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ABSTRACT. We define the ¢-Bernoulli numbers by using an p-adic g-integral due to T.
Kim (see [2]) and investigate the properties of these numbers. In the final section, we
will give the formula for sums of products of these numbers.

§1. INTRODUCTION

Throughout this paper Z, Z,,Q, and C, will respectively denote the ring of
rational integers, the ring of p-adic rational integers, the field of p-adic rational numbers
and the completion of algebraic closure of Q,.

Let v, be the normalized exponential valuation of C,, with |p|, = por(P) = p=1,

If ¢ € Cp,, we normally assume |¢— 1|, < p_P_il, so that ¢© = exp(xlogq) for |z|, < 1.
We use the notation

l—gq
1—q

[#] =[x : q] =
Hence, lim,_,; [z : ¢] = = for any x with |z|, <1 in the present p-adic case.
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Recently, I. C. Huang [3] and K. Dilcher [2] obtained formulas for sums of products

2n
of the form . .
= (35,7 2
of products in the case of two Carlitz’s ¢-Bernoulli numbers.

By, -+ Baj, and J. Satoh [6] gave a formulas for sums

In this paper, we define the ¢-Bernoulli numbers of higher order by using multiple
p-adic g-ntegral due to T. Kim [4] and will give the formulas for sums of products of

any number of the our ¢-Bernoulli numbers which is induced the formulae of Dilcher(
[2]), I. C. Huang ([3]) at ¢ = 1.

§2. ON ¢-BERNOULLI NUMBERS

Let d be a fixed integer and let p be a fixed prime number. We set
X = ln(Z/dp" ),
N

X" = U a~+ dpZy,
0<a<dp
(a,p)=1

a+dpVZ, ={x e X |z =a (moddp™)},
where a € Z lies in 0 < a < dp”.

For any positive integer N,

N q” q”
Halat dp=Zy) = [dpN] ~ [dp" : g]

can be extended to distribution on X [4].

This distribution yields an integral for each non-negative integer m [4]:

dp™N —1
1 P

1) /Z £(x) dpag(a) = /X @) dpgla) = T —— 3" f)g",

n—00 [de]

where f(r) is the uniformly differentiable function.

In this section, we can consider a uniformly differentiable function f(x) = 2",
(n > 0), in the p-adic g-integral given by (1). Now, we define ¢-Bernoulli numbers and
polynomials as follows:

B, = / £ g (t) and Bo(z, q) = / (4 )" dpg ().

Ly Ly
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in the variable z in C,, with |z[, < 1.

For k € N = { the set of natural numbers }, it was well known that the Bernoulli
numbers with order k were defined by

(k)
2) GRERUN o

t_ ]
e 1 —~ n

where B are called n-th Bernoulli numbers with order k, (cf. 2], [3], [B])-

Now, we define the g-Bernoulli numbers and polynomials of higher order, ﬁr(f ) and ﬁr(ff ) (x,q) €
C,, by using Kim’s integral as follows:

@(j;):/z /Z /Z (b1 +to+ -+ tn) " dpg(t)dpg (t2) - - - dug (te),
k times

B® (z,q) = / / / (4 b1ty ) g () dpg (£2) - - dpg(t2).

Lp J1p Lp

k times

Let F,(t) be the generating function of 3, in the above which is presented by

Fyt)=)_ %t”.
n—>0

It is not difficult to see that

g—1 logg+t o _ N Blg)
F, = F, = —t".
® 0 = (g ond By = 30 2
In [4], an invariant p-adic integral on Z,, can be found by
1 P
L(f)= | f@dm() = ln 5 > f@
P n=0

Note that

(4) Li(f1) = NL(f)+ f'(0),
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where fi(z) = f(z + 1), (cf. [4]).
If we take f(x) = ¢*e**, we can prove (3) from (4) and [4].

For any positive integer d and k > 0, it is easy to see that

kd_li r+i

(¢-Bernoulli distribution).

By using the definition of ¢g-Bernoulli numbers of higher order, we see:

m—1 pt—1 l l
0 _ gy ! L igtm Sy y \
T ArT I DI T Ve Y i m Y m)

syt =0mnq, ,n;=0 j=1 j=1
k m—1 . o .
_m i1+~~~+izﬁ(l)(“ + tu ™)
- 1 q k 4 g
[m]t 4= m
11,000,207 =0
Here, we use the following notation:
m m m m
k1=0ks=0  kp=0 ki, ,kn=0

Note that lim,_; ﬁr(ff)(q) = B where BYY is the mth Bernoulli number with order
k, (cf. [2], [3], [6]).

Therefore we obtain the following theorem:

Theorem 1. For any positive integers m, k, we have

k —1 . R
(0 _m ird- i o0 0 +--+u ,,
k ($7Q)—W Z Oql lﬁk ( m »q )
7’17... 7(,)l:
In particular,
(0 mP S e i
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For aq, 0, -+ , oy, € Cp, and positive integers n, m, we have
n , .
. . 1,77 s tm
i1t tHim=n

By (6) and the definition of ¢g-Bernoulli polynomials, we have

ﬁr(Lm)(al_l__l_am?q): Z <Zl ”n i >ﬁi1(a17q)"'ﬁim(am7Q)7

. ; Ty lm
1t i, =n

where ( . ) are multinomial coefficients.

10 tm

Therefore we obtain the following:

Theorem 2. For ay, o, ,ap, € C, and positive integers n, m, we have

ﬁ?gm)(a1+a2++am7Q): Z <Zl ”n i >ﬁi1(a17q)"'ﬁim(am7Q)7

. i T bm
1t Him=n

where ( " ) are multinomial coefficients.
115 ytm

Corollary 3. For any positive integers m,n, we have

im@= % (4 ) @h@ s @

i1 tim—n
Remark. If ¢ — 1, then we obtain the following [6]:
W) B (k- 2) = (1) B (2)
2 B¥(k) =(-1)"BY.
Remark. If ¢ — 1, we obtain the following formula (cf. [2], [3]):

Bﬁbm)(oq +ar+ ) = Z <i1 . n i > B;, (a1)Bi,(az2) -+ Bi,, ().
i17"'7im20 ’ o
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