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Abstract: We present alternative expressions for modularity in graphs. Modularity is used as a
measure to characterize the community of networks, which is one of the most important features
in real-world networks, especially social networks.
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Graph communities, also called modules or groups, are groups of vertices which probably share
common properties and/or play similar roles within the graph. Such a structure reveals impor-
tant features of the topology and the evolution of processes on the graph. Social networks are
paradigmatic examples of graphs with communities [3]. A metric known as modularity, proposed
by Newman [7], has led to numerous researches in community structure detection and analysis.
Great efforts have been made to characterize the modularity metric and investigate the partition
resolution in networks, see e.g. [1, 2, 4, 5, 6]. We refer the reader to [3] for a recent excellent
survey on modularity and its various applications.

In this brief paper, we present a new expression for modularity to get further insight on com-
munity structure in networks. In what follows, we only consider simple and undirected graphs.

Let G = (V, E) be a graph with vertex set V' and edge set £ C V' x V. Let |V| = n be the
number of vertices, and |E| = m be the number of edges. Let A = (a;;),xn» be the adjacency
matrix of G, where a;; = a;; = 1if (i,j) € E, and a;; = a;; = 0, otherwise. The degree of
vertex ¢ € V is denoted by d;. The modularity [7] is a measure of the quality of a particular
division of the network, and is defined as
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which is proportional to the number of edges falling within groups minus the expected number
in a network with edges placed at random. In fact, if edges are placed at random, the expected
number of edges between a pair of vertices 7 and j is d;d; /2m.

Suppose that there are g groups (or communities) G, - - - , G, in the network G. Thus, we
have
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where my, is the number of edges in group Gy. Let m,,; be the number of edges that are cut by
partitioning the network into g groups, i.e., the number of inter-group edges. It is clear that

g
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Likewise, we observe that

n n g

Z Z dldjl[l and j belong to the same group] — Z ( Z dz) ( Z d])
i=1 j=1 k=1 i€Gy JEGK

g
= D dz, @)

k=1

where dg, = .. @, di 1s the sum of degrees of vertices in group Gy. By using the Binet-Cauchy
identity [8], we may rewrite the righthand side of (4) as
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for any o > 0.
Combining (5) with (1)-(4), we obtain
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In particular, if we take v = 1 and exploit the fact that ) ;_, di, = 2m, we may recover the
expression given in [5]
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