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T H R E E  FO R M U L A E  FO R  n-th P R IM E  A N D  SIX  FO R  n-th T E R M
OF TW IN  P R IM E S 

M laden Vassilev - M issana
5, V. Hugo Str., Sofia-1124, Bulgaria

A bstract: Let C =  {C n} n>i be an arbitrary increasing sequence of natural numbers. 
By 7Xc(n) we denote the number of the terms of C being not greater than n (we agree that 
7rc (0) =  0). In the first part of the paper we propose six different formulae for Cn (n =  
1,2,...), which depend on the numbers 7rc(k) (k =  0,1,2,...). Using these formulae, in the 
second part of the paper we obtain three different explicit formulae for the n-th prime pn, 
which are the first main result of the present research. In the third part of the paper, using 
the formulae from the first part, we propose six explicit formulae for the n-th term of the 
sequence of twin primes: 3,5,7,11,13,17,19,... - the second main result of the paper. The last 
three of them are main ones for the twin primes.

U sed denotations

[x] is used for the largest integer not greater than the real nonnegative number x; n(k) 
- for the prime counting function; 7r2(k) - for the twin primes counting function, i.e., Tr2(n) 
denotes the number of primes p such that p <  n and p +  2 are also primes; p2(n) - for n-th 
term of the twin primes sequence (for example, ^2(1) =  3,p2(2) =  5,p2(3) =  7,...), £ - for the 
Riemann’s function zeta; T - for the Euler’s function gamma; <p - for Euler’s function, ^(n) - 
for Dedekind’s function, cr(n) - for the sum of all divisors, i.e., ^(1) =  ^ ( l)  =  ^ (l) =  1 an<3
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where n =  n  p“* is a pime number factorization of n. 
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P art 1: U N IV E R SA L  FO R M U LA E  FO R  T H E  n-th T E R M  OF 
AN A R B IT R A R Y  IN C R E A SIN G  SE Q U E N C E  OF 
N A T U R A L N U M B E R S

1. A bracket function form ula for Cn:

Cn — y ^ [
S  i +

]■
n

( 1 )

2. A form ula using R iem ann’s function (:

C„ =  - 2 . f ; < ( - 2 . [ ^ h ] ) .
k=0 n (2)



3. A form ula using E u ler’s function T:

c» = E (3)

( 2' )

P roof of the formulae (l)-(3 ). First, we represent (2) in the form

C . =  E ( - 2 ) . « - 2 . [ ^ ] ) .
k=0

After that for each one of (1), (2'), (3) we use that
OO C n  — 1  OO

E - E - + E - -
k=0 k=0 k—Cn

Let k =  0,1,..., Cn — 1. Then we have nc(k) <  iTc(Cn — 1) <  irc(Cn) =  n. Hence 

[7rC'n ^ ] =  0 f ° r k — 0) 1? — 1. Therefore, for (1) we have
cn- 1 C n - 1

5 ' r S S l ' "  E  "  ck= 0

The same way, for (27) we have

cn—1 / / \ cn—i C n - 1

E  (—2)«— = E  <-2K(°) = E 1 = c-
k= 0 k =0 k= 0

since it is known that <;(0) =  — ̂  (see [1]). 
About (3) we have

c„ - 1 ^ Cn~ 1 -i Cn — 1

E — s a s r - E f f i r E i - c -fc=0 T(1 -  [M *2 ])  k=0 i ( i j  fc=o 

Let A; =  Cn, Cn +  1, Cn +  2,.... Then we have n =  7rc(C„) <  Tr(k). 

Therefore, [ I # 1] >  1 for it =  C„, C„ +  1, C„ +  2..... Hence:

l +  l ^ l
=  0

for k =  Cm Cn +  1, Cn +  2,.... Therefore, for (1) S  vanishes. This proves (1).
k—Cn

To prove (2') (i.e., (2)) it remains to show that E vanishes as in the previous case.
k=Cn

But this is obvious from the fact that for k =  Cn, Cn +  1, Cn +  2,...

_  r*c{k)
nk =  [— ]
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is a natural number and therefore
C(“ 2 nk) =  0.

Since, the negative even numbers are trivial zeros of Riemann’s function (  (see [1]).
We also have (

r ( i - n fc)
for k =  Cn,C n +  1 ,C n +  2,.... Since, it is known that the nonpositive integers are poles of

OO

Euler’s function gamma. Therefore, for (3) the sum E vanishes too, which proves (3).

4. Three other formulae for C n:

Cn +

c „  =  - 2 . E c ( - 2 . [ ^ I ± J i ] ) .
k=0

oo j

C“ =  S  r (i -  [ B z l T ± 5 k2 n
The validity of these formulae are checked analogically.

P art 2: FO R M U L A E  FO R  n-th P R IM E  pn

(i*)

( 2* )

(3*)

Here as a corollary from Part 1 we propose three formulae for p„, 
Let

n2
0(n) =  [ -

+  3?? +  4 
~~4

which are finite.

It is known (see [2]) that 

for n — 1,2,.... Hence 

for n >  1. Then, if we put

Pn <  0{n) 

Pn ^   ̂

f-'n — Pn
for n — 1,2,... and using that

7Tc{n) =  7r(n),

we obtain the following formulae from (1), (2) and (3):

e(n) 1

p * =  E t —
k=0 1 +  [ ™ ]

6 ( n )

k=0

(4)

(5)
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1
(6)

9(n)

P n = Y ,s r ( i - [ f ]) '

The above formulae stay valid if we change 0(n) with n2. These formulae are explicit 
ones, because ir(k) has explicit representations (see [3,5]).

One may compare (4) with the formula of Willans (see [3]):

P
— + S w !

Part 3: FO R M U LA E FO R p2(n)

Let Cn — p2 (u). In this case we have

7TC-(0) =  K C ( 1) =  7Tc(2) =  0; 7TC { 3) =  7Tc-(4) =  1.

When k >  5 it is easy to see that

(l v _  f 27r2(k) — 2, if A? — 1 and k -f-1, or k and k +  2 are twin primes
7r° (  ' ~  1 2ir2(k) — 1, otherwise

or in an explicit form
TTc(k) =  27T2(A:) — 1 — S(k — 1) — S(k),

where
S(k) = 1, if k and k -f 2 are twin primes 

0, otherwise

It is easy to give an explicit representation of 6(k) :

.2(k -  1)! +  (k +  1)! +  2 .2(k -  1)! +  (k +  1)!
6(k) = ~ l ]]•k(k +  2) 1 k(k +  2)

It is possibe to use instead of (6") the representation;

7TC(k) =  ir2(k) +  ir2(k -  2) -  1,

since tt2(k) =  E>=3 % )•
Therefore, from (1) -  (3) we obtain the corresponding formulae for p2(n):

CO ^

P2(n) =  -------- — 7̂ - ] ;

1 +

P2(n) =  - 2. £ c ( - 2. [ ^ 1]);
k—0

M n) =
3 J r ( i - [ ^ i ] ) ’

(*)

( 6')

(6")

(6"')

(? )

(8)

(9)
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where TTc(k) is given by (*) for k =  0,1,2,3,4,  and by (6") for k >  5 with 8(k) is given by

Three new explicit formulae for p2 (n) for even n >  2 ;
They correspond to (1*) -  (3*) and use (6'):

OO j
p2(n) =  5 +  V [ -----— jT~,— 1 -  n ];

s ,  i + r * k ) - i + ^ i

> r7r2 ( k )  —
p ,(n ) =  6 - 2 . £ c ( - 2 . [ — '- L -

k=5
oo

p2(n) =  5 +  Y
£ i r (i - [ T * ( k ) ~ 1  +  ? ])

given below, while p2(2) =  5.

(7-)
*-]

n
- * ] ) ; (8*)

n j (9*)

They follow from identity

TTC(k) +  n _  7r2(fc) ~  1 +  f .
1 2?r J [ n J’

since for k >  5 7Tc(k) is given by (6') and for even n >  2 [n rf --] =  — 1. Obviously,

p2{ 1) =  3, p2(3) =  7 and for odd n >  5 we have p2(») =  P2W — 1) +  2 and may apply the 
formulae (7*) -  (9*) for p2(n — 1) since n — 1 is an even number.

The last three formulae are main ones for the twin primes.
All formulae for p2(n) are explicit, because in [4] some new explicit formulae for 7r2(n) 

are proposed. One of them is valid for n >  5:

, , , , - 2 ) ! +  ( « ) !  + 2  .2(6* -  2)! +  (6fc)!
’r2(,‘ ) =  1 +  ---------- 1------3 6 ^ 1 ----- ]1’k=1

For 7r(n) one may use Minac’s formula (see [3]):

(k — 1)! +  1 (k — 1)!

k=2 k k L]],

or any of the following formulae, proposed here:

n(n) =  -2 . Y  C(—2-(Ar -  1 -  ¥>(*));
k=2

(10)

n
n(n) =  -2 . Y  C(~ 2.{a{k) - k -  1);

k=2
(11)

k=2
(12)

k=2 V ’
(13)
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1
(14)7T

k=2 v '
R em ark: In (11), (13), (15) one may prefer to put rf>(k) instead of a(k ) and then the 

formulae will remain valid.
The author expresses his deep gratitude to Krassimir Atanassov for his having inspired 

the present research by the following formulae, obtained by him, published in [5]:

* ( » )  =  Y sg(k ~  1
k=2
n

tt(«) =  ^2sg{<r(k) - k -  1);
k=2

*{**) =  Y  f r (
k

k=2 ( * - l ) !
),

where:
sg(x) =  |  

where x is a real number and

Pn =  Y  sg (n ~  *(*))> 
i-0

0, if x <  0
1, if x >  0 ’

7 ^ )  = / 0’ i f x ^  0
' ' ( 1, if x =  0 ’

f r ( l )  -  {  °> l i P =  1

where p and q are natural numbers, such that (p, q) =  1.
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