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Abstract: In this note we consider a family of finite and infinite alternating sums containing
products of Fibonacci numbers. We derive closed-form expressions for this family of sums. As
a consequence of this result we establish new algebraic relationships between certain alternating
sums of reciprocals of products of Fibonacci numbers with integer power.
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1 Introduction

The Fibonacci numbers F;, are defined for n > 0 as F,, o = F,,.1 + F,, with initial conditions
Fy =0, F} = 1. The Binet form is given by
B a — /Bn

n= "% > 0, 1.1
" (L.1)

where o and /3 are roots of the quadratic equation 72 —x — 1 = 0, i.e. o = %5 and 3 = %g
(see [7)]).

The goal of this study is to evaluate finite and infinite alternating sums of Fibonacci numbers.
Special attention is paid to sums of reciprocals of products of these numbers. The interest is not
new and the topic is treated in several articles. Brousseau [3] derives among others the following
results dealing with sums of order 1 and 2
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and

(-1 sk F;_
Z( ) :-(-—Z J 1). (1.3)
Z FiFe Fola &0 F
Series of the character of (1.2) and (1.3) are also discussed in a more general setting by Carlitz

[4], Horadam [8], André-Jeannin [1, 2] and Melham [9, 10]. For instance, it is proofed in [1] that

> 1 1 =1
= —— 42 . 1.4
; FoFn « * ; ankF, (1.4

Furthermore, the author of [1] shows how the last sum can be expressed in terms of the
Lambert series. Brousseau [3], Carlitz [4] and Melham [9, 10] extend the study and consider

=1 FnFn+k1 Fn—i—kg-‘-Fn—&—km ’

sums of the form

where k;,© = 1,...,m are positive integers. They derive reduction formulas for these sums.
Brousseau [3], Carlitz [4] and Good [6] have found expressions in the finite case, too. For in-
stance, for k£ > 1 it holds that

N n . .
S )

F F;
n=1 nsntk j=1 ]:1 ]+N

or

f: V" Fy - (D" : (1.6)
n=1 FnFn+k Fk n—1 FnFn+N

Finally, we refer the reader to Rabinowitz [11] who discusses the general problem of evaluating
Fibonacci products of reciprocals and shows that the summations may be reduced to evaluations

of some basic forms. He also poses challenging open questions.

2 The results

The following Proposition will be essential for our study:

Proposition 2.1. For integers p,l,k > 0 and N > p it holds that

EpiiFniitiek — FprpnFnpip = (1) B Fyp . (2.1

Also, for p,l, k > 0 it holds that

F,
Fpao® = Fyi = ()7 =20, (2.2)

Proof: Seta =p+landb= N+ 141 (a > 0,0 > 1). Then the first equation of the Proposition
is equivalent to
FanJrk — Fa+ka = (—1)a+1Fka,a, b—a 2 1. (23)
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This is a special form of equation (3.1) of Udrea [12], where a proof based on Chebyshev poly-
nomials is given. To prove the second statement we note that

F Fniq-
Fp+l N+1+1+k p+l+1Fk N+1-p . (24)

= Eprine = (1) Fniin

Frnyiu

Taking the limit N — oo on both sides of the equation and using that lim,, ,o F, 1, /F,, = o™
the desired statement follows immediately. U

The following two Corollaries will also be used in this note:

Corollary 2.2. For integers |, k,r with [,k > 0 and r > 1 it holds that

T

r r r T r i(n t T —1 r—1
Fn+l n+1+l+k Fn+1+l n+l+k — Z (2) (_1> ( +1+Z)Fan+1+an+l+k' (2-5)
i=1

Proof: Let r = 1. Then the identity

FoiiFniiik — FupiaFue = (1) E, (2.6)

follows from the Proposition upon setting n = p = N. The general statement follows from the
binomial identity. O

Corollary 2.3. Forp,l,k >0, N > pandr > 1 it holds hat

F;+IFZ<I+1+Z+I€_F;+l+kF]7<l+1+l - (_1>p+l+1FkFN+lfp'P(Fp+lFN+1+l+k> Fp+l+kFN+1+l> 2.7)

and
r r r Fy,
Fp+lak - Fp+l+k = (_1)p+l+1m ’ P(Fp+lak7 Fp+l+k>a (28)

where P(x,y) is a polynomial in x and y of degree r — 1 with

P(z,y) = Zxr_iyi_l. (2.9)
i=1

Proof: For r = 1 the identities coincide with the statements of the Proposition. For » > 1 they
follow from the formula

- yv' — (Z‘ _ y)(lﬂ"—l + JIT_Qy + ...+ xyr_2 —+ yr_1>, (210)

O
Our main results are contained in the next theorem.

Theorem 2.4. Forl,k > 0 and r > 1 define

o r r r r
v = FooF e — FooaF o
o T T
Ty = FoiF iy
. T r
r3 = Fn—HFn—H—I—l'
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For a real number a define the sum

N
71 (79 — ax3)

S(p,N,l,k,r,a) = 2.11

(p T a) nzp (332 + a2$3)2 + an% ( )

Then S . .
S(p N l k r a) _ Fp+le+l+k . FN+1+ZFN+1+l+k‘ ) (2.12)

Fp2+l+k t+a Fzﬁl FY e T 02 FR

and g i
S Lk, pHiptlik ¢ 2.13
(p7 0, ¢, r, CL) F2rl+k: + GQFpZil a2kzr + CL2 ( )

Proof: For a # 0 and r > 1 define h(z) = ax”. Further set g(n) = F,1;/F,1+1+%- Then it follows
from Theorem 2.1 in [5] that

-1 k P -1 Pt
Ztan <—2) = tan <aFT—> — tan (aFT—)’ (2.14)
To + a“x3 pH+k N+141+k
and
F'r
Ztan (—2> = tan ! (a%) —tan ! < i ) (2.15)
T2 + acr3 F akr
The stated assertions follow from differentiation w.r.t. the parameter a. U

As a direct application of the Theorem we have

N
(—1)HF2 1 Fni1Fnio
S(1,N,0,1,1,1) = nt 1 FvaFue 016
n=1 F3+1(Fn+1 +2F,)2+1 2 Fl%f+1 T FJ%/+2
and -~
S (=D""Fy 12—«
S 17007071)171 = n _ = ' 2.17
( ) n=1 F73+1(Fn+1+2Fn) +1 22+« ( )
Another example is
N n+1 F2 F 2 2 I
SALN02L1) =2, (F2 >F : 51F+F i s g (219
o E A Pl + 2R EaP+ 1 5+ Fs
and - 2
— (CD)THERL + FLL) )
S(1,00,0,2,1,1) = n _ 1 210
( ; n+1+F+2+2FFn+1) 115 (2.19)

3 Application to reciprocal Fibonacci sums

In this section we use the previous theorem to derive some relations between finite and infinite
sums containing reciprocal Fibonacci products of order 2. To do so, note that eqs. (2.12) and
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(2.13) also hold for a = 0. In this case S(p, IV, [, k,r,0) can be evaluated directly by telescoping.
However, in view of (2.1)-(2.8) we can write in the finite case

i(n+1+10) i pr—1t r—1i
S(p, N1, k,r0) — 2211 —1)i ++)FFn+1+an+l+k
Fn+l+/€Fn+1+l+k
_ (_1>p+l+1FkFN+1—p - P(FpiiFN ik, FprinFvgis)
LESEIS ) AT

Analogously for the infinite case. For » = 1 this simplifies to

N n
Z (_]‘) 1 _ (_]‘>p+1FN+1_p (31)
— FoviinFniivier FprsnEniivier
and
i (_1)n+1 B (_1)p+1 (3 2)
o FroyickFoyiviee  oPTHRE L0 '

Especially forp=1and [ =0

N n 1
Z . Iy (3.3)

— n+an+1+k: T P Fniek

and
Sy
- VN DN ak+1Fk+1‘

(3.4)

Observe that in subcase £ = 0 the last two equations coincide with (1.3) and (1.5), respectively.
Also, the result for £ = 0 in (3.4) is established independently in [5].
From S(1, N, 0, k,2,0) we obtain

N
Z Fp+2(-1)""F, 1 Foyr  FnEngisr + FNFN+1Fk+1

= (3.5)
1 n+kF13+1+k Fl€2+1FZ%/+1+k
and -
Z Fp+2(-1)""Fp1 Fopr o + Fo 3.6)
n=1 Fn+an+1+k &2k+1F13+1 ,
from which upon setting £ = 1 we easily deduce the relationships
$ED™ BB + ExFv) =1 GOV (CDY g 1,
) E 2F{ 1 F e FR FRiie 2 1 Fr%Fr%Jrl’ .
as well as
(-1t 1 =1
2. 2 §(Q_ZF,3F3H)‘ 3-8)
n=1 n=1
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The pair r = 2 and k£ = 2 leads to

N

> )"E 3 (=DM Py Fy(Fvgs + 2Fv41)
=1 Fn+1F3+2 8 FN+2F]%/+ 8F]%/+3
FZ%/+3 + FJ%]Jrl
— 3.9
2%, R o Z e 39
as well as
Z(-D"E, 1 & 1 3a+1
Z (X ) (3.10
1 n+1 n+2 2 FnFn+1 30{ +2

Comparing Eq. (3.10) W1th Eq. (97) of [5] it is easily verified that

oo

_1\n+1 ° —1 )"
Z( 1)+Fn+2:1+2M. G.11)

2 2
n=1 Fn FTL+1 1 Fn+1Fn+2

Likewise, if we take r = 2 and k£ = 3 we obtain

i(—l)”*lF 11 (=D)MTEyyy Fa(Fays+3Fvi)

ForoF25 9 FypsFiy, 18FF 4

n=1
1
+ + , (3.12)
ZlF]%/+jF]%/+]+l nZFgFg—H
as well as
i (-)"F, 2 1

- _Z 4 E— (3.13)
2 FonF2, o 2 FIE

Finally, we consider S(1, N, 0, k, 3,0). We have
FZ?\)/+1+k - F]?\)/HFI?H = FkFN(FJ%/HJrk + Eniiir N1 Fryn + F]%[HF,?H),

and 7
k
0 — By = D0 4 b B+ B

Hence,

i BFFpr Frr + (=1)" N (FR 4 3F3 FR k) EN(FRyygp + Everse v Fopn + FR G PR

n=1 Fn-l—an—i—l-i-k Fl?—i—lF]%H—l—s—k
(3.14)
and
S 3FyFoi Fo + ()" F2+3F2 L F2,)  o®+afFq + Fk+1
> = e (3.15)
n=1 Fn+an+1+k «Q FyL
For k = 1 we obtain
N
3 (D" +3F) N (D" +3Fyy) L3
n—1 F3F7?+1 F]?\)/HFJ%UFQ FN+1F]?\)/
 Pn(Fny2Fngs + i) L3 Z
FJ%H—? F, Fn+1
(3.16)
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and

— (—1)"*(1+ 3F}) 1

n) — 90 343 . 3.17
2, " Z T G-
n=1

For k = 2 the results are

XN: (U BERFR,) 1 (CDYPEBF L FR) | 3P
— by 8 FRiaF s FRpaF s
FN(FRys+ 2FNysFnp +4FR ) al E,
. : 33
8FN+3 n—1 Fn+1Fn+2
(3.18)
and ) -
(=) (1 + 3F?F, 2—
— E i Fy (1+a) Fn+1Fn+2
Finally, inserting £ = 3 we conclude with the identities
Z )" (4 + 3F2F2,,) 1 (=) 4+3FF  Frys) 6F N1
1 FoF s 54 FRriaF R FRiaF R
 Fn(F3 4 +3FvaFya+9F3 ) 6 i F,
27F ., I FroFls
(3.20)
and . ,
= (=)™ (44 3F2F, 120 —3 —~ F,
Z (4 + 3F; n+2):_ o n A (3.21)
! F3 ,F3., 28a+5 — F o F s
Disclaimer

Statements and conclusions made in this article are entirely those of the author. They do not
necessarily reflect the views of LBBW.
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