Notes on Number Theory and Discrete Mathematics
Print ISSN 1310-5132, Online ISSN 2367-8275
Vol. 22, 2016, No. 2, 17-22

On function “Restrictive factor”

Krassimir T. Atanassov!?

! Department of Bioinformatics and Mathematical Modelling
IBPhBME — Bulgarian Academy of Sciences
Acad. G. Bonchev Str., BIL. 105, Sofia—1113, Bulgaria
2 Intelligent Systems Laboratory
Professor Asen Zlatarov University
1 Prof. Yakimov Blvd., Bourgas—8000, Bulgaria
e-mail: krat@bas.bg

Received: 23 March 2015 Accepted: 7 October 2015

Abstract: Some new properties of the arithmetic function called “Restrictive factor” are for-
mulated and studied.
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1 Introduction

In 2002, the author introduced an arithmetic function, called “Restrictive factor” and studied
some of its properties in [1]. It was an object of research of L. Panaitopol [2], P. Spiegelhalter
and A. Zaharescu [4]. Here, we study some new properties of the Restrictive factor. We use the
following notation, following [3].

e N is the set of all positive integers. If n > 1 and n € N/, then n has the form
k
n = H ;"
i=1

that is called a cannonical factorization of n, where k, oy, ..., € N,k > 1, pq, ..., p; are
different primes; in some cases, it is suitable the order p; < ... < p to be valid;

o set(n) = {p1,p2, ..., Dk},

e w(n) = k is the number of the distinct prime divisors of n € A';n > 1 and w(1) = 0;

17



k
e o(n) = [] 2-—— is the sum of all different divisors of n and o (1) = 1,
pi—1

k
e p(n) = H P (pi — 1), p(1) = 1 is Euler’s totient function;

1 1s Dedekind’s function, which is multiplicative and

o) = [Tt i+ 1)

forn>1,n € N and¢(1) = 1.

2 Main results

In [1], we juxtaposed to natural number n the (natural) number

k
RF(n)= ]| pf"_l
i=1

that we called Restrictive Factor.
Let us define
RF(1)=0.

It can be easily seen that if for every ¢ (1 < i < k) a; = 1, then RF (n) = 1.
On the other hand, if there is at least one «; > 1, then

n > RF(n) > 1.
In [1], it is proved that for every natural number n:
n? — ¢(n).c(n) > RF(n)

and
o(n) +o(n) —2n > RF(n).

First, for each natural number n, we see that

k k
o) =] (i = 1) > [[ 9" = RF(n)
=1 i=1

and
k

n—p(n) =] (Hpi ~ ] - 1)) > [Ip™! = REM).

1=1
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From the well-know inequality

a(n) +¢(n) > 2n,

it follows that
o(n) —n> RF(n).
It is seen easily that there natural numbers n for which n — ¢(n) > ¢(n) and others for which

the opposite inequality is valid. For example,

15 — p(15) = 7 < 8 = f(15)

and
30 — f(30) =22 > 8 = f(30).
Therefore,
RF(n) < min(n — o(n), ¢(n)).
Second, let
min(n) = p,
max(n) = pg.
Then,
k k (i ai) _k
RF(n) = pr;”’_l > I_Imin(n)o‘i*1 = min(n) \'=!
i=1 i=1
= min(n)Q(”)_w(”)
and

RF(n) = ﬁpgil < ]ﬁﬁla}&(n)o‘i_1 = max(n) <i—1ai> -

i=1

= max(n) W™,

Therefore,
min(n)*W=*M < RF(n) < max(n)HW=w),

k k+l1
m=01ﬁ)-<flm>,
i=1 i=k+1

where py, ..., pry1 are different prime numbers and v, ..., o > 2. Then, the following assertions

Third, let

are valid.
Theorem 1. For each natural number n:

o St
Y(n) _ $(RF(n)
(b) = > “rFmy

Proof. (a) Let the natural number n be given. Then
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k . B k _ k41
I (Hp?“) | ( I p@-)
=1 =1 1=k+1

k kit
HJZ% —1) Hl(pz —-1)
- % Y
H Di H Di
=1 =1
k kit
Hﬁ]% - 1) . gﬂ(l% -1)
=— |1~ T 0.
sz‘ H i
=1 i=k+1

(b) is proved by analogy.

Theorem 2. For each natural number n:
o(n) _ o(RF()
n RF(n)

Proof. Let the natural number n be given. Then

o(n) o(RF()) ((ﬁpa) ~ Clj[;p)) oI5

i
k

" RE() (Hp?’)-(iklj;pz) ! Hp""_l

ket ket
(H )( I <pz-+1>)
=1 i=k+1

() () e

i=k+1
(from q L q 1 for every natural numbers ¢ > 2and b > 1)
ooy K+l koo
(sz’ o’ ) : ( IT (i + 1)) H v
i=1 i=k+1
B kit o
(Hp/)-( I1 pi) Hp’
=1 i=k+1
koo k4l
15— II (m+1)
=1 i=k+1
—11>0.

koo k+1
H D H Di
i=1 =)



Fourth, we prove

Theorem 3. For each natural number n:
o(n) —¢(n) = RF(RF(n)) (1)
Proof. Let n be a prime number. Then
o(n) —¢(n) — RF(RF(n))=(Mn+1)—(n+1)—RF(1)=0-0=0.

Let us assume that (1) is valid for some natural number n for which Q2(n) = s and let p be a
prime number. For p there are two cases.
Case 1: p & set(n). Then

o(np) — ¢ (np) — RF(RF(np)) = o(n)(p +1) = ¢(n)(p + 1) — RF(RF(n))

> (p+1)(o(n) —¢(n) — RE(RF(n))) = 0.

Case 2: p € set(n). Then n = mp® for some natural numbers a > 1 and m with Q(m) < s,

and
p{lrf—? -1
o(np) — ¥(np) — RF(RF (np)) = U(m)lpT —Y(m)p™ (pi + 1) — RF(REF(m)p™)
= o(m)(py ™+ P 1) = O (m) (pM T 4 pf) — RE(RF(m))p™ ™" > 0,
because by induction (1) is valid. U
Theorem 4. For each natural number n:
o(n)
RF(n) > —. 2
() > 70 @)
Proof. Let n be a prime number. Then
a(n) n+1
Fn)——==1- =
REO) =5y =1~

Let us assume that (2) is valid for some natural number n for which Q2(n) = s and let p be a
prime number. For p there are two cases.
Case 1: p & set(n). Then

e 0w) o)k l) el
Gy~ O S T T g =
Case 2: p € set(n). Then n = mp® for some natural numbers a > 1 and m with Q(m) < s,
and
pa+2 1
RE(mp) — 2P _ ppmyy — 2T
P ) I G+ 1)
_ o omeP-1 o(m)
= RRuy = Gy 2 (RFm 2 F5) > 0
because by induction (2) is valid. ]
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