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On the inequalities for beta function
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1 Introduction

For x, y > 0, the classical gamma function Γ, the digamma function ψ and the beta function
B(·, ·) are defined by

Γ(x) =

∫ ∞
0

e−ttx−1 dt, ψ(x) =
Γ′(x)

Γ(x)
, B(x, y) =

Γ(x)Γ(y)

Γ(x+ y)
,

respectively. These functions have important applications in various branches of science and
engineering [7]. Since the 1950s, numerous authors have given several inequalities involving
these functions by employing different approaches, see for example [3, 4, 8, 13]. In this pa-
per, we establish the inequalities for beta function by using the well-known Jordan’s inequality
[10, 11, 12].

The functions Γ and ψ satisfy the following recurrence relations

Γ(1 + x) = xΓ(x), ψ(1 + x) =
1

x
+ ψ(x). (1)

Weierstrass expressed the gamma and sine functions in terms of innite products as follows

1

Γ(x)
= xeγx

∞∏
n=1

(
1 +

x

n

)
e−x/e, sin(πx) = πx

∞∏
n6=0

(
1− x

n

)
ex/n,
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where γ is the Euler–Mascheroni constant [1] defined by

γ = lim
n→∞

(
n∑
k=1

1

k
− log(n)

)
= 0.57721566 . . . .

These definitions give the following relation

Γ(t)Γ(1− t) =
π

sin(πt)
, t /∈ Z, (2)

which is known as the Euler’s reflection formula [1, 6.1.17]. We refer the reader to [8] for a
historical background and properties of the gamma and beta functions.

Dragomir et al. [8] established the following inequality

B(x, y) ≤ 1

xy
, x, y ∈ (0, 1). (3)

Alzer [2] established the following inequalities with right side refining relation (3)

1

xy

(
1− a1− x

1 + x

1− y
1 + y

)
< B(x, y) (4)

<
1

xy

(
1− b1− x

1 + x

1− y
1 + y

)
, x, y ∈ (0, 1),

with the best possible constants a = 2π2/3 − 4 ≈ 2.57973 and b = 1. Recently, the second
inequality in (4) was refined by Ivády [9]
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xy
(x+ y − xy) ≤ B(x, y) ≤ 1

xy

x+ y

1 + xy
, x, y ∈ (0, 1). (5)

Lemma 1. Let f be a twice differentiable function on (0, π), and let g(x) = f(x)/ sin(x), h(x) =

g′(x) sin(x)2, and F (x) = f(x) + f ′′(x). Then h′(x) and F (x) have the same sign on (0, π).

Proof. Straightforward.

Theorem 1. For t ∈ (0, 1), we have

3(1− t)
πt2 − πt+ π

<
sin(πt)

πt
<

π(1− t)
πt2 − πt+ π

, (6)

1− (2− t)t2 < sin(πt)

πt
<

16

5π

(
1− (2− t)t2

)
. (7)

Proof. Let g(x) = f(x)/ sin(x) for x ∈ (0, π), where

f(x) = (πx− x2)/(π2 − πx+ x2).

We get
(π2 − πx+ x2)3

x(π − x)
F (x) = (π2 − πx+ x2)2 − 6π2 = A(x)B(x),

where B(x) > 0 always, and A(x) = x2 − πx+ π2 − π
√

6.
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The roots of equation A(x) = 0 are x1 = (π −
√

4 · 61/2π − π2)/2 which is in (0, π/2), and
x2 = (π+

√
4 · 61/2π − π2)/2 which is in (π/2, π). Let x ∈ (0, x1), thenA(x) > 0, so F (x) > 0,

giving h′(x) > 0, where F and h are as in Lemma 1. This implies h(x) > h(0) = 0, so g′(x) > 0

by Lemma 1.
Again, let x ∈ [x1, π/2), then A(x) ≥ 0, giving F (x) ≤ 0, i.e. h′(x) ≤ 0. This implies

h(x) > h(π/2) = 0. So g′(x) ≥ 0 here too. We have proved that g′(x) > 0 for all x in (0, π/2).
Let now x in (π/2, x2). Then A(x) < 0, so h′(x) < 0, implying h(x) < h(π/2) = 0. For x in
[x2, π) one has h′(x) ≥ 0, so h(x) ≤ h(π) = 0. Therefore, for all x in (π/2, π) one has h(x) < 0,
i.e. g′(x) < 0 here. In both cases we had g′(x) = 0 only for x = π/2. Consequently, the function
g is strictly increasing in (0, π/2) and strictly decreasing in (π/2, π), and attains maximum 1/3

at x = π/2 as well as g tends to 1/π when x tends to 0 or π. This implies the proof of (6) if we
let x = πt.

For the proof of (7), let

f(x) =
sin(x)

x(x3 − 2πx2 + π3)
.

A simple calculation gives

(x k(x))2f ′(x) = g(x),

where k(x) = x3 − 2πx2 + π3 and

g(x) = cos(x).(x4 − 2πx3 + π3x)− sin(x).(4x3 − 6πx2 + π3).

It is immediate that g(0) = g(π/2) = g(π) = 0. One has g′(x) = −x sin(x)h(x), with

h(x) = x3 − 2πx2 + 12x+ π3 − 12π.

Here h(0) = π(π2 − 12) < 0, h(π/2) = 5π3/8 − 6π > 0 as 5π2 > 48 and h(π) = 0.

Further h′(x) = 3x2 − 4πx + 12, and h′′(x) = 2(3x − 2π). The roots of h′(x) = 0 are x1 =

(2π − 2
√
π2 − 9)/3 ≈ 1.47271, which is in (0, π/2), and x2 = (2π + 2

√
π2 − 9)/3 ≈ 2.71608,

which is in (2π/3, π). Therefore, h(x) is strictly increasing in (0, x1), and (x2, π), while strictly
decreasing in (x1, x2).

Let x ∈ (0, π/2), then as h(0) < 0, h(π/2) > 0, h has a single root x0, and a maximum point
in x1. Thus h(x) < 0 in (0, x0), and h(x) > 0 in (x0, π/2). Therefore, g′(x) > 0 for x ∈ (0, x0)

and g′(x) < 0 in (x0, π/2). Thus g(x) > g(0) = 0 in (0, x0) and g(x) > g(π/2) = 0 (x0, π/2).
In all cases, g(x) > 0 for x ∈ (0, π/2). This means that, f(x) is strictly increasing in (0, π/2).

When x is in (π/2, π), the proof runs as above, by remarking that by h(2π/3) < 0, there
exists a unique x∗0 ∈ (π/2, π) such that h(x∗0) = 0. Since h(x) > 0 in (x∗0, π) and h(x) < 0

in (x∗0, π) we get that g(x) < g(π/2) = 0 in (π/2, x∗0), while g(x) < g(π) = 0 in (x∗0, π), so
in all cases g(x) < 0, when x is in (π/2, π). Thus f(x) is strictly decreasing in (π/2, π). This
completes the proof.

The inequalities in (6) and (7) are not comparable. From the proof of (7) we get the following
corollary.
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Corollary 1. For x ∈ (0, π/2), we have

x3 − 2πx2 + π3

4x3 − 6πx2 + π3
>

tan(x)

x
,

inequality reverses for x ∈ (π/2, π).

Theorem 2.
B(x, y) <

1

xy

x+ y

1 + xy
, x, y ∈ (0, 1),

inequality reverses for x > 1.

Proof. See [6, Theorem 1.28, p. 18].

Corollary 2. We have

α

xy

x+ y

1 + xy
< B(x, y) <

β

xy

x+ y

1 + xy
, x ∈ (0, 1) with y = 1− x,

with the best possible constants α = 5π/16 ≈ 0.98175 and β = 1.

Proof. Utilizing (2), the first inequality in (7) can be written as

t(1− t)(1 + t(1− t)) < 1

Γ(t)Γ(1− t)
,

which is equivalent to
t(1− t)(1 + t(1− t))

t+ 1− t
<

Γ(t+ 1− t)
Γ(t)Γ(1− t)

.

Letting x = t and y = 1 − t, we get the first inequality. The second inequality follows similarly
from the second inequality of (7). This completes the proof.

Remark 1. The inequality

1− z

π
<

sin(z)

z
, z ∈ (0, π),

can be written as
Γ
(

1 +
z

π

)
Γ
(

1− z

π

)
<

1

1− z/π
,

by (2). This implies (3) if we let x = z/π and y = 1− z/π.

Lemma 2. We have

ψ(1 + x)− ψ(x+ y) <
1− y

x+ y − xy
, x > 1, y ∈ (0, 1), (8)

ψ(2− x)− ψ(1 + x) <
1− 2x

1− (1− x)x
, x ∈ (0, 1/2), (9)

inequality reverses for x ∈ (1/2, 1).
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Proof. For x > 1 and y ∈ (0, 1), we define

gx(y) = ψ(1 + x)− ψ(x+ y)− 1− y
x+ y − xy

.

Differentiating with respect to y we get

g′′x(y) = −2(1− x)2(1− y)

(x(1− y) + y)3
− 2(1− x)

(x(−y) + x+ y)2
− ψ′′(x+ y)

=
2x− 2

(x(1− y) + y)3
− ψ′′(x+ y) > 0,

since ψ′′(x + y) < 0. Thus, gx is convex in y, clearly gx(0) = gx(1) = 0. This implies that the
graph of the function gx on (0, 1) lies under the line segment joining origin and the point (1, 0).
The proof is now obvious.

For (9), write

f(x) = ψ(2− x)− ψ(1 + x)− 1− 2x

1− (1− x)x
, x ∈ (0, 1).

One has

f ′′(x) =

(
2(2x− 1)2

(1− (1− x)x)3
− 2

(1− (1− x)x)2

)
(2x− 1)

− 4(2x− 1)

(1− (1− x)x)2
+ ψ′′(2− x)− ψ′′(x+ 1)

=
2(x− 2)(x+ 1)(2x− 1)

((x− 1)x+ 1)3
+ ψ′′(2− x)− ψ′′(x+ 1).

Clearly, the function ψ′′ is increasing and negative. So, it is not difficult to see that f ′′ is
positive for x ∈ (0, 1/2), and negative for x ∈ (1/2, 1). This implies the convexity and concavity
of f in x ∈ (0, 1/2) and x ∈ (1/2, 1), respectively. Clearly, f(0) = f(1/2) = f(1) = 0. This
completes the proof.

Theorem 3. We have

1

xy
(x+ y − xy) > B(x, y), x > 1, y ∈ (0, 1),

inequality reverses for x ∈ (0, 1).

Proof. The proposed inequality can be written as

hy(x) = log(Γ(1 + x)) + log(Γ(1 + y))− log(Γ(x+ y)) + log(x+ y − xy) > 0.

Clearly, hy(1) = 0. Differentiation with respect to x yields

h′y(x) = ψ(1 + x)− ψ(x+ y)− 1− y
x+ y − xy

= gx(y),

which is negative by (8). Thus the function hy(x) is decreasing in x > 1, this gives the desired
inequality.
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Corollary 3. We have

B(x, y) <
π

3

1

xy
(x+ y − xy), x ∈ (0, 1), with y = 1− x.

Proof. Let

h(x) = log

(
1

3
π(1− (1− x)x)

)
− log(Γ(2− x))− log(Γ(x+ 1)),

clearly h(1/2) = 0. One has,

h′(x) = ψ(2− x)− ψ(1 + x)− 1− 2x

1− (1− x)x
,

which is positive in x ∈ (0, 1/2) and negative in x ∈ (1/2, 1) by (9). This implies that h is
decreasing in x ∈ (0, 1/2) and increasing in x ∈ (1/2, 1). Thus the proof follows.
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