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Abstract: We revisit Elder’s theorem on integer partitions, which is a generalization of Stanley’s
theorem. Two new proofs are presented. The first proof is based on certain tilings of 1 X co boards
while the second one is a consequence of a more general identity we prove using generating
functions.
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1 Introduction

We remember that an integer partition of a given positive integer n is a set of positive integers
whose sum equals n and every integer in this set is called a part of the partition. In what follows,
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we revisit Elder’s theorem, which relates the number of appearances of a given part among all
partitions of n with the number of repetitions of parts, i.e.,

Theorem 1 (Elder’s theorem). Let n and k be positive integers. The number of parts equal to k in
all partitions of n is equal to the number of parts that appear at least k times in a given partition

of n, summed over all partitions of n.

For example, considering the 7 partitions of 5, namely 5,4+ 1,34+ 2,3+ 1+ 1,242+ 1,
2414+14+1,1+14141+1, we see four parts 2 and the sum of the number of parts appearing
at least twice in each of these partitionsis04+0+0+1+1+1+1=4.

Elder’s theorem is a generalization of the following theorem, known as Stanley’s theorem:

Theorem 2 (Stanley’s theorem). Let n be a positive integer. The number of parts equal to 1 in all
partitions of n is equal to the number of parts that appear at least once in a given partition of n,
summed over all partitions of n.

In 1982, M. S. Kirdar and T. H. R. Skyrme presented a generating function based proof of
Elder’s theorem in [6]. A combinatorial proof of this identity can be found in [10], page 59, or in
[8]. Some generalizations of both Elder’s and Stanley’s theorem are presented in [4].

In Section 2 we show a simple and elegant proof of Elder’s theorem using tilings. In Section
3, we use generating functions in order to obtain a proof of a partition identity from which Elder’s
theorem follows as a particular case.

Our tiling proof of Elder’s theorem was inspired in recent applications of this technique to
prove certain results (see, for example, [2, 3, 7, 9]). An introduction to this subject can be found
in [1].

2 The first proof

In order to present our combinatorial proof of Elder’s theorem, we will need the following result.

Lemma 3. Let n, k, and r be positive integers. The number of partitions of n with at least k parts
r is equal to the number of partitions of n having at least r parts k.

We prove this lemma via tilings. Consider a 1 X oo board that will be tiled using white and
finitely many black squares, allowing stacking the black ones. All white tiles have weight 1 and
the weight of a black tile in position i is defined as ¢'. Then, we define the weight of a tiling T" as
the product of its tiles weights: w(71") = [ [, w(t), where w(t) is the weight of tile t € T".

Proof. Let X, be the set of all tilings 7" with at least £ black tiles in position . We define the
function

oF s X — XF
in the following way. Given 1" € X/, remove k black squares from position  and add r black
squares in position k, obtaining 7" = ©r(T) € XF*. This function is clearly a bijection whose
inverse is ©F. It is also clear that w(o}(T)) = w(T),VT € X}.
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In order to finish the proof we exhibit a bijection between these tilings of weight n and the
partitions of n. Let A = A\; + Ay + - -+ + A, be a partition of n. We associate to A the tilling 7’
having a black square in each position Ay, ..., A;. Note that we may have more than 1 black square
in a position since the parts of A\ are not necessarily distinct.

Then w(T)) = g T2 T4 = ¢, O

In the proof of the theorem below we use the same tilings of the 1 x oo board described above.

Theorem 4 (Elder’s theorem). Let n and k be positive integers. The number of parts equal to k in
all partitions of n is equal to the number of parts that appear at least k times in a given partition

of n, summed over all partitions of n.

Proof. Let Y, be the subset of X consisting of the tilings with weight ¢". According to the
previous lemma, ¢} : X7 — X* is a weight preserving bijection for each r = 1,2, .... Hence,

o0 o0

ARSI (1)

r=1 r=1

The Lh.s. of (1) counts the numbers of tilings of weight ¢ having & black squares in positions
r = 1,2, ..., then this sum counts the number of parts that appear at least k£ times in the partitions
of n.

Each |Y*| counts the number of tilings of weight ¢ with at least 7 black squares in the posi-
tion k, which correspond to partitions of n with r parts equal to k. It is easy to see thatif T’ € Y},
then T' € Ys’f, for s = 1,2, ...,r. Hence the r.h.s. of (1) counts the number of times k appears as
part of the partitions of n. U

3 The second proof

We now prove a certain partition identity from which it follows a new proof of Elder’s theorem.
Let n and ky, ..., k, be positive integers with n > k; and k; # k;, if i # j, P(n) the set of all

as the number of times that the integers ki, ..., k. appear in X and gy, 5. (A\) = > i, g, (M),
where g, (\) is the number of parts in A appearing at least k; times. For example, considering
A=54+44+4+3+2+2+2+1,apartition of n = 23, k; = 2, and ky = 3, we have:

fos(B+44+4+3+24+2+2+1) =4,
Gos(b+4+4+34+2+2+2+1)=3.

As another example, Table 1 below shows, for the eleven partitions of 6, a few values of
Jrr. e (A) as well as of gg, . k. (N).

Z k..., k7‘<)\): Z fk1 ----- kv()\) (2)



Partitions A of 6 | 2300 | 92500 | fass(N) | 923500 |

6 0 0 0
541 0 0 1 0
442 1 0 1 0
3+3 2 1 2 1
4+1+1 0 1 0 1
3+2+1 2 0 2 0
24+242 3 2 3 2
3+1+1+1 1 2 1 2
24+2+1+1 2 2 2 2
2+14+14+1+1 1 2 1 2
1+1+14+1+1+1| 0 2 0 3
Sum 2 | 12 | 13 13

Table 1: Some values forn = 6

As a consequence, it will follow a proof of the identity known as Elder’s theorem

> g =D K,

AEP(n) AEP(n)

where n and £ are integers with n > k£ > 0, which was proved by Kirdar and Skyrme in [6] in a
different manner.

3.1 The generating function for } 5., fi,..k ()

Using the standard notation

(490 = [J(1 =),
i=0
we define
I[_,(1- ") 1 N g
F(Z, Q) = = : T N T Pk’l ----- kr(nv.])zjqna
(@ @)oo 1Lz (1 — 2¢%) ng;

k.(m, j) is the number of partitions of n having j parts equal to k1, ..., and

-----

o foke N =D G P (0, ). 3)

.....
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o I 1=e%)

i=1 i;éjT:I ‘ @
(@9 [ J(1 =)
j=1

In order to finish the proof of (2), we want to show that (4) also is the generating function for

3.2 The generating function for » _, 5., 9r,....k, (A)

As the factor 1/(1 — ¢™) = >.2,¢™ is responsible for the number of times that m appears
and we are interested in counting just the partitions where each part appears at least k; times,
l=1,2,...,r, we consider the following sum:

o) o) o) 00 oo o)
=0 i—ky i—k =0 i—0 =0
1 qul zqu‘l

(I=qm) (1—gm) - (1—qm)

Thus, we define

G(z0) = (Ha ¢+ 2" 4+ [0 q’m("m)
q;q)co i=1 =1
1 T o0
_ (1" +2q™)
(¢ @)oo “= 11
- Z le ,,,,, h(nvj)z]qn’
n>j>0

.....

D k(N = Zj'@kl ,,,,, e (12,.5).

Knowing that the generating function for the right hand side of the equality above is obtained
from %—f(l, q) we find it by calculating this derivative using the definition of partial derivative:

" (ZL1 [12,0 =™ + (1 +h)g™) —7“)
= 111m

e h(q; q)oo
= lim (Z?—l [1°,(1 + hgi*t) — T) |

S Ma; @)oo
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Note that [ ]2, (1 + hg'*) = 14 Y02, hg'® + Mi(h, q), where M;(h, q) is a series in which

the powers of h are greater than or equal to 2, i.e., M;(h,q) = h*R;(h, q). Then,

oG 1 S (14372 hg™ + Mi(h,q) —r
5, (L@ = lim ( M4 @)oo
= lim (h(zil ¢+t Zfil qikr> =+ ZZT:I M (h, Q))
h=0 h(q; q)oo
T k_ r
1 4 ' Zl:l th<h‘7 Q)
= lim +
h=0 (Z; (1= ¢") (4 @) (¢; @)oo

N ¢"
N ; (1= ")(¢: 9)os

_ > i ¢ H:¢j:1(1 —q")
(@5 @)oo [Tjmi (1 — M)

..........

the same, we have proved (2).
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