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RELATIONSHIP BETWEEN A NATURAL NUMBER
AND ITS DIGITAL PRODUCT

Laurentiu Panaitopol

ABSTRACT. For the integer number n > 1 written in the basis
b > 2, we denote by sp(n), pp(n) and dy(n) the sum, the product
and the number of its digits, respectively. There are a series of
more recent or older papers concerning the relationship between
these numbers. For instance, one proves in [2] that, if b > 3, then
for infinitely many numbers m there exists n with dy(n) = m and
sp(n) = m, and this property fails also for infinitely many values

of m.

1. AN INEQUALITY INVOLVING p(n)

Starting from the obvious inequality p,(n) < n, we are going to prove

a stronger result, namely:

Theorem 1. For every n > b we have

(1) nM* — py(n)YE > 1
where k is an integer such that 1 < k < dy(n).

d—1
Proof. Let d = dy(n) > 2 and n = >_ a;b". Inequality (1) is obvi-
i=0

ous when py(n) = 0. If py(n) > 0, then n > aq_1b** and py(n) =

apay - - ag—1 < ad_l(b - l)d_l, whence

o) p(n) < (’)‘Tl)n

It then follows that p,(n)"/(@=1 < &=L pl/(@=D hence

_ 1/(d-1
!/ @D — py () > /Y (1 - b 1) B nb 1)

N (ad_lbd—l)l/(d—l) /(1)

= b = a4

> 1.
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Inequality (1) is thus proved for k = d — 1.

Note that, for a > b > 1 and x > 0, the function f defined by
f(z) = a® — b® is increasing since f'(x) = a”loga — b"logbh > 0. For
k <d—1wehave 1/k > 1/(d— 1), hence

nl/k _pb(n)l/k > nl/(d—l) _pb(n)l/(d—l) > 1,
and the proof ends. O O

Remark 1. For n = b% — 1 we have dy(n) = d and
nl/d . pb(n)l/d _ (bd . 1)1/d . (b . 1)d/d <1
since (b — 1)%/¢ < b. Hence inequality (1) doesn’t hold for k = dy(n).

We now rise the problem to determine the limit points of the sequence

(Zn)n>1, where z,, = n/¢ — py(n)*/%. The answer is given by

Theorem 2. The set of all limit points of the sequence (x,)p>1 1S
1,6 — 1] U{b}.

Proof. If n has d digits, that is b** < n < b4 — 1, then b4 <

n'/4 < b. For n — oo it follows that d — oo, hence lim n'/¢ = b.

n—oo
It remains to estimate py(n)Y/9. If at least one digit of n equals 0,

1/d and thus b is a limit point of the

then py(n) = 0, hence x, = n
sequence (T )p>1-

If no digit of n equals 0, then (b—1)? > py(n) > 1. Let z € [1,b— 1],
b > 3, and consider the numbers n having £ digits equal to b — 1 and
d — k digits equal to 1. It follows that p,(n)Y/? = (b — 1)¥4. For
k = [dlog,_, ] we have k < d and, since (}LIEO[d log,_, z]/d = log,_, x,
we get lim p(n)"/? = (b — 1)1 = g and we obtain the desired
Conclusi%?l(.)o

Now let b = 2. If pa(n) = 0, then we get the limit point 2. If
pa(n) > 0, then all the digits of n are equal to 1, hence py(n=1,, and
we get the limit point 1. O O

2. DIVISIBILITY PROBLEMS

Since n > py(n), it is natural to attempt determining the situations
when n is divisible by py(n). Such an attempt turns out to be quite

difficult. Nevertheless, it is clear that for the numbers n = 11...1 we
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have py(n) = 1 hence n is divisible by p,(n). Thus there exist infinitely
many numbers n having this latter property.
We will solve the problem in some special cases. Let us denote

s10(n) = s(n) and p1o(n) = p(n). We have:

Theorem 3. If n = 2p(n) then n = 36.
If n = 3p(n) then we have either n = 15 or n = 24..

Proof. We have clearly n > 10 and p(n) > 0. According to (2) we

have

(3) p(n) < (1%)“ n.

If n = 2p(n), then (10/9)41 < 2, hence d < 7. It is easy to check that
n = 36 is the only solution to the equation n = 2p(n) for n < 107.

For the relation n = 3p(n) we get the necessary condition (10/9)%1 <
3, whence d < 11. The checking carried out for n < 107 leads to
n = 15 and n = 24. It remains to prove that there is no solu-
tion for d = §8,9,10,11. To this end, we first change the indices of

ag, a1, - .., aq_o such that

I1§{E2<---<$d_1.

If 24 <9, then ag_1107 < 3a4_18*9%°, whence we get the contradic-
tion 2.09... < (10/9)%1 < 3-.8%/9* = 1.87.... Hence x4 = 9. Since
n:9,, we get s(n):9, hence ag_1 + z1 + 22 + 23+ (d — 4)9:9. Hence
g1 + 71 + 2+ 23°9. We have ay_1109! < 3ay_19%*212925, whence
1203 > (10/9)471 . 243, Since d > 8, we get x1x923 > 508. There
exist the following possible situations:

(a) 1y =2y =23 =8, ag_1 = 3;

(b) x1 =7, 290 =23=09, ag_1 = 2;

(c) 1y =22=8,23=09, ag_1 = 2;

(d) z1 =8, 29 =23=9, ag-1 = 1;

(e) 1y =29 =23=09,a41=09.
The obvious inequality aq_1109"! 4+ 2710972 < 3a4_199 212925 takes
on the form 27(10/9)%! < a4_1712923/(10a4_1 + 1), hence

(4) ag_17122x3 > 56.45(10ag_1 + x1).
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Inequality (4) holds in none of the cases (a), (b), (c), (d). On the other
hand, in the case (e) doesn’t hold the equality n = 3p(n), since it is
equivalent to 999...9 = 3 - 99, O O

dtimes

It is also interesting to study other special cases of the equation

n = kp(n).
In this connection, we rise the problem to determine the numbers n such
that n is divisible by both p(n) and s(n), or, even more restrictively,
n:p(n)s(n). There exist infinitely many numbers n with this property.
For instance, for n = 11...1 with d(n) = 3¢, we have n = (10¢ — 1)/9,
p(n) =1, s(n) = 3 and nip(n)s(n), since 103 — 1:37"2. (The latter
fact can be proved by induction.)

However, if we impose the condition

(5) n = p(n)s(n),

then we find for n < 107 only the solutions 1, 135 and 144. In view of
inequality (3) and of s(n) < 9d, it is easy to show that, if n satisfies (5),
then d(n) < 60. Thus (5) holds only for finitely many values of n.

Open problem. Determine all the natural numbers n having prop-
erty (5).
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