1) · · ·Gs(n+2m)

Gs(m+1)

[Hs(n+m)Gs(m+1)]

= ln − ln−1.

Now,

r1 =
GsG2s · · ·Gs(2m+1)Gs(2m+2)

Gs(m+1)

= GsG2s · · ·Gs(2m+1)Hs(m+1) = l1.

For any natural number n,
∑n

k=12k = n(n+1) and
∑n

k=1k(k+2)(2k+2) = n(n+1)(n+2)(n+3)
2

are well known. The identities in the following corollary are consequence of Theorem 3.2 and
resembles the identities just stated.

Corollary 3.1. If n ∈ N

(a)
∑n

k=1G2k = GnGn+1,

(b)
∑n

k=1GkGk+2G2k+2 =
GnGn+1Gn+2Gn+3

G2
.

Theorem 3.3. If s, n and m are positive integers, then

n∑
k=1

HskHs(k+1) · · ·Hs(k+2m)Gs(k+m) =
HsnHs(n+1) · · ·Hs(n+2m+1)

(a2 − 4)Gs(m+1)

−R0,

where

Rn =
HsnHs(n+1) · · ·Hs(n+2m+1)

(a2 − 4)Gs(m+1)

.

Proof. Since

Rn −Rn−1 =
HsnHs(n+1) · · ·Hs(n+2m)

(a2 − 4)Gs(m+1)

[Hs(n+2m+1) −Hs(n−1)]

=
HsnHs(n+1) · · ·Hs(n+2m)

(a2 − 4)Gs(m+1)

[Hs(n+m)+s(m+1) −Hs(n+m)−s(m+1)]

=
HsnHs(n+1) · · ·Hs(n+2m)

(a2 − 4)Gs(m+1)

[(a2 − 4)Gs(n+m)Gs(m+1)]

= ln − ln−1,

it follows that ln −Rn = c, where c is a constant. Now,

c = l1 −R1

= HsH2s · · ·Hs(1+2m)Gs(1+m) −
HsH2s · · ·Hs(2+2m)

(a2 − 4)Gs(m+1)
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=
HsH2s · · ·Hs(1+2m)

(a2 − 4)Gs(m+1)

[(a2 − 4)G2
s(m+1) −Hs(2m+2)]

=
−H0HsH2s · · ·Hs(1+2m)

(a2 − 4)Gs(m+1)

= −R0.

This ends the proof.

In the remaining part of this work, we use the notation [F (k)]ba = F (b) − F (a). In the fol-
lowing theorem, we state alternative sum formulas for certain products with terms from Lucas-
balancing-like sequence and its corresponding balancing-like sequence. The proof of the follow-
ing theorem is omitted as its proof is similar to that of the Theorems 3.2 and 3.3.

Theorem 3.4. If s, n and m are positive integers then

1.
n∑

k=1

(−1)kGskGs(k+1) · · ·Gs(k+2m)Gs(k+m) = (−1)n
GsnGs(n+1) · · ·Gs(n+2m+1)

Hs(m+1)

,

2.
n∑

k=1

(−1)kHskHs(k+1) · · ·Hs(k+2m)Hs(k+m) =

[
(−1)kHskHs(k+1) · · ·Hs(k+2m+1)

Hs(m+1)

]k=n

k=0

,

3.
n∑

k=1

G2
skG

2
s(k+1) · · ·G2

s(k+2m)Gs(2k+2m) =
G2

snG
2
s(n+1) · · ·G2

s(n+2m+1)

Gs(2m+2)

,

4.
n∑

k=1

H2
skH

2
s(k+1) · · ·H2

s(k+2m)Gs(2k+2m) =

[
H2

skH
2
s(k+1) · · ·H2

s(k+2m+1)

(a2 − 4)Gs(2m+2)

]k=n

k=0

.

One can easily verify the sum formulas
∑n

k=1(−1)n−kk2 = n(n+1)
2

and
∑n

k=1 k
2 · 2k =

n2(n+1)2

2
. The identities in the following corollary, which follows from (1) and (3) of Theorem 3.4,

bears resemblance to the above identities.

Corollary 3.2. For n ∈ N

(a)
∑n

k=1(−1)n−kG2
k =

GnGn+1

G2
,

(b)
∑n

k=1G
2
kG2k =

G2
nG

2
n+1

G2
.

The identity
∑n

k=1(−1)n−k(2k − 1) = n can be written as
∑n

k=1(−1)n−k(2k − 1)2 = 2n.
In the following theorem, we state an identity (which can be easily proved by mathematical
induction) involving terms from a balancing-like sequence and resembling the last identity.

Theorem 3.5. For n ∈ N,
∑n

k=1G[(−1)n−k(2k−1)]G2 =
∑n

k=1(−1)n−kG2k−1G2 = G2n.

The sum formula
∑n

k=1 k
2 = n(n+1)(2n+1)

6
is well-known and can be written as

∑n
k=1 k · 3k =

n(n+1)(2n+1)
2

and in the following theorem, we prove an identity with terms involving balancing-
like sequence resembling the last one.

Theorem 3.6. For n ∈ N,
∑n

k=1GkG3k =
GnGn+1G2n+1

G2
.
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Proof. We will use mathematical induction on n. The identity is obviously true for n = 1. As-
sume that the identity is true for n = m. For n = m+ 1,

m+1∑
k=1

GkG3k =
n∑

k=1

GkG3k +Gm+1G3m+3

=
GmGm+1G2m+1

G2

+Gm+1G3m+3

=
Gm+1

G2

[GmG2m+1 +G2G3m+3] =
Gm+1

G2

[Gm+2G2m+3] .

This ends the proof.

It is easy to see that
∑n−1

k=0
1

2k+1 = 2n−1
2n

. In the following theorem, we prove an analogous
identity in terms of balancing-like sequences.

Theorem 3.7.
n−1∑
k=0

1

G2k+1

=
G2n−1

G2n
.

Proof.

n−1∑
k=0

1

G2k+1

=
n−1∑
k=0

G2k+1−2k

G2k+1G2k
=

n−1∑
k=0

G2k+1G2k+1 −G2k+1+1G2k

G2k+1G2k

=
n−1∑
k=0

[
G2k+1

G2k
− G2k+1+1

G2k

]
=

G2

G1

− G2n+1

G2n

=
G2G2n −G1G2n+1

G2n
=

G2n−1

G2n
.

Good [2] proved the Fibonacci identity

∞∑
n=0

1

F2n
=

7−
√
5

2
.

It is easy to see that limn→∞
Gn+1

Gn
= α, where α = a+

√
a2−4
2

. The following corollary, which
follows from the previous theorem and resembles the above identity of Good, links an infinite
sum of reciprocals of a subsequence of a balancing-like sequence to α.

Corollary 3.3.
∞∑
k=0

1

G2k+1

=
1

α
.

In [1], the authors established the formula

Bm+2n+2k −Bm

Bm+n+2k −Bm+n

=
Bn+k

Bk

involving balancing numbers. The following identities generalize the above formula to balancing-
like and Lucas-balancing-like sequences.

Theorem 3.8. For m,n and k ∈ N,
Hm+2n+2k −Hm

Hm+n+2k −Hm+n

=
Gn+k

Gk

=
Gm+2n+2k −Gm

Gm+n+2k −Gm+n

.

51



Proof. From Theorem 3.1 (a), we have

Gn+kHn+m −GkHm = GnHn+m+k = Gn+kHn+m+2k −GkHn+2m+2k,

from which we get
Hm+2n+2k −Hm

Hm+n+2k −Hm+n

=
Gn+k

Gk

.

Further, from Theorem 3.1 (b), we have

Gk+nGm+n −GmGk = GnGn+m+k = Gn+kGn+m+2k −GkGn+2m+2k

and rearrangement gives
Gn+k

Gk

=
Gm+2n+2k −Gm

Gm+n+2k −Gm+n

.

In the next two theorems, we present certain quotients involving sums or differences of
balancing-like numbers and Lucas-balancing-like numbers simplifying to linear expressions of
balancing-like numbers and Lucas-balancing-like numbers. In some cases, the subscripts of
balancing-like numbers and Lucas-balancing-like numbers involved in the quotients are in arith-
metic progressions.

Theorem 3.9. For m,n ∈ N, each of
Hm+2n+1 ±Hm

Hm+n+1 ±Hm+n

and
Hm+3n ±Hm

Hm+2n ±Hm+n

are independent

of m. Also the following identities hold.

(a)
Hm+2n+1 −Hm

Hm+n+1 −Hm+n

= Gn+1 +Gn,

(b)
Hm+2n+1 +Hm

Hm+n+1 +Hm+n

= Gn+1 −Gn,

(c)
Hm+3n −Hm

Hm+2n −Hm+n

= Hn + 1,

(d)
Hm+3n +Hm

Hm+2n +Hm+n

= Hn − 1.

Proof. We will prove (a) and (d) only. The proof of (b) and (c) are similar.

Observe that

(Hm+n+1 −Hm+n)(Gn+1 +Gn) =(Hm+n+1Gn+1 −Hm+nGn) + (GnHm+n+1 −Gn+1Hm+n)

=Hm+2n+1 −Hm

from which (a) follows. Further (d) follows from

(2Hm+2n + 2Hm+n)(Hn − 1) =2Hm+2nHn + 2Hm+nHx − 2Hm+2n − 2Hm+n

=2Hm+2nHn +Hm+nHn − (a2 − 4)GnGm+n − 2Hm+n

=2Hm+2nHx + 2Hm − 2Hm+n

=2Hm+3n + 2Hm.
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The proof of the following theorem is omitted since it is similar to that of the previous theo-
rem.

Theorem 3.10. For m,n ∈ N, each of
Gm+2n+1 ±Gm

Gm+n+1 ±Gm+n

and
Gm+3x ±Gm

Gm+2n ±Gm+n

are independent

of m. Also the following identities hold.

(a)
Gm+2n+1 −Gm

Gm+n+1 −Gm+n

= Gn+1 +Gn,

(b)
Gm+2n+1 +Gm

Gm+n+1 +Gm+n

= Gn+1 −Gn,

(c)
Gm+3n −Gm

Gm+2n −Gm+n

= Hn + 1,

(d)
Gm+3n +Gm

Gm+2n +Gm+n

= Hn − 1.
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