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In this note we shall use the following standard notations: p, is the n-th prime

number, 7(z) is the number of primes not exceeding z, and f(r) = Y logp, the
p<r
sum being taken after all primes p, p < r.
Denoting
Fpe PPtpat...+pn

n ’
n

R. Mandl [1] conjectures that A4, < %p,., for n > 9. B. Rosser and L. Schoenfeld,
in 3], announced the positive answer of this conjecture. In the present note we
shall prove a similar result concerning the geometrical mean. Namely, if G, =

{/P1P2- - Pn, We have the following:
Theorem

Gn <

o |-

Pn, for n > 10.
Proof: We remark first that 1 is the best possible upper bound for Qf, since it is

not hard to prove that 7(x)log(z)—6(z) ~ m(z). We are going to prove the theorem
under a modified form. namely

m(z)(logz — 1) > 6(z), for z > 24.

If fis a differentiable function with continuous derivative, then it is well known that

z

S () = f(z)n(z) - / =(9)f(v)dy.

p<z 2



Put f(z) =logz, and it follows that

W(y)d

0(z)=logz7r(z)—/—y— y.
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We are going to use the classical results of Rosser and Schoenfeld [2):

1
m(z)>z (logz + m), for z > 59,
and 3
m(z) <z (log:: Ty — ), forz > 1.

If we denote I; = f -il’ldy and I; = f 1(-lldy, for z > 59, then we have

n(z)logz — 0(z) = I + Is.

‘e have

16 Pi+1 |

id 16 16
I = Z / —y—y = Zz(logp..H — log pi) = 16log 59 — Elogp,

1=1 Pi f=} i=1

After a simple computation we get I; > 20.3. For I; we have

dy.
/(logy 2]og y) ¥
Successively integrating by parts it follows that
T 3 3z 59 3
> 1 - 1 >
a2 logx( +‘210gz)+]og31 log59( +‘210g59+log259) s

From the above it follows that

/”—(y—)dy > 1(2) + e - 22,
) y log® z




Putting g(z) = ﬁ—; ~2.2 it follows that ¢'(z) = 20€2=3) 5 ¢ for » > 59, and since

log* r
9(59) > 0.4 > 0, we get that g(z) > 0, so
/Mdy S mla)
g y

for £ > 59. We are going to study this inequality for values less than 59. We denote
I

h(z) = fﬂvﬁdy — m(z) and we remark that on an interval I in which there are no
2

primes, the function h is increasing. In order to show that h is positive, it is enough
to compute h(p) for p prime, p < 59.

We have h(p;41) = 1log pi+1 — 0(p;) — i — 1. It follows that h(23) < 0, h(24) > 0,
and then h(p;4;) > 0 for 9 < i < 15,50 h(z) > 0 for n > 24, i.e.

n(z)(logz — 1) > 6(z) for z > 24.

For n > 10, p, > 24 and it follows that n(logp, — 1) > i log pi, therefore we
k=1

get that {/Pip2...pn < lpn.
For 4 < n < 9 one can show that %p,.H > /P1pP2.--Pn, and thus

1 2
VP1P2.-.Pn < ;pn+1, for n > 4.
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