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1 Introduction

Mobius function arises in many different places in number theory. The Lambert series for Mobius
function p [1, p. 327] is given by

Zp(n) T — for lz| < 1. (1.1)
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Euler’s totient function is an another important arithmetic function that occurs in many identities,
special functions or constants. Liouville proved that for |z| < 1 [4, p. 182]
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Similar identities for Jordan totient function Ji(n) for & = 2 and |z| < 1 are given in

Ref [4, p. 182] as follows
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Ceséro generalized (1.2) for any arithmetic function f
; - x” Zaz”F for |z| <1, (1.6)

where F(n) = >, f(d) [4, p. 182]. In the present study, infinite series involving arithemtic
functions are derived through Jacobi symbols (—1|k) and (2|k) for k& € N. Further, we derive
some identities for Dirichlet series in terms of Hurwitz zeta function.

2 Main theorems

Theorem 2.1. Let p be an arithmetic function. Let P(z) = Zz;’%p(k)(—uk)xk. Then for

lz] < 1,
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k=1,2tk

Also, for Re(s) > 1
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where p and a are connected by the following relation

= pu(d)p(k/d). (2.3)
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Theorem 2.2. Let q be an arithmetic function. Let Q(z) = 3777, q(k)(2|k)z*. Then for

lz| <1,
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Also, for Re(s) > 1
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where q and o are connected by the following relation
= p(d)q(k/d). (2.6)
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3 Applications of main theorems

3.1 Infinite series involving arithmetic functions
Let p(k) = k in Theorem 2.1. Then

z(1—2?)
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k=1,2tk

and a(k) = >, 1(d)E = o(k) [1, pp. 261, where ¢ is Euler totient function. Hence,
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Similarly, Theorem 2.2, gives that
z(1 — 32? — 3z + 25) = k(1 — %)
2 - Z (2[F) (k) k2
(1+2%) T (14 %)

Let f(k) = [2] in Theorem 2.1. Then, using the identity (2, n) = > H(d) (2], gives

k
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Similiarly, using (2.5)
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where (z, k) is Legendre totient function [4, pp. 283].
Let f(k) = 1/k in Theorem 2.1 and Theorem 2.2. Using the identity

1 _ v (k)
b(k) = > pld)d = =
djk
[1, pp. 37], gives the following identites
-1 - -1 at
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where ! is inverse of Euler totient function with respect to convolution.
Consider the identity given in (2.1),

0 k

Pz)= Y (~1lk)a(k)—

2k
k=1,2tk 14z

Dividing above equation by = and integrating on [0, x], yields the following identity

o0

/j@dt: > (—1|k)@tan—1(xk). (3.1

k=1,2tk
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3.2 Evaluation of some Dirichlet series

The following identities are obtained from (2.2) by taking f(k) = k,1/k,logk and k™ and
respectively.

i = (s,1/4) — ((s,3/4)] i 1|k
k=1

k=1

Since Y17, (l;l_uf) = o7 [C(s — 1,1/4) — ¢(s — 1,3/4)], after simplification gives
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The following identities are obtained from (2.5) by taking f(k) = k,1/k,logk, and k™,
respectively.

S (2 28 _ glele =1 L/8) —Cls — 1,3/8) —C(s — L,5/8) & ¢(s —1,7/8)]
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2|k: o )_ [C(s+1,1/8) —((s+1,3/8) —((s+1,5/8) + ((s+1,7/8)]
i 8[C(s,1/8) = ((5,3/8) = C(s,5/8) + ((s,7/8)]

Mg

S TaR) o [C(s — m1J8) — C(s — m,3/8) — C(s — m, 5/8) + C(s — m, T/8)]
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4 Some lemmas

Lemma 4.1. For |z| < 1,

X
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Proof. Tt is well known that for an odd integer k, (—1|k) = (—1)*~Y/2, Then, using binomial
theorem, gives (2.1). Similarly, for an odd integer k, (2|k) = (—1)**~1/8, Hence,

Z (2|k)a" =z + Z 2 (=2 —2® + 27 +27). 4.3)
k=1,2{k k=0
After simplification, gives (2.2). O]

Lemma 4.2. [f|z| < 1, then

Tk
Z (k) (=1|k) —% (4.4)
k= 12{]@ I+z
k(l—l’?k)
k=1,2tk

Proof. The left hand side of (2.4) can be written using (2.1) as follows

> ulk) (- 1|/~<?)1+ %= >, k) (=1k) > (=1m)z*".
k=1,2tk k=1,2tk m=1,2tm

Rearranging above equation, gives

o0 k oo
S0 ) (1K) g = Y 7D ) (~11d) (< 1ik/d).
k=1,2tk k=12  dlk

Since (—1|d)(—1|k/d) = (1K),

(o] k o0
xXr
> k) (—Wf)m: > 2t (—1lk)> p(d)
=121k k=121k dlk

Since Zd‘k w(d) = 11[3,p. 19] and (—1|1) = 1, gives (2.4). Similarly, (2.5) can be easily found
from (2.2). ]

5 Proof of main theorems

5.1 Proof of Theorem 2.1

Consider
P(x)= > (=1lk)p(k)a". SR
k=1,21k
Using (3.4), that
o0 0 mk
P(z) = Z( 1|k)p(k) Z M(m>(_1|m)1fm2mk
k=1,2tk m=1,2fm



Rearranging the above equation, gives

P(z) = szk o zk%u (—1]d)(—1]k/d)p(k/d).

Since (—1|d)(—1|(k/d)) = (—1[k). Setting a(k) = >_;, #(d)p(k/d) in the above equation,
gives (2.1). To prove equation (2.2), replace x by e~ in (4.1), multiply by ¢*~* for Re(s) > 1 and
integrating on [0, c0), then

/ tS_IP(e_t)dt:Zp(k:)/ e Mt
0 1 0

Since [;°t* e Fdt = gives

k‘s’

/oo £ P(e ()3 pg: (5.2)
0
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Now, replace z by e~ in (3.1), multiply by t*~* for Re(s) > 1 and integrating on [0, o), then

[e%¢) ) . 0 o) ts—le—kt
' P(e")dt = a(k)/ ———dt
/O Z 0 1+ 672kt

k=1

After simplification, this gives

/0 T P(e )t = T(s) :1 ((2;1&)1 :1 “n
Since Y5, G = L [C(s,1/4) — ((s,3/4)] . gives
/O T ple Yyt = Ff)[ C(s,1/4) — C(s,3/4)] i“;f . (5.3)
k=1
Comparing (4.2) and (4.3), gives (2.2). This completes the proof. ]

5.2 Proof of Thoerem 2.2

The proof of Theorem 2.2 is similar to proof of Theorem 2.1. Consider

o0

Qz) = Y (2lk)q(k)a", (5.4)

k=1,2tk

Using (2.5) and Setting (k) = 3_,, 1(d)q(k/d). After simplification, this gives (2.4). Fur-
ther using the identity

IR 5
k=12tk

This completes the proof. ]
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