











Compare identities (2.10)-(2.21) above with [7, (3.1) - (3.8b)] which occur as special
cases when k& = 0. Surprisingly, some of them, e.g. (2.21), possess a formal resemblance
to the corresponding expressions in [7], despite the greater complexity.

Extending (2.10) and (2.11), we readily determine that

R _ (k+m)!

8$m k' tm Uk+m+1 (222)
6mUk+1 aUk+1
= ¢ - 2.2
oy™ oz™ (2.23)
mUk—H k !
o = ( -]:'m) (z + 2yt)™Ur+™HL, (2.24)
mY1/k+1 |
a av — (k _i];'m) (2 . xt)k-f—l Uk+m+1. (225)
y™ :
Remaining m® partial derivations of V¥*! w.r.t. z and t are left to the reader’s
imagination.
Summations

Repeated use of (2.3) with (2.1) and (1.1) leads to

1-z- Z UP =3 Up—aUM —y (U2, + US). (2.26)
Jj= j=

From (2.6) and [7, (2.6)] it ensues that

L-z-) SV = (1 -z y) @ +49) YUY, = 4(Unsa + yUns1 = 1). (227
Jj=0 j=1

Then use (2.26).
Tlustration(n = 2 in (2.27)):

RHS. = (1—-z—-19)(z®+4y).1—4[z*+2zy + y(2® +y) — 1]
= —5z% — 120y — 5z%y — 8y° + 4+ 2% + 4y

= (1-z-y)d+4z+52+8y)=(1—-z—y EV“ L.H.S.

Closed Forms

By analogy from [5, (4.9)] for Pell polynomials, we claim that

oo = ["g‘ll (n - 1») (n —r— 1) . (2.28)

r=0 r



Appealing to (2.6) and [5, (2.21)], in conjunction with (2.28), we arrive at

(3] , _ -1, o
VO =4% (n ] T) Y 4+ (2P dy) S (n I 1) (n ' 2) Z"H Ry (2.29)
r=0

r=0 r

3. CONVOLUTION RISING DIAGONAL POLYNOMIALS FOR U, V,(1)
Column Generators for UV o
& Forr U
Imagine the system of parallel upward-slanting “lines” in (2.1) as constituting the
first convolution rising diagonal polynomial sequence {R(\(z)} = {R(M} so that R =1,
Rgl) = D=z R?) =3} R(3) =4z% +2y,... (R(()l) =0).
Generators ug ), ugl), ugl ,...of the columns C1, Cy, Cs, . . . of this polynomial array are,

as a little thought reveals,

............

Observe that

o0

Z H=[1-2{1-Q -2y} (3.2)

Column Generators for V(!

Denote the first convolutz’on rising diagonal polynomial sequence for V(1) in (2.2) by
{r®0(z)} = {r{} so that r{" = 4,7 = 4z, (" = 52,7\ = 623 + 8y, ... (r§") = 0).

Let v{!) be the column generator for the p** column polynomials in this rising diagonal
array. Consider the column sums.

Then

oV = 44445224620 + T2t 4. =14+2(1-2) T+ (1—2)7?
= 2-2)*(1-2)7 (3.3)
o) = 2y(4+ 8z +132% + 192° + 262* + .. )
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= 2p{’(1-2)7", (3.4)
oY = 3y%(4+ 12z + 252° + 442° +..)

= 3y2iM(1 - )L - (3.5)

Ultimately,

vz(,l) = py”‘lvz(,l_)l(l—ac)‘1

p(p—1)

= ply 7z (2-2)*(1-12)7. (3.6)

Generating Functions for R(), r(})

n

To discover the generating function for Rg) we rely on a direct approach by observation

n (2.1). Accordingly, we have

R*=S ROt = 142xt+32%% + (42° + 2y)t® + (5z* + 6zy)t* + (62° + 122%y)t° + ...
n=1

= (1—zt) 24231 —2t) 2 + 3% (1 —zt) ™ + ...

= (1-xt)2 (1— vt >_

1—uzxt

= [1-(z+yt)) ™2
Calculation following this technique then leads, for r{}), to the generating function
o
r2 =Y Tt = 4+ dat + 5072 + (62° + 8y)t® + (Tt + 16zy)tt + ...
n=1
= (2-zt)Y1 - (z +yt*)t] 2 (3.8)
Recurrence Relations
Combining (3.7) and (3.8), we discover the connecting recurrence relation
r® = 4R — 42RY | 4+ 2RV, (3.9)
Reading equation (3.13) below for £ = 0 and k£ = 1, we have immediately
Ruy1 = RY, — 2RO — yRY,. (3.10)

Differentiating (3.7) partially w.r.t. ¢ and equating the coefficients of t*~* gives (n —
n+1)
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nRp1 =z RY + 3yRY,. (3.11)

Eliminating R, from (3.10) and (3.11) we have the recurrence relation

nRY, = (n+ 1)z RV + (n+3)y RY,. (3.12)

Generating Functions for R®), r(F)
Enlarging upon (3.7) and (3.8), and guided by experience in similar circumstances, we
assert that, for k™ convolution rising diagonal polynomials R® and r(®), the generating

functions are

o0

R =Y ROl = [1 — (3 + yt?)e] "¢+ (3.13)
n=1
and
Pkl = 3 B = (2 — 2t) 1 — (z + yt?)t] "¢, (3.14)
n=1

When k = 0, i.e., the non-convolution situation, these reduce to [7, (4.8), (4.9)].
Verification of our assertion may be evidenced by calculation, say, Rf) = 1023 + 3zy from
both (3.8) and the 4 rising diagonal polynomial from the set {U{?} when displayed, on
putting k¥ = 2 in (1.3). Likewise we may elicit the expression, say, r§2) = 120z* + 60zy in
two ways.

Differentiation Properties

Without much difficulty, we establish from (3.13) and (3.14) that

1 8Rk+1 1 aRk+1 1 aRk+1
T = g = = (k+1)R? ,
t Oz 3 Oy z + 3yt? Ot (k+1) ’ 0]
ort+! k 2y,.k+2
o (k4 1)t(2 — zt)*(1 + yt?)r*, (3.16)
orkt!
ST (k 4+ 1)t3(2 — at)Ftipkt?, (3.17)
ork+l
e (k +1)(2 — zt)¥(z + zyt® + 6yt® — 3zyt*)rF+2. (3.18)
Using (3.13) - (3.15), we then produce
ORF+! ORF+1
=t° (3.19)

oy or ’
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aRk+1 3Rk+1 aRk+1

z——+3y 5 =t (3.20)
87‘k+1 8Tk+1 37‘k+1
T + 3y 3 =1 Era (3.21)

which are extensions of (7, (4.11), (4.13), (4.14)] occurring when k£ = 0.

Looking now at

ark+l apktl

—t = (k + 1)t3(2 — zt)*R**! 22

P — (4 DR - )R, (3.22)

we notice that when k = 0 this reduces to [7, (4.12)]. Otherwise, it seems to be of limited
applicability.

.. ,_OR . OR :
Write R’ = o R= B Then (3.16) - (3.18) lead us to, respectively,

Y = Re*, (3.23)

gR™! 4 3y REH = (n — 1)RXF1, (3.24)

ot 4 3y #EHL = (n — 1)k (3.25)

which are the generalized counterparts of {7, (4.16)]. No such joy is afforded to us by
(3.19). For k = 0, we readily deduce that (cf. [7, (4.16)])

iy — iV = Ry, (3.26)

while for £k = 1 we may calculate that, for instance,

if n = 5, then 7Y — ri™ = R\ 4+ 6R;,

if n =6, then 7"531) - rg(l) = Rgl) + TRs,

the developing pattern in which suggests a formula which is also valid for n = 2, 3, 4.

Conjecture:

P, ='W = RO+ (n+1)R,. (3.27)
What happens for £ > 1 is obscure.
4. CONVOLUTION DESCENDING DIAGONAL POLYNOMIALS FOR
U, v
Represent the downward-sloping systems of parallel “lines” in (2.1) and (2.2) by { D1}

and {d{V'} respectively (the first convolution descending diagonal polynomials for UV
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and V(). In the simplest cases in (2.1), it is visually apparent that Dgl) =1, DM =
2(z +y), Dgl) =3(z +y)?% D‘(il) = 4(z + y)?, Dél) = 5(z + y)%,... whence we conclude
that

o
D*=S DO =[1-(z+y)t]%, (D) =0). (4.1)
n=1
Obviously,
DY = n(z +y)" !, (4.2)
o) 1
Dn n+1
Dg)l —(z+9)- (4.3)
Moreover,
1 0D?> 1 8D? 1 oD?
— s ] = ) (4.4)
t 6z t2 Oy zxT+y Ot
Furthermore,
. 0D? + o0D? i oD? (4.5)
oz Yoy ot '
Taking
Dkl = Z D¥=1 = [1 — (z 4 y)t] "¢+, (4.6)
we accept this ready extension to k™ convolutions.
Looking now at (2.2), we discover with a little effort that
d¥ = 4 (d =0)
dY = 4(z +2)
d’ = 4(z+2y)(z+y)+ (z +2y)°
dV = 4z +2)(c+y)? +2(z +2y)*(z +y) (4.7)
d = 4(z+2y)(z +y)* +3(z +20)’(z +v)
d = 4(z+2y)(z+4)* +4(z +29)*(z +y)°
indicating that
dD = (z + y)d, + (¢ + 29)*(z + y)" 2 (4.8)

Starting from dgl) and repeatedly using (4.6) for n =4, 5, 6,... we end up with
dV = (z + 2){4(z +9)" > + (2 + 29) (= + )"} (4.9)

whence the unlovely simplification
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d2

i d, " = @+22) {4l - @+t + @+ 2L - @+ )t}

= (z+2)dt—-4@+y)t+z+29)1— (z+y)t] 2 (4.10)

Because of the unfriendly nature of (4.10), further exploration of partial derivative

formulas is left temporarily in abeyance.
5. FERMAT CONVOLUTIONS

Fermat Polynomials Background

Fermat polynomials F,(z) = F, and fu(z) = f, are defined, and some properties
examined, in [3] in a different (Greek alphabet) notation. See also [6]. Here we stress that
the symbolism F,(z) does not signify Fibonacci polynomials.

Originally, it was our intention to develop the properties of Fermat convolutions as a
separate entity per se Now, however, we will regard them here as special cases of Un(z) and
V,,(z) occurring when y = —2. Expressions for the Fermat polynomials are recorded in [3,
p.331]. Basic information is also provided in [3] about rising diagonal Fermat polynomials
and descending diagonal Fermat polynomials. Salient features only of these polynomials
and their convolutions will be listed below. Other qualities of interest may be interpreted
from the previous general development on substituting y = —2.

Fermat polynomials are connected by the basic link
fo(z) = 2F,(z) — z Fhei(z). (5.1)

Fermat numbers (arising when z = 3) are then related by

fn - 2Fn _ 3F’n—1' (52)
k*h Convolutions F(¥), i
Definitions
P = 3 FWe = 1 (@ - 26)t 4, (53)
n=1
L= Y flogm = {(2 —zt)[1 - (z - 2t)t]‘1}—(k+1) : (5.4)
n=0
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Selected Features

F=D = k) —:z:F,(,'i)l+2F,(ll_‘_)2 (recurrence), (5.5)
[V = 4 - (2 -8, (5.6)
O = 4FO — 4z, + 22 FY,, (5.7)
(n—1)F® = (k+n+1)F¥ - 22k +n—-1)F",, (5.8)
1 aFk+l 1 aFlH-l 1 6Fk+l g
t 0r  t2 8y  zr-—4t Ot =i L, (5.9)
oo
Fermat: Y _ R® -1 = [1-(z- 2t2)¢] k- +Y), (5.10)
n=1
Fermat: > D®tn=! = [1- (z—2)t] %+, (5.11)
n=1
i
- e |
FV = % ("1 r) (" : )x"““2'(—2)'. (5.12)
r=0

6. CONCLUDING REMARKS

Viewed against the background of k**-convolutions, many properties of ordinary (k =
0) polynomials may be imagined as particular simple instances of a more complicated en-
tity. Thinking geometrically, one is reminded - albeit somewhat loosely - of the situation
in which a line, say, may be regarded as an entity in a higher-dimensional space.

Overall, we have revealed the relative ease confronting us in dealing with the convo-
lution properties of polynomials U,. No such directness appears when we are confronted
by the unsmiling features of V,¥). Clearly, the author would delight in a little computa-
tional or strategic inspiration and insight in making some advance on a few of the “black
holes” in the theory. (But such discontinuities in the development do not constitute a

catastrophe!)
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