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Abstract: Only prime integers that are in Class 41 of the Modular Ring 4Z equate to a sum of 

squares of integers x and y. A simple equation to predict these integers is developed which 

distinguishes prime and composite numbers in that one (x, y) couple exists for primes, but 

composites have either one couple with a common factor or the same number of couples as 

there are factors. In particular, composite Fibonacci numbers always have multiple (x, y) 

couples because the factors are all elements of 41 . 
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1 Introduction 

Fermat showed that odd integers which equal a sum of squares have the form 4r + 1, which is 

obvious in the modular ring 4Z [6] (Table 1). If we consider N = x
2
 + y

2
 with x odd and y even, 

then we see that odd squares are elements of class 41  and even squares are elements of 40 only. 

 

 

 

Table 1. Classes and rows for Z4 

Row 

ri ↓ 

Class 

i  → 
40  41  42  43  Comments 

0 0 1 2 3 4
i

N r i= +  

1 4 5 6 7 even 40 , 42  

2 8 9 10 11 ( )2,n nN N ∈ 40  

3 12 13 14 15 odd 41 , 43 ; 2n
N ∈ 41  
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We then have the two possibilities 
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that is, only prime numbers which are elements of 41 can be a sum of squares.  In this note we 

develop a means of calculating x and y rapidly in the sense of experimental mathematics [1]. 

2 Calculations 

Thus for ,14∈p  
 .2)( 222

xyyxyxp −+=+=  (2.1) 

If A = x + y, then  

 
2

2
,

2
ApA

yx
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=  (2.2) 

which gives an upper limit of p2 for A. x (odd) and y (even) are the two solutions of (2.2). We 

now show that (2p – A
2
)
* 

∈ {1, 5, 9}. 

The primes, p, can be divided into four types according, p
*
, to their right-end-digits 

(REDs) [cf. 8]; that is, according to their classes in the modular ring Z5 [2, 6].  p
* 

∈ {1, 3, 7, 9} 

corresponding to classes 5555 4,2,3,1 so that the class of A* in Z5 will be determined by p
*
, but 

odd squares only have REDs equal to 1,5,9 (Table 2). 

 

 

Table 2. Restraints on REDs 

3 Examples of x, y in 41  

In the spirit of Phillips [9], samples of primes with calculated A, x and y are displayed in 

Tables 3, 4, 5, 6. 

 

p A p2  x y p A p2  x y 

41 9 9.1 5 4 941 39 43.4 29 10 

101 11 14.2 1 10 1061 41 46.1 31 10 

241 19 22.0 15 4 1201 49 49.0 25 24 

401 21 28.3 1 20 1381 49 52.5 15 34 

541 31 32.9 21 10 1621 49 56.9 39 10 

661 31 36.4 25 6 1741 59 59.0 29 30 

761 39 39.0 19 20 113341 461 476.0 171 290 

821 39 40.5 25 14 530861 1011 1030.4 605 406 

Table 3. p* = 1, A* = 1, 9 

p* A* A
2
* 

1 1, 9 1 

3 1, 5, 9 1, 5 

7 3, 5, 7 5, 9 

9 3, 7 9 
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p A p2  x y p A p2  x y 

13 5 5.1 3 2 853 41 41.3 23 18 

113 15 15.0 7 8 1013 45 45.0 23 22 

233 21 21.6 13 8 1153 41 48.0 33 8 

313 25 25.0 13 12 1213 49 49.3 27 22 

433 29 29.4 17 12 1453 41 53.9 3 38 

593 31 34.4 23 8 1613 51 56.8 13 38 

673 35 36.7 23 12 1733 55 58.9 17 38 

733 29 38.3 27 2 113153 459 475.7 167 292 

Table 4. p* = 3, A* = 1, 5, 9 

p A p2  x y p A p2  x y 

17 5 5.8 1 4 977 35 44.2 31 4 

137 15 16.6 11 4 1097 45 46.8 29 16 

257 17 22.7 1 16 1217 47 49.3 31 16 

317 25 25.2 11 14 1297 37 50.9 1 36 

397 25 28.2 19 6 1597 55 56.5 21 34 

557 33 33.4 19 14 1657 55 57.6 19 36 

677 27 36.8 1 26 113497 475 476.0 219 256 

857 33 41.4 29 4 113777 477 477.0 241 236 

Table 5. p* = 7, A* = 3, 5, 7 

p A p2  x y p A p2  x y 

29 7 7.6 5 2 809 33 40.2 5 28 

89 13 13.3 5 8 929 43 43.1 23 20 

149 17 17.3 7 10 1069 43 46.2 13 30 

269 23 23.2 13 10 3329 77 81.6 25 52 

389 27 27.9 17 10 7489 113 122.4 33 80 

449 27 30.0 7 20 7589 123 123.2 65 58 

569 33 33.7 13 20 7669 97 123.8 87 10 

709 37 37.7 15 22 113209 403 475.8 75 328 

 534629 1017 1034.0 415 602 

Table 6. p* = 9, A* = 3, 7 

4 Fibonacci primes 

The x, y values for Fibonacci primes, Fp, are obtained simply from [7] 
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the Binet equation [7], or from the Pascal-Fibonacci equation [3, 4] 
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from which the individual Pascal-Fibonacci (PF) numbers, Nn, can be given by 
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For example, for p = 17, Fp = 1597, and the Binet and Pascal-Fibonacci equations (4.2) 

and (4.3) then yield respectively 
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From (2.2) and (4.1) we get 

 
1 1

2 2

.p pA F F
+ −

= +  (4.5) 

For example, if p = 11, then F11 = 89 = .64252

5

2

6 +=+ FF That is, A = 13 so that

( ) 516917813
2
1 =−−=x

 
and ,8)313(

2
1 =+=y as required (Table 6). 

5 Composites as sums of squares 

As with prime integers, only odd composite integers in class 41 can equal a sum of squares [6], 

but the number of (x, y) ordered pairs will be the same as the number of prime factors.   

 

N Factors Classes A p2  x y 

57 3 × 19 
44 33  – 10.7 – – 

117 3 × 3 × 13 444 133  15 15.29 3 × 3 3 × 2 

177 3 × 59 
44 33  – 18.8 – – 

217 7 × 31 
44 33  – 20.8 – – 

297 3 × 3 × 3 × 11 
4444 3333  – 24.4 – – 

357 3 × 7 × 17 444 133  – 26.7 – – 

 

377 13 × 29 
 

4411  
27  

27.5 
11 16 

23 19 4 

417 3 × 139 
44 33  – 28.9 – – 

437 19  × 23 
44 33  – 29.6 – – 

477 3  × 3 × 53 444 133  27 30.9 3 × 7 3 × 2 

497 7 × 71 
44 33  – 31.5 – – 

Table 7. p* = 7; A* = 3, 5, 7 

If the factors all come from class 43 , then there will be no sum of squares, but if some 

factors come from class 41 , then there can be a sum of squares [6]. In some cases there is only 
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one ordered pair but, unlike the primes, x and y have a common factor in this case. Some 

examples are displayed in Table 7 for p* = 7. Similar results may be found for p* = 1, 3 or 9. 

Note that 1517 (11 × 47), 537 (3 × 179) and 597 (3 × 199) all have factors in 43 only, so there 

are no sums of squares. 

For composite Fibonacci numbers with prime subscripts there are as many ordered pairs 

(x, y) as there are factors. For example,  

• F31 = 1, 346, 269 has 2 factors, 44 12417,1557 ∈∈ , and 2 (x, y) ordered pairs: 

(987, 610) and (875, 762); 

• F37 = 24, 157, 817 has 3 factors, all in class 41 , and thus 3 (x,y) ordered pairs: 

(4181, 2584), (4909, 224) and (3859, 3044). 

For all the Fp values identified as composite (F19 to F97) the factors are all in class 41 [5] so 

that there are multiple (x,y) ordered pairs for these integers [3]. 

6 Composites as sums of squares 

These distinct differences between prime and composite numbers in class 41  is useful for 

primality testing in that class, particularly as the integers increase in value the number of steps 

needed to find A do not necessarily increase.  For instance, for p * = 9 (Table 6), p = 7589 

takes only one step while p = 7669 takes six steps, whereas for p = 534629, only four steps are 

need to obtain A. 
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