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Abstract
The integer structure of triples with an odd exponent is explored within the Modular Ring Z4.
As for even powers, all pathways to an integer solution for ¢” —a” = b”, n > 2, are essentially
blocked by the class structure and row nesting characteristics as well as the parity
requirements.

1. Introduction
Although it has now been proved (cf van der Poorten, 1996) that

- =b" n>12, (1.1)

has no integer solutions, there are still no obvious integer constraints. In Part I of this
series (Leyendekkers and Shannon, 2001) we have illustrated how the structure of integers
within the Modular Ring Z4 prevents such integer solutions when » is even (cf. Hunter,
1964). In the present paper we show how the integer structure also prevents all the
components of the triple from being integer when 7 is odd.

The Class systems for odd 7 are illustrated in Table 1.1. Integers in the Modular Ring Z4
are given by (4r; + i), where 7 represents the Class 04,24, T4, or 34. Relevant equalities
among prime elements of T4 and 34 have been developed by Knapowski and Turan (1977).

¢ b a | Permissible Class Sets | Permissible Class Sets

forc,b,a for ¢”,b",a", nodd

odd | even | odd 1,04 14 1,04 14
142414 1,04 14

odd | odd | even 141404 141,04
141424 1,1, 0,4

even | odd | odd 04143, 04 14 34
24 14 34 041434 |

Table 1.1: Permissive Occupancies

Essentially there are only four sets since T4 04 T4and T4 14 04 give the same results as do
142414 and T4 T4 24. Odd integers to an odd power are in the same Class as the integer
itself. On the other hand, only Class 0, has even integers to an odd power. In fact, Class 24,
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the other even-integer class, contains no powers at all.

2. (¢c,b,a) 14 14 04 or (140414) Systems
Withc,a € 14, c=4ri+1,a=4r)+1landc¢” = 4R, + 1, a" = 4R} + 1. For odd
integers, odd powers fall in the same Class as the integer. We choose » = 5 as an example.
Thus

c? b—4a5 = b @2.1)
in which b = 4ro € 04, and b* = 4R,. So
ARff)l = K R'ORII = b, 2.2)
Since
S—ad=@r+1)° —@ri+1),
we get

ARy = (r1 —r)[c* +a* + a+ c*a? + ca®). (2.3)

There are five odd terms in the square bracket in Equation (2.3) so that this quanity will
always be odd. This is so for all odd powers n for which there are » odd terms in analogous
brackets. Therefore,

ARy = (r1 = r1)Q 24)

in which Q is odd. Table 2.1 shows values of R, for b € 04 which depend on the Class of
ro.

Class of ro Ro
14 20(4r; + 1)*
3, | 25(4rs +3)°
04 214(rp)’
24 2102r, + 1)*
Table 2.1: Values of Ry for b € 04

If (r1 — r}) is odd, that is, if r; and rare of opposite parity, then obviously b can never be
an integer as AR; will be odd. Thus r; and | must have the same parity. Table 2.2 shows
that ), 7} must be in the same class for AR, € 0,. When AR, € 24, AR = 20’ since
(r1 —r}) = 2(4r2 + 1), so that no integer values for » would be possible in this case either.
Thus only those cases where AR, € 04 (that is, (1 — ) € 04) need be considered.
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Class for

rn ryiri—-r
T4 T4 04
34 34| 04
To 34| 24
3 14| 24
04 04 04
24 24| 04
04 24| 24
2 04 24

Table 2.2: AR, in relation to 71,7}

Table 2.3 lists the row structure characteristic for odd integers to the power of 5.

Class 34 integers Class 1, integers

g row rowforg® Class* | g row rowforg® Class*
for g R3 of rows forg Ry of rows
0 60 04,34,341 5 1 781 14,34,04

1 4201 14,24,24 2 14762  24,24,24

2 40262  24,14,0, 113 3 92823 34,14,14

15 3 189843  3,,04,14 117 4 354964  04,14,14
19 4 619024  04,04,14 |21 5 1021025  14,04,24
23 5 1609085 14,34,34/25 6 2441406 24,34,34
6 7
7 8
8 9

9

11

27 3587226  24,24,14 |29 5127787 3
a1 7157287  34,14,24 | 33 9783848 04,
1
2

™l

&
Nl
=N

35 13130468 04,14,24 | 37 17335989
39 22556049 T14,04,14 41 10 28964050

43 10 36752110 24,34,24 (45 11 46132031
Table 2.3: Row structure for odd integers (* rows within rows)
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A number of features of Table 2.3 are of interest:
(1) the right end digits (REDs) for the row of g and g° are identical,
(2) the classes for the rows of g° follow a regular pattern:

(3) the rows for g are in the same class as the rows for g>. This means that R; and R

need to be in the same class as per Table 2.2.
When R, is odd,
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Ry = 4T+ 107} + Ya(Sr1 — 1)) + 1, (2.5)

or
Ry = 4(T+ 10r} + Ya(5r1 — 3)) + 3. (2.6)
When R; is even,
Ry = 4(T+ 10r} + Ya(5r1 = 2)) + 2, (2.7)
or
Ry = 4(T+ 107 + Ya(5r1)) (2.8)
where

T = 64r7 + 80r} + 4073,
and with R;, R in the same class,
AR = 4(T =T +5(r1 —r)Q2(r1 + 7 +Y4)). (2.9)
With 71,7} in the same class and hence r, — 7 € 04,
or=ry—ry = 4ry, (2.10)
SO
AR = 22[T—T" +5ro(8(r1 +r}) + 1)].

The critical last term determines whether any more 2s can be extracted. When 7 is odd,

AR =220, 2.11)
with Q odd. Ifro € 24,
AR = 23Q. (2.12)
ro(= 4ry) € 04 yields,
AR = 2[Y(T = T') + 5rp(8(r1 + 7)) + 1)]. (2.13)

We see from Table 2.3 that, for the integers in 14, rows in 04 are themselves in rows of

14 or 24, so that repeated 04 row nesting does not occur. This limits AR to 250 (from 04 to
24 nesting) so that integer solutions for 4 are not possible.

For higher n, the term 5ro(8(r1 + 7)) + 1) becomes nro(8(r1 + ;) + 1), where 7 is the

odd power, so that this blocking off” of integers occurs for all odd 7 in the present Class
system.

3. (¢, b,a) T4T4§4 (—1—424T4) Systems
When b € 2,4,

Ro = 22Q2r + 1)*, (3.1
so that, with AR = 2¥(,
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2*Q _
P 2(2r2 + 1) (3.2)

When w > 2, integer solutions may be possible, since
32(r} = r?) +40(rt =) + 2003 = F3) + 5(r1 - r'l)(rl +r+ —%—) = (2ry +1)°.
(3.3)

The last term on the left hand side of (3.3) must be odd because of the parity constraints.
Since 71 — 7} € 04 and thus equals 4ro, the term become [5ro(4(r1 + 7)) + ¥2)], so that rg
must be even. With ry € 24, the term becomes [5(27; + 1)(8(r1 + 7} ) + 1)] which is odd.
With ro € 04, the term becomes even, and thus

ri—ry = 4(4ry +2)
= B2+ 1), (3.4)
and
AR = 232r + 1)Q’ (3.5)
with Q' € 1,.
Q' = c*+a* +ca(c? + a® + ca)

withc = 4r; +1landa = 47} + 1.

If 7} is odd, then the odd component of AR € 34, but if 7} is even, then the odd
component of AR € T,. Furthermore, since 5> = 23(2r, + 1)° has the same class
distribution for the odd component, 7, and 7, will be in the same Class.

The expansion of (2r; + 1)° yields

QQra+1)° = 4(E +Y%5r2) + 1, for even r,, (3.6)
or
(2ry +1)° = 4(E+Y(5r2 — 1)) +3, for odd r, (3.7
with
E = 8r3 +20r% + 2073 + 1073,
Since
Q' =4R; +1,
0=Q2ry+1)@R +1)
=4(D+Yry)+1, forevenr, or (3.8)
=4(D+Y%(r, - 1))+ 3, forodd r}, (3.9
with
D =2Riry +Ry.

The expansion of Q' gives
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O =4F+1)+1,

where F is even. Thus Q' is in an odd row, R, and this makes D odd. The results for the
different classes for 7, and r, on the parity of the residual terms in Equations (3.6) to (3.9)
are displayed in Table 3.1.

1/2(7"2 - 1)
1/2(57‘2 = 1)
Table 3.1: Parities for Residuals in (3.6) to (3.9)

As can be seen, the residuals have the same parity for both systems, and so the rows will
not have the same parity (since D is odd and E even). This is inconsistent which means that
no integer solutions can occur, because

0+ (2r+1)°.

4. (c,b,a) (64T4§4) (64§4T4) Systems
For this system, ¢ becomes the even component and a = 4r; + 1, b = 4r; + 3. Thus

(4r +1)° + (@dr; +3)° = (4ro)°, 4.1)
or
AR; +1+4Rs +3 = (4r0)’, (4.2)
so that
4R, +R34+ D _. (4.3)
(4ro)
or
Ri+Rs+1 _ g, (4.4)
Ro
with Ro the row which contains ¢* (Table 2.1). Since
a’ + b’ = (a+b)(da —a3b +a?b? —ab® + b*) (4.5)
so that
(ri+r3+1)Q . (4.6)

Ro ’

where Q is always odd for all 7 (sum of n odd terms). Here O € 1. For the possibility of
integral ¢, (ri+r3+1) € 04, and hence 71,73 must be of opposite parity (Table 4.1)
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ri|ry|ri+r3+1
1404 24
3404 04
04 14 24
04|34 04
14|24 04
3424 24
24| 14 04
24134 24

Table 4.1: Parity of 71,73

It can be seen from Table 4.1 that the pairs
(r1,r3) V (r3,r1) € {(34,04),(24,14)},
which means that
(R1,R3) € {(34,04),(24,Ta)}.
Expansion of (47; +1)° and (43 + 3)° yields

Ry =D+5r 4.7)
where
D = 23(32r7 + 40r% + 20r3 + 5r%)
and
R3 = E+405r; + 60,
where
E = 23(32r3 + 1204 + 180r3 + 135r}). (4.8)
This gives
Ri+R3+1=D+E+5(r1+81r3) +61. (4.9)

We note that in general the term (5(r1 + 81r3) + 61) appears for all ». It is given by
T=(n(r1+3"r;) + %37+ 1)), (4.10)

while D and £ have the same form, albeit extended.

The structure of the f{r,73) functions limits the extraction of 2s. We require
Ri+R3+1>28g, qgodd and r, +r; + 1 > 28, before integer solutions are possible (Table
2.1). Maximum extraction from the right hand side of Equation (4.9) is only 2* because the
f(r1,r3) sums in parentheses for D and E yield 273(D + E) as odd (since r1,73 need to have
opposite parity as indicated previously). That is, provided 7" # 2"2¢’, ¢’ odd. In this case,
however, the class/row/parity structure would prevent the sum of the two odd terms
[227(D + E) + q'] from containing enough 2s to provide integer solutions.
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5. (c,b,a) (§4T4§4) (§4§4T4) Systems
The equations developed in Section 4 also apply here, except that

c=4r +2 (5.1
and
&® = 4R%, (5.2)
There are no powers in 24 so that ¢ € 04, Since
ct =242r +1)4, (5.3)
Ro =222r + 1)*. (5.4)
Now
2r, +1 € 3, when r; is odd,
and

2r,» +1 € 14 when r, is even.

Hence, from Section 4,

_ R1+R3+1

C22Q2r+ DY e

Equation (5.5) suggests that it should be easier to find an integer solution for ¢ in this
system. However, row nesting characteristics prevent this. Since
c=2 (2ra+1),
R + R3 + 1 needs to equal 23 for parity compatibility. This means that, since
ri+r3+1 =4rg

(Section 4), ro € 24. This limits the row nesting allowable for 71,73 (Table 4.1). Thus, if
r1,r3 are replaced respectively by (473 + 3),47, say, then the restrictions on 73,7 will
prevent parity harmony because of the restrictions on ro. With

Ri+R3+1= (r1 +7r3+ 1)Q
=23Q2r2 +1)°, (5.6)
we find that the expanded form of a° + b3 (f(rl,r3) of Equation (4.9) in Section 4),

following r1, 73 substitutions give either 22Q or 2*Q so that no integer solutions are possible.
As the term (1 + 73 + 1) appears for all », with Q always odd, and since

Ro =2"3Q2ry + 1),

it is clear that a repeated Class 04 nesting would be needed for integer solutions for ¢ for
odd n. This would be incompatible with the integer structure and with the f{r1,73) function
constraints.
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6. Final Comments
Since for all odd n, AR will have the same form; that is,

AR Zf("i,"j)Q,

in which Q is odd and f{r;,r;) is constrained by parity considerations and the row nesting
and class characteristics of Z4, that is, the integer structure itself, it is understandable why no
integer solutions are possible for triples when n > 2.
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