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(p and (T functions (see, e.g., [1]) are two of the most important arithmetic functions. 
They have a lot of very interesting properties. Some of them will be discussed below.

k
Firstly, following [2] we shall define for the natural number n = p“*, where k,

i=1
c*i, a 2, ••• oik > 1 are natural numbers and pi,P2,—,Pk are different prime numbers, the 
foolowing functions:

¥ > ( » )  =  n  p V~'-(p > -  1) .
i=l

V>(n) =  n  P?,'“1.(p< + 1),
i=1

a(n) = n
t=l

Pi -  1
Pi ~  1

set(n) = {pi,p2,.",Pfc},

• cas(n) =  &, 

k
dim(n) = X) a »

i=l

Obviously, dim(n)> cas(n)for every natural number n.
THEOREM  1 [3,4]: For every natural number n > 5 :

(a) <r(n)v<n> < n" < ¥>(«)<,(")

(b) V>(n)v(n) < n" < ip(n)^n).

It can be seen easily, that the following inequalities

V>(«) (̂n) < rr(7r)v(n> < nn < < ¥>(n)<7<")
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are valid, too. The following two inequalities follows directly:

xl>(n)^n) < ¥>(nr(" \

<r(n)v(n> < <p(n)i in ) .

Therefore the inequalities

<p(n).log(^(n)) < cr(n). log(</?(??.)),

V?(n).log(<r(n)) < log(v?(n)).

are hold, too. Hence, we obtain

{4>(n).<r(n)f(n) < <p{n fW+^ nK

It can be easily seen, that function ^  is a modification of function </?. Function a has 
an essentially different form that functions and \j>. Function cr can be written as:

<j(n)= n  ( p r + p r ”1 +  - + p *  +  1)*t=i

Here we shall define another function, which is a modification of function a. For the 
above defined natural number n, the new function has the form

/>(«)= n  +  +  ( - ! ) “■)•

Of course, for every natural number n :

(p(n) < p(n) < n < n ) < cr(n).

Function p is multiplicative one.
THEOREM  2: For every natural number n

a) y>(n) + <r(n) > i/>(n) +  p(n), (5)

b) n +  <p{n) > 2p(n), (6)

c) p(n) + ij){n) > 2n, (7)

d) <p(ny^ > p ( n y {n) > nn > il>(n)pW > a ( n )^ nl  (8)

Proof: a) Let dim(n) = 1. Then (5) is obviously valid.
Let us assume that the assertion is valid for every natural numbers n and &, such that 

dim(n) < k. Let n = n.p, where dim(n) = k and p is a prime number. For p there are 
two cases again.

Case 1: p $  set(n). Then,

<p(n) + cr(n) -  ip(n) -  p(n)
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= <p{n )-(p ~  1) +  °{n)-(p +  1) -  H ^ ) \ P  + 1) -  p(”)-(p ~  1)
=  p.(ip(n)  +  cr(n) — ip(n) — p(n))  +  cr(n) — ip(n)  +  p(n) — <p(n)  >  0.

Case 2: p E set(n). Then n =  m.pa for some natural numbers m ,p  > 1 and n = m.pa+1.

(p(n) + <r(n) -  0(n) -  pin)

,, , , , pa+2 - 1 , , ,  , , p“+1 -  pa +. . .  +  (—i )-p + < - i )“+1=  a? ?i .77 +  a  ??).— n --------------w [ n ) . p  — p in ) . -------------------;----------------- ;— —— :-------- 7— ——r \  J 1 -r V ! p a + l  _  1 H  H  ; p » _ p » - l  +  . . .  +  ( _ l ) < - l p  +  ( _ : L ) «

p - 1  ( - 1 ) “+1
=  p .(y (n) +  T ( n ) - ^ ( » ) - M " ) )  +  q-(").pa+i _  ! _  pa-i +  +  ( _ 1). - i p +  ( _ ! ) .

P

-p (m ) .{p *  -  p - 1 +  ... +  ( - 1 ) - *p +  ( - I )* ) .- ;

, , r ~ l  P°+1- l= a im ).—xi----- •-------:—v ’  p“+1 -  1 p - 1

a—1, ( - 1)
Pa ~  Pa~l +  -  +  ( - l ) a_1p + (-1 )°

=  cr(m) — p(m ).(  — l ) a+1 > a(m ) — p(in) > 0.

b) Let dim(n) = 1. Then (6) is obviously valid.
Let us assume that the assertion is valid for every natural numbers n and k, such that 

dim(n) < k. Let n = n.p, where dim(n) = k and p is a prime number.
Case 1: p ^  set(n). Then,

n +  <p(n) — 2pin) =  np +  <p(n)(p — 1) — 2p(n)(p — 1) >  0.

Case 2: p G se|(?r). Then ?? =  m.p° for some natural numbers m , p > 1 and n = m.pa+1.

n + <p(n) -  2p(n) =  m.pa+l +  cp(n).pa.(p -  1) -  2p(m).(pa+1 -  pa + ... +  ( - l ) a+1)

=  pa+1.(m +  <p{m) -  2p(m)) -  <p(in).pa +  2p(m).(pa +  ... +  ( - 1 ) “)

> Pa_1.(2p(n).(p -  1) -  <p{n).p) > 0,

because 2(p — 1) > p and p(n) > <p(?r).
c) and d) are proved analogically.
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