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Abstract 
Certain characteristics of Pythagorean triples are analysed using Integer 
Structure via the modular ring, 4Z .  The fact (as shown by Fermat’s Last 
Theorem) that all the components of a triple cannot simultaneously be an 
even power n (with n2

1 even) is illustrated via the spectra of the right-end-
digits of the components. 
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1. Introduction 
There are many analyses in Number Theory where Integer Structure (IS) has been 
used to explain why certain constraints apply for various equations [3]. Here we illus-
trate constraints on the equation 
 

222 bac +=  (1.1)
 
With a,b,c, integers. This famous equation, a Pythagorean triple, actually underpins 
Fermat’s Last Theorem when n, n/2 are even [1]. Therefore it is of interest to look at 
the integer structure of these triples, especially the spectra of their rows in the Modu-
lar ring 4z . 
 

2. Structure of Pythagorean Triples 
2.1 The major component c cannot be even. 
Pythagorean triples have been studied throughout the many centuries following on 
from Pythagoras. It might seem curious that the simple equation (1.1) has the restric-
tion that, for primitive Pythagorean triples (pPts), c can never be even, that is, a and b 
cannot both be odd. 
 



However, this is easily explained from the integer structure [3]. We can use the modu-
lar ring 4z to illustrate this. Within this ring the integers are given by iri +4 where i is 
the class and ir the row (Table 1). 
 

Class 04  14  24  34  
Row 0 0 1 2 3 
Row 1 4 5 6 7 
Row 2 8 9 10 11 

 
Table 1 

 
 
Note that ( 24 2 +r ) which represents the integers in Class 24 , when raised to a power, 
gives an integer in Class04 , for example, 
 

)144(4)24( 2
2

2
2

2 ++=+ rrr  (2.1)
 
with the row in04 equal to )1)1(4( 22 ++rr  which is always odd. Thus there are no 
powers in Class 24 . When integers in Class 34 are raised to an even power the resul-
tant integer always falls in Class14 , for example 
 

1)264(4)34( 33
2

3 +++=+ rrr  (2.2)
 

with the row given by )264( 33 ++ rr which is always even. Thus there are no even 
powers in Class 34 . With these constraints, we have 
 

14 +14 = 24 (2.3)
 
Thus, since the odd squares always fall in Class14 their sum must fall in Class24 but 
this class has no powers, so the triple cannot be formed. 
 
2.2 The even component can never fall in class24  
This is another restriction that is easily explained using IS. Since 
 

1)1)2(2)(4(4)24()14( 21
2

2
2

1
2

2
2

1 +++++=+++ rrrrrr  (2.4)
 

or (4r3 + 3)2 + (4r2 + 2)2 = 4(4(r3
2 + r2

2) + 6r3 + 4r2 + 3) +1 (2.5)
 
This means that the row of the resultant integer from the summed squares must be 
odd. However, squares in class14 have rows that are always even, for example 
 

1)24(4)14( 1
2

1
2

1 ++=+ rrr  (2.6)
 
Which has an even row, or 
 

1)264(4)34( 3
2

3
2

3 +++=+ rrr  (2.7)



 
Which also has an even row. Hence the even component of a pPt can never fall in 
class24 . 
 
2.3 Row structure of triples. 
Triples of the form (c,b,a) ε 444 301  have the rows of their squares in classes 24 04 24  
(when the rows of 34 integers are even) or in class04 04 04 (when rows of 34 integers are 
odd). 
 
Triples of the form14 0414 have the rows of their squares in classes24 04 24 (when rows 
of a are odd) or in04 04 04 (when rows of a are even). The class structure of the row of 
the row of ),,( 222 abc is more diverse (Table 2) 
 

Triples 
iR † Classes 
04 04 04  
1414 04  
34 04 34  
24 04 24  

14 04 34  

14 0414  
04 04 04  
3414 24  
0414 34  
241414  

14 0414  

14 0414  
Table 2: † iR  represents the rows of the rows of ),,( 222 abc  

 
Note that the row of 2b (the even component here) always falls in04 . In general, the 
rows of even squares are themselves squares, an important feature, as will be shown 
below. 
 
2.4 The Largest Component, c, is c|3 / . 
Another interesting feature of pPts is that the largest component, c, has no factors in 
3. This can be understood as follows. Since c ε14 , c may be a sum of squares. In fact, 
c must be a sum of squares. This is shown via the (z-j) grid analysis of pPts [3] 
whereby with c > b > a  and z =  c – b: 
 

22
1

2 )( ooo zjjc ++=   
(2.8)

with z odd, and 
))12(( 2−= tzo  

or 
 

22
1

22
1

))12()
2
1(())

2
1(( −++= eee jzzc  

(2.9)

with z even, and  



.2 2tze =  
 
Some examples are shown in Table 3 
 

pPt oz  oj  
2
1

oo zj +  
233,208,165 25 8 13 

65,56,33 9 4 7 
137,88,105 49 4 11 
169,120,119 49 5 12 

 
 
Table 3. 

 
Not all integers in Class14 are a sum of squares since many contain factors that derive 
from Class 34 . Sums of squares do not occur in this Class [3]. For example, if 3 is a 
factor, 3ε 34  and hence sums of squares do not occur. For example 21, 33, 81 are in 
Class14 but do not equal a sum of squares since the factors 3x7, 3x11 and 3x3x3x3 fall 
in 34 .  Hence any integers in Class14 that do not equal a sum of squares cannot be the 
major component of a pPt. 
 

3. Can the components of a pPt all be squares? 
Obviously, since Class 34  contains no even powers the pPt class structure14 04 34  
would not apply and only14 0414 need be considered. The rows of squares are well 
characterised and an analysis using this information shows that all components (c,b,a) 
of a pPt cannot be squares [3]. 
 
Here we take a more visual approach and look at the right-end digits (REDs) of the 
rows of the components and compare them to the REDs of rows of squares. Spectra of 
the REDs of rows of the components of a pPt illustrate how repeat sequences simplify 
comparisons (Figures 1 to 8).  
 
A range of pPts and their rows in 4z were calculated for various odd z. Table 4 lists the 
REDs of the rows. REDs are indicated by a superscript asterisk. Furthermore, the 
REDs of the rows were plotted to form spectra of the different components. These 
spectra consisted of repeat sequences covering j values up to around 20 for c and b 
but only a small number of j for component a (Figures 1-8). 
 
Note that we have taken z odd here, that is b, the second largest component, is even. 
The reader might like to explore the spectra when z is even (second largest compo-
nent is odd).  The REDs are summarised in Table 4 where a tick indicates that a RED 
is compatible with the REDs of squares, whereas a cross indicates incompatibility. 
 
Remarkably, in the basic units (which are repeated and hence represent the overall 
structure) there are only one or two sets that appear to be compatible with squares. 
These few deviants are easily disposed of (since 0* =br can be converted to a cross). 
This is because the rows of even squares must be squares. Thus the row of the row of 
component b must have a RED compatible with a square. 
 



 
Table 5 shows that this is not the case. For z = 49 the row of *

br is consistent with a 
square, however the RED of the row of the row of *

br is not since it should be even. 
 

Table 5. 
z j rb

*  row of rb
*  row of row of rb

*  
1 4 0 2  
 20 0 2  
9 12 0 2  
 20 0 7  

25 20 0 2  
49 8 0 5 3 
 20 0 7  

 
 
 
 
 

Table 4: REDs of the rows of c, b and a 
z=1 z=9 z=25 z=49 

rc
* rb

* ra
* rc

* rb
* ra

* rc
* rb

* ra
* rc

* rb
* ra

* 
1  1  0  1  9  6  4  8  6  2  0  9  
3  3  1  6  4  8  1  5  8  1  9  3  
6  6  1  2  0  9  9  3  1  1  9  6  
0  0  2  9  7  1  8  2  3  2  0  0  
5  5  2  7  5  2  8  2  6  4  2  3  
1  1  3  6  4  4  9  3  8  7  5  7  
8  8  3  6  4  5  1  5  1  1  9  0  
6  6  4  7  5  7  4  8  3  6  4  4  
5  5  4  9  7  8  8  2  6  2  0  7  
5  5  5  2  0  0  3  7  8  9  7  1  
6  6  5  6  4  1  9  3  1  7  5  4  
8  8  6  1  9  3  6  0  3  6  5  8  
1  1  6  7  5  4  4  8  6  6  4  1  
5  5  7  4  2  6  3  7  8  7  5  5  
0  0  7  2  0  7  3  7  1  9  7  8  
6  6  8  1  9  9  4  8  3  2  0  2  
3  3  8  1  9  0  6  0  6  6  4  5  
1  1  9  2  0  2  9  3  8  1  9  9  
0  0  9  4  2  3  3  7  1  7  5  2  
0  0  0  7  5  5  8  2  3  4  2  6  
1  1  0  1  9  6  4  8  6  2  0  9  
3  3  1  6  4  8  1  5  8  1  9  3  
6  6  1  2  0  9  9  3  1  1  9  6  
0  0  2  9  7  1  8  2  3  2  0  0  
5  5  2  7  5  2  8  2  6  4  2  3  
1  1  3  6  4  4  9  3  8  7  5  7  



4. Final Comments 
As has been discussed before [3], the truth of Fermat’s Last Theorem conforms with  
the structure of integers as shown by modular rings (in this case 4z ), does not contain 
a row to fit the sum of two identical powers into the same power slot in the ring. Here 
we have illustrated this for the case of n and n/2 being even. Finally the interested 
reader might like to explore the links between IS and the Artin-Schreier [2] theory to 
the effect that “fundamental theorem of algebra truly is an algebraic theorem inas-
much as it states that all irreducible polynomials over real closed fields can only be 
linear or quadratic” [4]. 
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Figure 1. (z=1)
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Figure 2. (z=1)
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Figure 3. (z=9)
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Figure 4. (z=9)
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Figure 5. (z=9)
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Figure 6. (z=25)
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Figure 7. (z=25)
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Figure 8. (z=25)
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