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In [1-4] a digital arithmetical function is defined and its properties are described. Here
we shall discuss its application to Fibonacci types of sequences.

We shall use the natural number n in the following form

k
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1 = Z (I,.,:.l() g = U1Udp...dj,

=1

where «; is a natural number and 0 < a;, <9 (1 < < k).

In [1-4] a function denoted by ¢ (not in the sense of Euler’s totient funcion) was defined

by:
(0, ifn=0
gy == { m '
#ln) Yy ay Hn>0
=1
\
Obviously, since for k£ > 1
k k
pn)= % a< a;. 1057 = n.
=1 =1

The following assertion is valid for it.
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LEMMA: Function ¢ satisfies the scheme:
p(n)+1 s ifar #9

J on)—9r+1 ,ifay=apy =..= Ak—rpy =9

n+1)=
4 ) where | <r < k and a4_, #9

\ 1 yfar=a,1=...=a; =9

[n [1-4] a sequence of functions ¢y, ©1,92, ..., 18 defined, in which [ is a natural number
and where

¢o(n) =n,
prr1(n) = (pi(n)).
Obviously, for every I € A (the set of all non-negative numbers) ¢, : ' — A, Then for

every n € N, there will exist { € A so that
ei(n) = pip(n) € A = {0, 1,2, 9}
Let the function ' be defined by
$(n) = pi(n),
where
@ir1(n) = @i(n).
Hence, v : " — N .

The following assertions are easy to prove (see [1-4]).

Proposition 1: Function ¢ satisfies the scheme-
$(0) =0

V(n+ 1) = (p(n) + 1).

Proposition 2: For every two natural numbers m and n:

(a) w(m +n) = $(sh(m) + p(n)),
(b) (m.n) = (s(m)ap(n)) = d(m.sb(n)) = o ((m).0),
(€) $(m™) = gh(sb(m)"),

(d) $(n +9) = $(n),

(e) ¥(9n) =9.



Proposition 3: For every natural number n:
p(n) = p(n) = n(mod 9).

If Mody(n) = n(mod 9) and Mody : N — {0, 1,...,8}, then from Theorem 3 it can be

directly seen that there is a remarkable resemblance between the functions ¢ and Mod,.

However, the difference is also essential: b : N — {0, 1,...,9}, and, for example,
¥(9) = 9 # 0 = Mody(9).
Let the sequence of natural numbers ay, a,, ... be given, and let
g =wla) i=1,2,..).

We need deduce the sequence ¢y, ¢y, ... from the former sequence. If k and [ exist so that
[ >0,

Citl = Chyitl = Cok4itl = ---
for | <1 < k, then we shall say that
[CH—lw Cl42y 04 cH—k]

is the base of the sequence ¢y, ¢y, ... with length k and with respect to the function .

For example, the Fibonacci sequence {F;}52,, for which
Fo=0,Fi=1,F,0=F,n+F, (n>0)
has a base of length 24 with respect to the function ¢, and it is the following (see [1]):
[1,1,2,8,5,8,4,3,7,1,8,9,8,8,7.6,4,1,5,6,2,8,1,9].
The Lucas sequence {L;}52,, for which
Lo=2,L1 =1,Lpy2=Lpy1+ L, (n>20)
also has a base of length 24 with respect to the function 1, and it is the following:
[2,1,3,4,7,2,9,2,2,4,6,1,7,8,6,5,2,7,9,7,7,5, 3, 8].

ven the Lucas-Lehmer sequence {[;}:2,, for which
| 1=0

h=4,lu=0-2(n>0)

has a base with one element, namely [5] with respect to the function .
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We can construct the following table, too, for the natural number k > 0, for powers of

Fibonacci numbers

n 012345673910 11 1213 1415161718 192021 2223

PFS+2) L 11497179411 9 1 1 4

—
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98819

oL

ST LT1898819118 9 8 8 1.9 | |

PEFYLLLTI4149T1IL 9 1 179 4 1 4 971109
PEE) 11592879418 9 8 8 4 9 71 2 9 5819

GEFFY 111191119111 9 11 191 1 1 91 1109

POFTHT) 111295849718 9 8 8 794159281 9

Here we shall formulate new statements that can be proved by induction.

Theorem 1: The Pell sequence {P;}72,, for which
Pr=P=2 Py =2P 11 +P, (n>0)
has a base of length 24 with respect to the function ¢, and it is the following:
[1,2,5,3,2,7,7,3,4,2,8,9,8,7,4,6,7,2, 2,6,5,7,1,9].

Theorem 2: The Tribonacci sequence {T;}3 Zo» for which
aA) 1=, =0,Ts=1,or Ty =0,Ty =Ty = L,and Tyy3 = Thpy + rnH + T, (n>0) has a

base of length 39 with respect to the function ¢ and it is the following:
[1,1,2,4,7,4,6,8,9,5,4,9,9,4,4,8,7, [,7,6,5,9,2,7,9,9,7,7,5, L,

1,1,6,2,9,8,1,9,9].

b) Ty =T, = Ty = LiTwys = Togo + Tnga + T (n > 0) has a base of length 39 (= 39 x 1)

with respect to the function +, and it is the following;:
[1,1,1,3,5,9,8,4,3,6,4,4,5,4,4,4,3,2,9.5, 158,06, 7,7,2,7,7,7.3,

8,9,2,1,3,6,1,1,8].
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Theorem 3: The Padovan sequence {P;}:2,, for which
P=P,=P;=2P,i5=P,1+ P, (n>0)
has a base of length 39 with respect to the function 1, and it is the following:
1,1,1,2,2,3,4,5,7,9.3,1,1,4,2,5,6,7,2,4,9,6,4,6, 1. 1,7, 2,8,9,

1,8,1,9,9,1,9,1,9)].

Theorem 4: The Tetrabonacci sequence {{/;}32,, for which
d) Uy =U, = Uy = 0,4 = L, or U, =U, = 0,0 =Us = 1, and Un+4 = {-'rn-{-:i 1 (.»-""n,+2 4+
Upir + U, (n > 0) has a base of length 78 with respect to the function ¢, and it is the

following:
[1,1,2,4,8,6,2,2,9,1,5,8,5,1,1,6,4,3,5,9,3,2, 1,6,3, 3,

4.7.8,4,5,6,5,2,9,4,2.8,5,1,7,3,7,9,8,9,6,5, 1,3,6,6,
7.4,5,4,2.6,8,2,9,7,8,8,5,1,4,9,1,6,2,9,9,8,1,9,9,9]
bYUi =0, =Us =Ug=1, Upps = Upyz + Unp2 + U + Ui (n > 0) has a base of length
78 with respect to the function 7, and it is the following:

(1,1,1,3,6,2,3,5,7,8,5,7,9,2,5,5,3,6,1,6,7,2,7,4,2,6,

1,4,4,6,6,2,9,5,4,2,2,4,3,2,2,2,9,6,1,9,7,5,4,7,5, 3,
1,7,7,9,6,2.6,5,1,5,8,1,6,2,8,8,6,6,1,3,7,8,1,1,8,9]

QU =U,=Us=Us =1, Uppa = Upys + Unpa + Uy + Un (n 2 0) has a base of length

78 (= 39 x 2) with respect to the function 7, and it is the following:
1,1,1,1,4,7,4,7,4,4,1,7,7,1,7,4,1,4,7,7,1,1,7,7,7, 4,
1,7,7,7,1,4,1,4,1,1,7,4,4,7,4,1,7,1,4,4,7,7,4,4,4, 1,
4,4,4,4,7,1,7,1,7,7,4,1,1,4,1,7,4,7,1,1,4,4,1,1,1, 7]

Theorem 5: The Pentabonacci sequence {V;}2,, for whicha) Vi =V, =13 =V, =0,V; =
I, or W=V=1=40, Va=Vs =1, and Vn+5 = Vn+4 + Vn,+3 + Vn+2 =} Vn+1 + Vo, (n = 0)

has a base of length 312 (= 39 x 8) with respect to the function 9, and it is the following:
[1,1,2,4,8,7,4,7,3,2,5,3,2,6,9,7,9,6,1,5,1,4,8, 1, 1,6,

2.9.1,1,1,5,8,7,4,7,4,3,7,7,1,4,4,5,3,8,6,8,3,1,8,8,
1,3,3,5.2,5.9.6,9,4,6,7,5,4,8,3,9,2,8,3,7,2,4,6,4,5
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3,4,4,2,9,4,5,6,8,5,1,7.9,3,7,9,8,9,9,6,5,1,3,6,3,9,
4,7,2,7,2,4,4,1,9,2,2,9,5,9,9,7,3,6,7,5, 1, 4,5, 4, 1,6,
2,9,4,4,7,8,5,1,7,1,4,9,4,7,7,4,4,8,3,8,9,5,6,4,5, 2,
4,3,9,5,5,8,3,3,6,7,9,1,8,4,2,6,3,5,2,9,7,8,4, 3,4, 8,
9,1,7,2,9,1,2,3,8,5,1,1,9,6,4,3,5,9,9,3,2,1,6, 3,6, 9,

121011462,868?‘) ,6,6,4,5,1,4,2,7.1,6,
2,9,7,7,4,2,2,4,1,4,4,6,1,7,4,4,4,2,3,8,3,2,9.7.2.5.
7,3,6,5,8,2,6,9,3,1,3,4,2,4,5,9,6,8,5,6,7,5,4,9,4, 2,
6,7,1,2,9,7,8,9,8,5,1,4,9,9,1,6,2,9,9,9,8,1,9,9,9,9]

b)Vi=V,=0W,=Vi=V=1, V5 = Vita + Vags + Viga + Vgt + V, (n > 0) has a
base of length 312 (= 39 x 8) with respect to the function #, and it is the following:

[1,1,1,3,6,3,5,9.8,4,2,1,6,3,7,1,9,8,1,8,9,8,7,6,2. 5,
1,3,8,1,9,4,7,2,5,9,9,5,3,4,3,6,3,1,8,3,3,9,6,2,5, 7,
2,4,2,2,8,9,7,1,9,7,6,3,8,6,3,8,1,8,8,1,8,8,6,4,9, 8,
8,8,1,7,5,2,5,2,3,8,2,2,8,5,7,6,1,9,1,6,5,4,7,5,9, 3,
1,7,7,9,9,6,2,6,5,1,2,7,3,9,4,7,3,8,4,8,3,8,4,9,5, 2,
1,3,2,4,3,4,7,2,2,9,6,8,9,7,3,6,6,4,8,9,6,6,6,8, 8,7,
8,1,5,2,5,3,7,4,3,4,3,3,8,3,3,2,1,8,8,4,5,8,6,4,9.5
52,7,1,2,8,2,2,6,2,2,5,8,5,4,6,1,6,4,3,2,7,4,2,9, 6,
1,4,4,6,3,9,8,3,2,7,2,4,9,6,1,4,6,8,7,8,6,8,1,3,8, 8,
[,3,5,7,6,4,7,2,8,9,3,2,6,1,3,6,9,7,8,6,9,3,6,5,2, 7,

<t

7

an

J7,8,2,2,6,7,7,6,1,9,3,8,9,3,5,1,8,8,7,2,8,6,4,9,2,

2,5,4,4,8,5,8,2,9,5,2,8,8,5,1,6,1,3,7,9,8, 1,1,8,9,9]

OV=0,Va=Va=Vy=Vs =1, Viys = Vara+ Vays + Vo + Voyr + Vi (n > 0) has a base

of length 312 (= 39 x 8) with respect to the function ¥, and it is the following;:
[1,1,1,1,4,8,6,2,3,5,6,4,2,2,1,6,6,8,5,8,6,6,6,4,3, 7,

8,1,5,6,9,2,5,9,4,2,4,6,7,5,6,1,7,8,9,4,2,3,8,8,7, 1,

9,6,4,9,2,3,6,6,8,7,3,3,9,3,7,7,2,1,2,1,4,1,9,8,5,9,
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5,9,9,1,6,3,1,2,4,7,8,4,7,3,2,6,4,4,1,8,5,4,4,4,7,6,
7.1,7,1,4,2,6,2,6,2,9,7,8,5,4,6,3,8,8,2,9,3,3,7,6, 1,
2.1,8,9.3,5,8,6,4,8,4,3,7,8,3,7,1,8,9,1,8,9,8,8,7, 4,
9.9,1,3,8,3,6,3,5,7,6,9,3,3,1,4,2,4,5,7,4,4,6,8, 2.6,
$,3.91,9,3,7,2,4,7,5,7,7,3,2,6,7,7,7,2,2,7,7,7,7, 3,
4,1,4,1,4,5,6,2,9.8,3,1,5,8,7,6,9,8,2,5,3,9,9,1,9, 1,
5.1,2.3.6,8,2,3,4,5,4,9,7,2,9,4,4,8,9,7,5,6,8,8,7,7,
9,3,7,6,5,3,6,9,2,7,9,6,6,3,4,1,2,7,8,4,4,7,3,8,8, 3,

2,6,9,1,3,3,4,2,4,7,2,1,7,3,2,6,1,1,4,5,8,1,1,1,7,9]

H

DVi=VW=W=V=V=1 Vs =Vipa+ Vigs + Voo + Vg1 + Vi (n > 0) has a base

of length 312 (= 39 x 8) with respect to the function ¥, and it is the following:
[1,1,1,1,1,5,9,8,6,2,3,1,2,5,4,6,9,8,5,5,6,6,3,7,9, 4,

2.7,2,6,3,2,2,6,1,5.7,3,4,2,3,1,4,5,6,1,8,6,8,2,7, 4,
9.3.7.3.8,3.6,9,2,1.3,3,9,9,7,4,5,7,5,1,4,4,3,8,2,3,
2.9.6,4,6,9,7,5,4,4,2,4,1,6,8,3,4,4,7,8,8,4,4,4,1,3,

7,1,7,1,1,8,9,8,9,8,6,4,8,8,7,6,6,8,8,8,9,3,9,1,3,7

9,6,4,6,5,3,6,6,8,1,6,9,3,9,1,1,5,1,8,7,4,7,9,8,8,9,
53,6,4,9,9,4,5,4,4,8,7,1,6,8,3,7,7,4,2,5,7,7,7,1,9,
4,1,4,1,1,2,9,8,3,5,9,7,5,2,1,6,3,8,2,2,3,9,6,4,6, 1,
8,7,8,3,9,8,8,9,1,8,7,6,4,8,6,4,1,5,6,4,2,9,8,2,7, 1,
9,9,1,9,2,3,6,3,5,1,9,6,6,9,4,7,5,4,2,4,4,1,6,8, 5, 6,
8,6,6,4,3,9,1,5,4,4,5,1,1,6,8,3,1,1,1,5,2, 1,1, 1, 1, 6]

Theorem 6: The non-homogenous sequence {(;}22,, for which

Gy=G;=1,Gp42=Gr1+ G+ 1 (n>0)
has a base of length 24 with respect to the function ¢, and it is the following:

[1,1,3,5,9,6,7,5,4,1,6,8,6,6,4,2,7,1,9,2,3,6,1,8].
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