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Properties of the restrictive factor

Laurentiu Panaitopol

In [1] Krassimir Atanassov has introduced the arithmetic function RF'(n) defined
by RF(1) = 1 and RF(n) = ¢® 1¢2>!...¢2* ! whenever n = ¢{*q3*- - - go*, where
qi,...,qr are pairwise different prime numbers and we have ai,...,ax > 1. The
function RF'(n) is called the restrictive factor. In the present paper we denote it
simply by R(n).

Denoting as usual Euler’s function by ¢(n) and the sum of all divisors of n by o(n),
one proved in [1] that

n? — p(n)o(n) > n’. (1)
In connection with this inequality we now prove the following fact.

o a2

ga?---qp* and a > 1/k we have

Theorem 1 Forn =gq
R?%(n) + ¢*(n)o®(n) < n**. (2)

Proof. We have ¢(n) = n(1 —1/¢1)(1 —1/¢2)--- (1 — 1/qk), o(n) = (! —
1)(g?* — 1)+ (gg*™ = 1)/((q1 = 1)(g2 — 1) -+ - (g — 1)) and R(n) = n/(q1g2" - qw)-
Thus inequality (2) takes the form

1 _ q;!l-l-l_l .q§12+1_1.”q,¢:k+1_1 i}
(qil1+lq§12+l . q:k+1) gy — 1 g2 — 1 0 — 1 =
Consequently, denoting 1/¢®*! = z; for i = 1,2,... , k, we have to prove that
(122 2p)* + (L —21) (L —22) -+ (L — )" < L. (3)

Since z; € (0,1), 1 — z; € (0,1) and a > 1/k, we have (z1z2- - 7x)* < (T122 - - A
and (1 — 1)1 — 2) - (1 — 2))* < (1 — 21)(1 — 3) -+~ (1 — )", Accord-
ing to the inequality between the arithmetic mean and the geometric one we have

k
(T129- - 21)/* < (B3 + 79+ -+ + zx)/k and ((1 — z1)(1 — @2)--- (1 — xk))l/ <
(1 —=21)+ (1 —x9) + -+ + (1 — zx)) /k, whence

(:Elmg 58 xk)"‘+((1 =] .’L'l)(l = :L‘2) G e (1 b xk))a

S.’L'1+J,'2-Z”'+.’17k+k-.’1,'1—xz—"-—.’17k

=1,

and the proof ends. m
In the following we shall study the arithmetic mean sequence, as well as the geo-
metric one, for the function R(n). To this end we denote G, = {/R(1)R(2)--- R(n)

and A, = (R(1) + R(2) + - -+ + R(n)) /n.
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Theorem 2 We have

lim G, = €% and lim A, = oo,
n—00 n—o00

where a =} logp/(p(p — 1)).

To prove this theorem, we need two lemmas.

Lemma 1 If y(n) stands for the core of n, that is, the function defined by y(1) =1

and y(n) = [[ p, then we have
pln

Z logy(n) = zlogz — (a + 1)z + O(V/x), (4)

n<zx

where a =} logp/(p(p — 1)).

The proof of this fact can be found in [2].
Next, denoting S(n) = > R(k), we have the following inequality.
k=1

Lemma 2 We have

s 2 Yp| 5] 5)

p<n p

whenever n > 1.

Proof. We are going to prove the desired conclusion by induction. It can be easily

checked for n =1 and n = 2.
Next note that S(n) = S(n— 1)+ R(n) > 3. p[(n—-1)/p] +n/y(n). Iffnis

p<n-—1

square free, then [(n — 1)/p?] = [n/p?] and we get S(n) > Y. p[n/p} +n/y(n) =

p<n—1

Y pln/p?)+1> Y p[n/p?]. The latter inequality follows since [n/n? = 0 if n is
p<n—1 p<n
prime.
If ¢ < g2 < -+- < g; are the prime factors of n with ¢? | n, ¢2 | n, ..., ¢? | n, then

we have [n/q}] = [(n—1)/¢?] + 1 for j =1,2,... ,i. Consequently
S(n)=S(n—1)+ R(n)

n—1
= Z P[ P ]+<11Q2~--Q1:

p<n—1

n
ZZP[—z] —(+g+ - +a)+age. . ¢
p<n P

> 2ol

p<n

since q1q2...¢; > q1 + g2 + - + ¢;. The latter inequality can be easily proved by
induction since ¢; > 2 for j =1,2,... ,7. m
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Proof of Theorem 2. We have
log G, = Zl g = — <log n! — Zlog 'y(k)>
k_.

Stirling’s formula shows that logn! = nlogn —n+ O(logn) and then Lemma 1 implies
that

log G,, = % (nlogn —n+ O(logn) — nlogn + (a + 1)n + O(v/n)),
that is,

1
logG, =a+ O(%),
whence lim G, = e® with a = 2 logp/(p(p — 1)).

n—oo

Next, it follows by Lemma 2 that

p<vn p<vn p<vn
(vn]
1 1 1 [vnf([vn] +1)
2, SR b G
p<vn k=1 p<Vn

Since the series ) | 1/p is divergent and lim [/n]([v/n]+1)?/(2n) = 1/2, it follows that

P
lim A, = oo, as asserted. m
n—00
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