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ABSTRACT

A modular ring Zgis described as an expanded form of Z, in which the parities of the rows within
the four classes of Z, are distinguished. This octic or 'chess' ring is used to analyse thestructure
of rows characterising powers z" within the eight classes of Zg. With n even, three classes
contain the squares, =2, but only two contain z* when n > 2. With n odd, even z" are confined
to Og, but odd numbers, z*, have the same class as z. The rows containing squares are related to
first order recurrences, while rows containing z", n > 2, are related to third and higher order
recurrences. Because of this it is conjectured that the sum or difference of z*, ™ cannot fit into
a row which is characteristic of a power and hence cannot equal a power when n > 2.

1. INTRODUCTION
If, in the modular ring Z, (Leyendekkers et al, 1997), the parity of the rows is considered

separately, eight classes are formed to constitute the octic or 'chess' modular ring Zg as in Table
1.1,

Z,rows | Even | Odd
64 g J 65 Zg
j . 1, 5s
9> |2, |G
e 13 | 7a

Table 1.1: Class transfer from Z,to Z,4
The increased resclution of number characteristics with the use of Zg permits easier analysis of
systems where the underlying relationships are more sensitive to row placement of the integers

and the row nesting patterns within the class-ring structure.

The equivalence classes partitioned by Z, are



= {0,8,16,24,32, ...}

{1,9,17,25,33, ...}
{2,10,18,26,34,...)
{3,11,19,27,35,...}

= {4,12, 20, 28, 36, ...}
= {5,13,21,29,37,...}
= {6, 14,22, 30, 38, ...}
{7,15,23,31, 39, ...).
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Some elements of the eight equivalence classes are set out in Table 1.2, where it can be seen that
the primes occur in 4 classes: those in 1 and 5 will be a sum of squares, but primes in 3 and 7
will not, as in Leyendekkers et al (1998).

Class |0 |1 2 3 4 5 3 7
Row,r [8rg [8r +1[8ry+2 [8r3+3 |8y + 4 875 +5 |87 +6 | 8rp, + 7
0 0 |1 D) 3 1 5 6 7

1 8 |9 10 11 12 13 14 15

2 16 |17 18 19 20 21 22 23

Table 1.2: Equivalence classes of Zg
Composite odd numbers with a factor p fall in rows generated by
r=g+pw, w=0,1,23,... (1.n
where ag = 0,1,6,7for p= 7, (3,5), 11, 9respectively, but where there is no obvious

simple pattern for ag in general. Table 1.3 and Equations (1.2) and (1.3) summarise the ring
operation of addition for elements a, b € Zgas in Hilton et al (1997: 27).
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Table 1.3: Addition in Zg

z=zHgy z+y<7
Z=zHgy-s8 THy>7 (1.2)
2=T-gy rz—y>0 -
2=Z-gy+;8 z—y<0 (1.3)

in which +gand -5 represent addition and subtraction modulo 8 (Cartwright, 1993: 19). The
multiplication of elements a, b € Zg is displayed in Table 1.4.
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a\b|0|1(2[3[2|56 7
0 |0/0/,0/0!0[/0]0]0
1 (0/1!2|3/4/5!86]7
565316'6(!556
3 |0/3]6|1[/4]|7!2]|5
4 (0/4/0/4|0!4/04
5 |0({5/2|7|4]|1/6]|3
6 |0/6/4/2|/0/6/2]|2
7 (0/7/6|5{4/3|2]1

Table 1.4: Multiplication in Z,g

In Z,with z odd and n even z" € I and in even row, so that in ZgClass Tgmust contain all
such z%; that is,

and

Jrnoz 5z" € {4}, n> 2,
and

3z 52" € {2,4,6}, nodd.

Thus all even z” fall in Og, while odd z” fall in the same class as z, as can be seen in Table 1.5.
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Table 1.5: Classes of (87, + )"
2. ROW EXPANSION OF POWERS
The use of modular rings enables a more detailed examination of number structure to be made

with row expansion methods (Hillman and Alexanderson, 1973: 199-217). The aim in this
section is to examine the characteristics of rows that contain z°, = € Z.
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It has already been illustrated n Table 1.5 that even z* € 0 only (z € {0,4}) or in 4
(z€{2,6}) Alloddz? € 1.1fn> 2 and even, then all z" ¢ {0, T}. However, if n is odd,
then even " € 0, but odd z” fall in the same class as z.

Since " = 8 R, + 1. where 1 is the class, the row R, can be calculated simply. Then for a given
class for z we find that

Ri(m) - }?i(m—l) == 8R]+jz (2])
and the class of R; can be established. The row, r,, in which it falls then follows.

Tables 2.1 to 2.4 (in the appendix) illustrate the results for the eight classes and for different n.
The nonhomogeneous recurrence relations contained therein can be readily solved by standard
methods (cf. Horadam and Shannon, 1988). It can be seen that the values of r, satisfy recurrence
relations of varying order: when n = 2, the order is 1, when n = 3, 4, the order is 3, and when
n =5, the order is 4. In general, a row R, containing a power is given by

Rymy = wo +wym+ 643 r,. 2.2)
=1

Here m corresponds to the row occupied by z in its own class. For power triples, when the
major component is odd, the only permissible class combinations are (303)with 3an odd-

number class. Hence,
Ry = Rymy) = Rim) (23)

where m; and mjcorrespond to the rows of the components in class 3. Since

’ Lol
AR = (wo—wo)-{-w](m] —m2)+64 Z Tp (24)
p=mm+1
where

AR = Rypm) — Rym,),

the summation term will not correspond to a power row unless n = 2. In other words, Equation
(2.4) would only give Rgas the appropriate power row when n = 2as one would expect from
Fermat's Last Theorem.

When n is odd, the largest components can be even, with the other two components both odd.
Permissible class combinations for the power triples are then (017 )and (035 ) which vield

and
Ro=Ry+ Rs +1 (2.6)

It can be seen in Tables 2.2 and 2.4 that, for odd n, Tand 7, and 3 and 5, have the same wy . As
for Equation (2.4) summing the rows will give R¢a form incompatible with a power when n > 2.
The above expansion technique is more instructive than merely using the rows of the
components.
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For example, when n = 3, by using m; and myas the rows of the odd components in zand
maas the row of the even component in 7, we get the recurrence relations

AR = 64(m} — md) + 24i(m? — m2) + 3 (my —my), i=1,3,5,7, (2.7)
and
Ry = 64m3 + 247m% + 357ma + (L)%, 7=0,2,4,6. (2.8)

Since i* is always odd, the parity of (m, — m;,)will depend on ( ’5 7)? as illustrated in Table 2.5
in which p(n)stands for the parity of n (as in Doerr and Levasseur, 1991: 492)..

j (IEJ)3 p(my — my)
0|0 even
211 odd
48 even
6 | 27 odd

Table 2.5: Panry of my — MMy,

The failure of Rgto conform to the row structure of a cube is even more clearly seen by
expanding the summation term in Equation (2.2). This may be expressed as

S rp= Anrs + Bury — Cpry + 12D, + En. 2.9
=1

Expressions for A, B, C, D, E are listed in Table 2.6.

Coefficient | ieven | 20dd

A 124 (# —25—-8)/4 |2+ (2 -2i—-7)/4

B i/2 | (3= 1}/2

C |14+ (#-4i-4)/4 |14 (¥-4i-5)/4

D (i—-4)Ds - (i-5)Di+ 2, (D4=1,D5=3)]
E(i-4) ' 1(i-5)

D z=§(1+4(n-1))x }::5_‘3 (3+4(n—1)) x

D | (i—2n)/2 | (i—(2n+1))/2 |

E, 1* G-2)(i-1-7/4-(i—-1-7)°/8

E, 3% —{(i-2)(i-1-7)/4-(i-1-7"/8}

Eb** (G-1)(i—j)/4-(i—5°/8
E,7** —{(i-1)(i— /4-(i—5*/8)

Table 2.6:1=m
*; is the Zgclass of (2 — 1); **jis the Z, class of 4.
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Because all the even classes have 12 as the coefficient in the recurrence relation £, = 0 for
them. Furthermore. 7, 7, rawill be specific to the class (Table 2.2). When two different
summations within the same class are added (or subtracted), the structure changes and is not
compatible with Equation (2.9). Some values of A, B, C, D, E are given in Table 2.7.

M= 415,67 |8 |9 (10111213 |14
A 214619 | 12|16 |20 |25 30|36 |42
B 212133 |4 (4 |5 (5 [6 |6 7
(3] 0135 /8 [11]15]19[24[29 |35
D 1371322 (34[50|70]95]|125 161
Eel 0/11/2/3 !4 |6 |8 [10|12|15 |18
—Ec3/0({1/2(3 (4 |6 |8 |10|12|15 |18
Eecb 1/2(314 |6 |8 |10(12|15|18 |21
—Ec7!1/2/!3/4 |6 |8 |10{12 (15|18 |21

Table 2.7: Valuesof A B,C, D, E
3. PRIMITIVE PYTHAGOREAN TRIPLES
The major component, ¢, of a primitive Pythagorean triple (pPt) must be a sum of squares
(Leyendekkers et al, 1997), so that it can only be member of 5or1 in Zg (Table 1.1). The row,
always in 1, for an odd square z?, z € 1, isgvenby

Ry, =87+ (29)j—2(i+4) + g (3.1

with values of g € T, the triangular numbers, as displayed in Table 3.1and j represents the row
ofz € 1

(i1 |3 |5 |7
g |10 15 |21 [ 28

Table 3.1: Values of q
Since the even squares, y*, must fall in 0, y can only come from {0, 4}. Squares v, with
y € 0 are in rows given by 2(27-0) Ify € 4,then y? € 0 inrow 2(r¢ + 1)2. Thus Ry, the
row which contains the square in 0, must always be even.
For <1,0,1 > (for < ¢%,b%, a? > . the only permissible set), ¢ > b, a; ¢, b, @ € Z,

Ry — R} = Ry, 3.2

so that B, — R, must be even. Let jand k represent the rows of the odd numbers ¢ and a, then
from Equation (3.1)

Ry — R, = 8(5* — k%) + (24,)j— 2i2k — 2(4 + 4) + 2(i3 + 4) + ¢ — qq. (3.3)
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Obviously, g, — g,must be even, so that q; and g, have the same parity. Thus from Table 3. 1, the
possible class doubles for < ¢, a > are

{<iT>,<i§>,<55>,<17>,<i7>,<5§>}

However, ¢ € {1, 5} as noted previously, so that < 3,3 > and < 7,7 > are inadmissible.
Furthermore, (¢ — b) will be odd and square (Leyendekkers et al, 1997), so that (¢ — b) € 1.
This means that <5,0,5>(5-0=5), <1,3,7> (I-4=35), <5,0,3>
(5 — 0 = 5) are not permissible. The remaining four class sets are shown in Table 3.2,

<egba> € | <t b,al> ¢
{<1,0,1>}[{<1,0,1>})
{<1,0,7>}|{<1,0,1>}
{<5,4,5>}[{<1,0,1>)
{<5,43>}({<1,0,1>)

Table 3.2: Permissible class sets for pPts

Table 3.3 lists the functions of v, w = 0,1,2,3, ..., which enable the various class set triples
to be calculated. They have been put in the familiar primitive form of

c=z + 32 b= 2ry, a = zz—yz.
Other forms can also be used. For example, for { < 5,4,5 > },

c=(20+1)? + 4uw((2v+ 1) + 2w)
and
a= (204 1)(2v+ 1+ 4w),

since 52 = 24 32,02 = 25 4 77, and so on. pPts can be readily generated by using the
mitial pPt with v=0,w=0 for < 1,0,7 > and < 54,3 >, v= 1, w=0for <1,0,1>,
and v=0,w=1, for < 5,4,5 > with Aag, =a, —an_;,Av=20 ,
Aa, =a,—a, ;withAw=0,andc— b, ¢ — a in Table 3.4.

{<1,0,7>}:
c=16(v+ 1)+ (2w+1)?,
b= 8(2w+ 1)(v+ 1),
a=16(v+1)* - (2w+1)?,
J—k=r-—m=uw+w+1;

c= 4w + ((2v+ 1) + 2w)?,
b= 4w((2v+ 1) + 2w),
a=((20+1) + 2w)? — 4u?,
j—kE Ts ~—7"5 ] w2;
c=4(2v+1)* + (2w+1)?,
b= 4(20+ 1)(2w+ 1),
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a=4(2v+1)% -

(2w+1)3,

J=k=rs—ri=(w+2)(w+1);

{<1,0,1» 1 s
c= (8v+1)? + 64(w+ 1)?,
b=16(w+1)(8v+1),
a= (8v+1)° — 64(w+ 0y,
j—k=r —r =16(w+1)%
c= (8v+1)* +16(2w+ 1)?,
b= 8(2w+ )(8v+ 1),
a= (8v+1)° —16(2w+1)?,
j—k=r —r =4(2w+1)%
Table 3.3: Calculation of class-set triples;
*w 1s always odd; **the two functions arise because j — k is a square
in O (with w+ 1 as variable) or 4 (with 2w + 1 as variable).
<eba> |3k ce—bd e—a Aa,, Aa,
<L,0,I> |16(w+1) 0| (8v—w)-T7)° 8(5 - k) —64(2w+1) | 16(8v—3),0 > 1
<L0,I> |42w+1)° €| (8(v—w)- 8(j— k) —128w,w > 0| 16(8v — 3),v > 1
<1,0,7> |w+w+1 (2(20 — w) + 3)* 22w +1)2 | - 8w 16(2v + 1)
<54,5> |uw? oddonly | (20+1)° 8uw? 8(2v + 1) 8(v+ w)
<543> |w+w (22v+1) - (2w +1))* | 22w+ 1)? | — 8w 320

Table 3.4: Parameters of pPts

Examples of pPt generations for < 5, 4, 5 > are given in Table 3.5 where it can be seen that the
initial triple <13,12,5> vields a = 21when Aa, = 16, ¢ = 29, b = 20and v changes from 0
to 1. When v = 0, a changes by increments of 8 as w changes in increments of 2.

c—alwlw 10 1 2 3
c—0 |1 9 25 49
Ao, |8 24 40 56
8 1 <13.12,55 < 29,20.21 > < 53,28,45 > < 85,36,77 >
Aa, |0 6 24 32
72 3 < 85,84,13 > <117,108,45 > < 157,132,85 > < 205,156,133 >
Ac, |0 32 40 48
200 5 < 291,9220,.21 > < 969,260,069 > < 325,300,125 > < 389,340,189 >
Ac. |0 28 56 64
1392 7 < 421,420,29 > < 485,476,¢3 > < 557,532,165 > < 637,588,245 >
I B, |0 &4 7 50
Table 3.5: pPt generations for < 5, 4,5 >
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4. CONCLUSION

The modular ring Zg permits distinctions betwezn row parities in the more restricted Z, classes.
In turn this allows the numbers to be more fully characterised from the start. Thus, 1n analyses
where the subtleties of the number structures are critical for understanding the results, simpler
and more interesting solutions can be found in Zz. More deeply it would seem that the class and
row-nesting within modular rings when viewed this wav may hold another key to the differences
between squares and higher powers.

Agam, in finding solutions for such questions as "Is the area of a Pythagorean triangle a square?”,
it is useful 1o establish the class of the quantity which is being investigated. This can be done
quite simply as follows. The area of a Pythagorean triangle, D, equals ’5a.b. If this area is a
square, then it muct fall in {0, I, 4} As can be seen from Tables 1.4 and 3.2, only the class sets
< 101 > and < 107 > are permissible. For example, if 0 x T= 2D and 0 x 7 = 2D,
then D € {0}; whereas if 4x 5 =2Dor 4 x 3= 2D, then D € {6, 2} which does not
contain squares. Hence, if D is a square, then D € {0}. The restrictions that then arise
preclude D from being a square, as illustrated using the modular rings Z, and Zg(Leyendekkers
etal, 1997).

Finally, it is of relevance to note that Conway and Guy (1996: 29-54) used colours to reveal
pattems among the residue classes with various moduli. These indicated various properties in a
novel manner.
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APPENDIX
lzc | jim) p{m) | wp w, |AR€ | R, ¢ 1y T2, T3, T
0 Im cdd -24(32]0 1357, 1357 0,0,0,0
0 im even | 0 3210 1357,1357,... | 0,0,0,0
0 L odd -321321|0 1357, 1357, 0,0,0,0
i 1 m osd -24134 1|2 1357, 1857, 0,0,0,0
1 o even |0 34 |2 1357,1357, 0,0,0,0
1 i odd | —32/34|2 1357,13%7, ... | 0,0,0,0
2 m cdd | —24|36 |1 1357, 1357, 0,0,0,0
2 Im even | 0 36 14 1357, 1357, 0,0,0,0
] tm odd -32136 |4 1357,1357,... | 0,0,0,0
§ m odd —-23 138 6 1357,1357,... | 0,0,0,0
3 im even |1 38 18 1357, 1357, 0,0,0,0
3 tm odd -31(38 |6 1357,1357,... | 0,0,0,0
4 ™ even |2 24 |0 2460, 2460, 0,0,0,1
4 %(m +1) | even | 26 24 ] 0 2460, 2460, 0,0,0,1
1 |3(m+1)|odd -6 (240 2460, 2460, ... | 0,0,0,1
5 m cven 3 26 | 2 2460, 2460, ... | 0,0,0,1
5 (m+1) | even |27 26 | 2 2460, 24860, ... | 0,0,0,1
5 Y(m+1) | odd -5 126 |2 2460, 2460, ... | 0,0,0,1
6 Im even |4 28 | 4 2460, 2460, ... | 0,0,0, 1
6 %(m%— 1) | even | 28 28 | 4 2460, 2460, ... | 0,0,0,1
6 | i(m=+1)|odd -4 |28 |1 2460, 2460, ... | 0,0,0,1
7 m cven 6 30 | 6 2460, 2460, 0,0,0,1
7 15('71 +1) | even 30 30 |6 2460, 2460, 0,0,0,1
7 | i(m=+1)|odd -2 (30 |6 2460, 2460, ... | 0,0,0,1
Table 2.1 : Row characteristics for x*; {r,}, r, = r,_s + 1, p> 4
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0 |m even [0 0 |0 0000, 0000... | 1.7.19!
0 Im lodd 10 10 O 00060, 0000, ... | 1,7,19
FRE: odd | -8 I35 |3 3175, 3175, ... | 1,8 207
‘T im cven |0 35 |3 | 3175,3175.... | 1,8,20

I im lcdd | -52[35 |3  3173,3175, .. 1,5.20

2 im even 1 |44 14 | T373,7373,... 11,9,22 ﬁl

2 | odd |17 |44 |4  |7373,7373,.. | 1.9.22 |

3 m odd 11 27 13 4602, 4602, .. |2,10,253

3 |im even |3 |27 {3 4602, 4602, ... | 2,10,25

3 [im osd |35 |27 |3 4602, 5602. ... | 2,10,25

4 m even |8 16 ' 0 | 2222, 9203, ... ;3,12, 60

i |m oid |8 16 'D 2222,2222, ... 13.12,60 |

5 m leven |15 [27 13 0642, 0642, ... | 4,183,293

5 [5(m+1) [even ]23 |27 3 062, 0622, ... | 4,13,29
/5 Ym+1) |oad | -9 |27 '3 0642, 062, ... | 4,13,29 |
6 | m leven |27 144 3 7373,7373 41531 |
8 | m 0dd 43 44 '3 7373,7373,... | 415,31
7 |m |even |42 135 '3 7133, 7133 | 5,17,34°
T |i(m+1) Jeven |34 [35 |3 7135,7135,... | 517,34
7 t(m+1) |odd 6 |35 |3 7135, 7135 15.17.34

Table 2.2 : Row characteristics for x°:
(Ppls T o= oy + Tp-2 = Tp-3+V, p> 3; v=12 except as noted

e | f(m) o(m) wo | | ARE R, = ™, T, Py

0 |m even |0 10 |0 0000, 0000. 8.120,520

0 [m odd 0 |0 |0 0000, 0000, 8,120,520

1 |m even |0 36 13 6262, 6262 12,150,5996

1 |[m odd 16 (36 |4 6262, 6262 12,150,599

VN =p+1)°

Zreven, v=12; l(;—{»l‘)even v=11, t{p

"peue'n v:l"’,‘itp—l-ij odd, v=11; t{p+1)even, v =1

4p0dd, v =12, ].,/eben v=138; '[JGdd v=11
5 podd, v=12; —pe\en,v—ll podd_v*l“
6 p even, v=194: p odd, v=190






