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ABSTRACT. In the recent paper, we defined the h-extension of g-Bernoulli number
by using multiple p-adic g-integral and constructed the h-extension of complex analytic
g-L-series which interpolates the h-extension of g-Bernoulli numbers, cf. [2], [4], [5].
The purpose of this paper is to construct a h-extension of p-adic g-L-function which
interpolates the h-extension of g-Bernoulli numbers at non-positive integers.

1. INTRODUCTION

In 1982, Koblitz constructed p-adic g-L-function which interpolates Carlitz’s g¢-
Bernoulli number at non-positive integers and suggested two questions. Question 1
was solved by Satoh (see [8]) and Question 2 was solved by T. Kim. Satoh constructed
a complex analytic g-L-series which is a g-analogue of Drichlet’s L-function and in-
terpolates g-Bernoulli number, which is an answer to Koblitz’s question (see [7]). In
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2], we constructed p-adic g-integral and proved that Carlitz’s g-Bernoulli numbers can
be represented as an p-adic g-integral . Let h be a fixed positive integer. In recently,
we defined the h-extension of ¢-Bernoulli number by using multiple p-adic g-integral
and constructed h-extension of complex analytic g-(-series which interpolates the h-
extension of g-Bernoulli number as follows (see [2]): For s € C, define

qnh 9 qnh
-+ ;
[n]s=1 ,; [n]®

o0
P =" -1y

n=1
It is easy to see that géh) is meromorphic function on C with only one simple pole at
s = 1. In [2], the h-extension of complex analytic g-L-series L((Jh) (s,x) was also defined
by author. Note that we can recover the results of Satoh at h = 1. However, we did not
construct the h-extension of p-adic ¢-L-function which interpolates the h-extension of
g-Bernoulli number at non-positive integers yet now.

complex p—adic

((s) —— Liss,x) —— Lp(s:x)

| l

el — Lgla,pg ——= Lpq(3,X)

(see [8]) (see [8]) (see [7])
Ps) —— LP(s,x) — 7
(see [2]) (see [2])

The purpose of this paper is to construct the h-extension of p-adic g-L-function
Lz(,’fg (s, x) which ng (s, x) interpolates Lgh) (s, x). Note that we can recover the theorem
of Kobiltz at h =1 (see [7]).
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2. SOME p-ADIC ¢-INTEGRALS

Let p be a fixed prime, and let C, denote the p-adic completion of the algebraic
closure of Q,. For d a fixed positive integer with (p,d) = 1, let

X =Xy =1lmZ/dpN, X1 =17y,
N
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X = |J a+dpzy,
0<a<dp
(a,p)=1
a+dpVZ,={reX|z=a (moddp")},

where a € Z lies in 0 < a < dp" (see [3]).

The p-adic absolute value in C, is normalized so that [p|, = % Let ¢ be variously
considered as an indeterminate a complex number ¢ € C, or a p-adic number g € C,,. If
q € C, we normally assumes || < 1. If ¢ € C,,, we normally assumes |q — 1|, < p_v_iT,
so that ¢ = exp(xlogq) for |z|, < 1.

Throughout this paper, we use the following notation :

1—q
1—gq

o] = o : g] =

For f € UD(Z,), let us start with the expression

— Y Gt = S Fe(+ V)

0<j<pN 0<j<pN

representing g-analogue of Riemann sums for f.
The integral of f on Z, will be defined as limit (n — oo) of these sums, when it
exists. The p-adic g-integral of a function f € UD(Z,) is defined by

Note that if f,, — f in UD(Zp); then
| to@nale) > [ sa)dg(a)
Ly Ly

In the recent paper (see [2]), we have defined g-Bernoulli number of higher order as
follows:

K (i
/37(,:”‘:) :/B’r(r}ll’k)(q) = A /Z /Z [:El +.+xk]quz=1 iEz(h )duq(rl).d’uq(xk)’
P P P
N — e’

k times
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where k, h are positive integers.
In this paper we only Consider ﬁ(h' D so ﬁn? rather than ﬁfﬁ 1) By the definition of

/@(h) that is, I@(h) ﬂ(h fZ [$]m T(h Ud,“q( ), we see:
(h) _ i qh(qﬂ(h) + 1)m —ﬁ(h) _ { 1 if m=1
) " 0 if m>1"

with the usual convention about replacing (ﬁ(h))i by @(h)'
In [2], the “h-extension of g-Bernoulli polynomials” ,8,(77 ) (z,q) were defined by

B (x,q) :/Z [z + gV dpy(t),

which can be written as (¢*8") + [z])™ = Mz, q), for m > 1.
The h-extension of g-Bernoulli polynomials ﬁ,(,? ) (z,q) satisfy the following general-
ized distribution relation:

-1

(1) 1Y g0 (T ) = 5, 9),

=0

for any positive integer m, .

We use (1) to define p-adic distributions, then “regularize” to get bounded measures,
and finally take the Mellin transform to define the h-extension of p-adic ¢-L-function
which interpolate the h-extension of ¢g-Bernoulli numbers.

3. h-EXTENSION OF p-ADIC g-L-FUNCTIONS

For k > 1, let u(h) = uk ") be defined by

a N
i (a + dpNz,) = [dp"]* g h“ﬁ(h)(——dpzv,qdp )-

Then we easily see that ,u}ch) extends to a Q,(g)-valued distribution on the compact

open set U C X by using (1) (see [3]).
Let x be a primitive Dirichlet character with conductor d € Zx>o. For h > 0, define

B0 = B (g) = /X D7 () 1] ™ g ().
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Note that J
-1 .
m— . 2 A
BYD = 1™ 37 X B (5,a)
=il

Let a € X*,a # 1,k > 1. By the definition of u( ) we easily see:

| xt@an@) = B2,
| x@i? @) = s
[ x@yau®, <ar>=x<;> ,5’,’,1<q )

kyqe

) | x@an), (@) = lp: a1 X))

aQ‘

For compact open set U C X, define

h h h —ip— —1, (h
HIU) = ul) o (U) = pg(U) a7 a™h g Ua).
By the definition of ,u,(chl and (2), note that

[ @) = 602~ W) - S AR )

(7
Sy p bl
(3) +a[a]k IX(a)ﬁl(gI;)((q )
1
= (1= X"~ —X®)Bi:

where the operator x¥ = x¥"*7 on f(q) is defined by

I = [WFxW) (@), xTxY = Y Bk o y ik

If for z € X we let {z}y denote the least nonnegative residue ( mod dp™) and let
[z] 5 denote x — {x}n, so that [z]y € dp™NZp.
Now, we can define in [3] as follows:

o _(a=1, hlealv)
Mazur,l,o h+1 a de
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By the same method of Koblitz (see [7]), we easily see:

A}lm u,(c ) (a+ dp™Z,)

L_1) ]y h

I T k—1 ; (h+1)a _ a® a )1
Jim {alF (kg — hgt) (2 + )

Thus we have

(4) du) (z) = [2]* L (B + B)g" DT — hg™)dpp) s 1 o(©)-

Mazur,l,a

Note that u( ) are bounded Q,-valued measure on X for all k> 1and a € X*,a # 1.
Now, we deﬁne <z >=<1x:q>= [v:q/w(x), where w(z) is the Teichmiiller

character. For |¢ — 1|, < p_v_if, note that < # >P" = 1 (mod pV). By (3),(4), we
obtain the following:

<5>/ Xe(@)dp) () = / ((h+ kgD — hg®™y < & S50y (@) dpleh o 1.0 (2),

where x5 = yw™*.

By using (5), we can construct h-extension of p-adic ¢-L-function as follows:

(h-EXTENSION OF p-ADIC ¢-L-FUNCTIONS)
For fixed a € X*, « # 1, define

h —
L](),g(sa X) -

1 zh
s—1 / ((h +1- S)q(h—i—l)m - hq ) <zT> Xl( )dlug\/lazur,l,a(r)
for s € Z,,.

Note that

1 h
L1~ k) =~ (1= X1 = =xF)B0,
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