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The 37-th and 38-th problems from [1] are the following (see also Problem 39 from [2]):
(Inferior) prime part:

9.3,3,5,5,7,7,7,7,11,11,13,13,13,13,17,17,19, 19, 19,19, 23,23, 23, 23, 23, 23, 29, 29,

31,31,31,31,31,31,37,37,37,37,41,41, 43,43, 43,43, 47,47,47,47,47,47, 53, 53, 53,
53,53, 53,59, ...

(For any positive real number n one defines py(n) as the largest prime number less than or
equal to n.)
(Superior) prime part:

2.2,2,3,5,5,7,7,11,11,11,11,13,13,17,17,17,17,19, 19, 23, 23, 23, 23,29, 29, 29,

29.29.29,31,31,37,37,37,37,37,37,41,41,41,41,43,43, 47,47, 47,47, 53, 53, 53,
53,53, 53,59, 59,59, 59, ...

(For any positive real number n one defines P,(n) as the smallest prime number greater than
or equal to n.)
Study these sequences.

First, we must note that in the first sequence n 2> 2. while in the sccond one n > 0. It is
better, if the first two members of the second sequence are omitted. Let everywhere below
7.2 2.

Second, let us denote by {p1.p2.p3, ...} = {2,3.5....}. the set of all prime numbers. Let
po = 1, and let ©(n) be the number of the prime numbers less or equal to n (see e.g., [3]).

Then the n—th member of the first sequence is p, (1) = p-(,)-1 and of the second sequence
is Py(n) = pr(n)+85(n)> where

1. otherwise

0. if nis a prime number
B{(n) = { ' ]

(see [1]).
The checks of these equalities are straightforward. or by the induction.
Therefore, the values of the n-th partial sums



and

of the two Smarandache’s sequences are, respectively,

7(n)
Xo= X (pk— pr=1)pr-1 + (n — Prin) + 1)} Painy (1)
k=2
and
m(n)
Yn = Lzl (pk - pk—])-])k & (" - p:‘-(n))']’vr(n)-i-ﬁ(n)- (2)

The proofs can be made by the induction. For example, the validity of (2) is proved as
follows.
Let n = 2. Then the validity of (2) is obvious. Let us assume that (2) is valid for some
natural number n. For the forms of n and n + 1 there are three cases:
(a) n and n+1 are not prime numbers. Therefore, 7(n+1) = 7(n) and B(n+1) = B(n) =1,
and then
Kagi = Ty 4 Fpln41)

m(n)
- kE (Pk = Pr=1)-Pk + (7 = Pr(n))-Pr(r)+5(x) F Pr(n+1)+5(n+1)
=1
n(n+1)
= X (- Pk-l)-Pk +(n ~ l’.—.(n+1))-P:(n+1)+ﬁ(ﬂ+1) + Pr(n+1)+5(n+1)
k=1
m(n+1)
= E (pk = pr-1)-pk + (0 + L= ]’r(n+l))']7:(n+l)+b'(n+l)-
k=1

(b) n is a prime number. Therefore, for n > 2 n 41 is not a prime number, 7(n+1) = 7(n),
= Pr(n)» B(n) =0, B(n + 1) =1, and then

e =Tad Hintl)

™

—_

n)
= > (Pk = Pk-1 )-Pk 23 (” — Dr(n) )-]’r.(n)+l.:(n) I Pr(n+1)+B(n+1)
k=1

(fromn —prmy =0and n+1—=p.yny =n+1-p-p)=1)

m(rn+1)

= E (pk—=pr=1)pe+((nt+1)- l’.—(n+1))~1’.-,(u+1)+L:(r.+1)-
k=1



(c) n+1is a prime number. Therefore, for n > 2 n is not a prime number, 7(n+1) = 7(n)+1,
n+1=prn1), B(n) =1, B(n+1) =0, and then

Yopi=Ya+ Po(n+1)

m(n)
= El (Pk = Pr-1)-Px + (n— pﬁ(u))-pn(n)-HS(n) + Pr(n+1)+B(n+1)

(from pr(n)+B(n+1) = Pr(n)4140 = Pr(n)+5(x))

m(n)
= k§1 (pk - pk-l)'pk . ((n . l) - p.'(n))'pr(u)-i’-ﬁ(n)
m(n)
= k§] (pk - pk—l)'pk + (pr(n+1) o pﬂ(n))-pw(n«}-l)
m(n+1)
= k§1 (Pk = pr=1)-pe + ((n+ 1) — Pr(r.+1))-]71r(n+1)+5(n+1)

Therefore, (2) is valid.
The validity of (1) is proved analogically.
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