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In this short remark we shall prove that

For all natural numbers k > 1,m > 2 at least one member of the set
S={m'—1,m?—1,m®*—1,..,m™* -1}

is divisible by m.k + 1.

Let us suppose that no member of S is divisible by m.k+ 1. In this case, each of the m.k
members of S must be congruent, modulo m.k + 1, to one of the m.k nonzero remainders 1,
2, ..., m.k. By the pigeonhole principle, then, either:

(a) some two members of S are congruent to the same remainder, and therefore, to each
other:
m" —1=m’— 1(mod m.k + 1)

where r > s, or
(b) each of 1, 2, ..., m.k is congruent to different members of S.

In the event of case (a), we have
m" —m® = 0(mod m.k + 1)

m’.(m"™° — 1) = 0(mod m.k + 1).

Since (m.k +1,m) = 1, the factor m® does not contribute toward the satisfaction of the
cengruence, and it follows that

m'™* —1 = 0(mod m.k + 1).

But m"™™* — 1 is a member of S, and therefore, a member of S would be divisible by

m.k + 1, which is a contradiction with our assumption.
If (b) were to hold, then some members of S would be congruent to m.k and let it be
a—th member, i.e.,
m® — 1 = m.k(mod m.k + 1).

Therefore,
m® = m.k+1 = 0(mod m.k + 1),

as obvious contradiction. The conclusion follows.
The above assertion is a direct generalization of a similar one from [1], where the case

m = 2 is discussed.
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