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ON THE 16-th SMARANDACHE’S PROBLEM
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In [1] Florian Smarandache formulated 105 unsolved problems.
The 16-th problem from [2] (see also 21-st problem from [1]) is the following:

Digital sum:

0,1,2,3,4,5,6,7,8,9,1,2,3,4,5,6,7,8,9,10,2,3,4,5,6,7,8,9,10,11,

—

3,4,5,6,7,8,9,10,11,12,4,5,6,7,8,9,10,11,12,13,5,6,7,8,9,10,11,12,13,14,... (1)

(ds(n) is the sum of digits.)
Study this sequence.

First we shall note that function d, is the first step of another arithmetic (digital) function
¢, discussed in details in the author’s paper [3].

After application of this function over the set of the natural numbers, or over the above
sequence, we obtain the sequence

93112a3341576,778)97\1127374’5767 71879171072737475763 7,8,%,...

——
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10,11,3,4,5,6,7,8,9,...10,11,12,4,5,6,7,8,9

On the other hand, in [3] another function (t) is introduced. After its application over
the set of the natural numbers, or over the above sequence, we obtain the sequence

Q,1,2,3,4,5,6,7,8,9,1,2,3,4.5,6,7,8,9,1,2,3,4,5,6,7,8,9,...

R

e —

and the set [1,2,3,4,5,6,7,8,9] is called a basis of the set of the natural numbers about .
Below we shall show the form of the general term of the sequence from the Smarandache’s
problem. Let its members are denoted as aj.ay, ..., an,.... The form of the member a, is:

= n

a, =n-29. L-El W] (2)

The validity of (2) can be proved, e.g., by induction. It is obviously valid for n = 1. Let
us assume that for some n (2) is true. For n there are two cases.
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Case 1: n # 99 ...9 (m > 1). Therefore

m times

n+1<£99..9

m times
and
Y [—]l= ¥ [—
k=1 10k] k=1 | 10* b

from where

3

n+1
. - 10k

i1 =an+1=n=9. 5 [g]+1=(n+1)=9.
k=1 10 k

™

Case 2: n =99 ... 9. Therefore
m times

n+1=100...0
m times

and

1 =1=100..0-99..9=100..0-9.(100...0 +1 00..0 +..1)

m times m times m times m-1 times  m-2 times
% 100...0 ® n41
=100...0-9. ¥ =(n+1)—-9. £ .
-l k=1 [ 10* I=I ) k=1 [ 10* )
m times

Therefore (2) is true.

The second important question, which must be disccused about the sequence (1) is the
validity of the equality d,(m) + ds(n) = d,(m + n). Obviously, it is not always valid. For
example

dy(2) 4+ d,(3) =2+ 3 =5 = d,(5),
but
dy(52) + d,(53) = 7+ 8 =15 # 6 = d,(105).

The following assertion is true

d,(m) + ds(n), if dy(m) + ds(n) < 9.max([£l’—(gr—nl], [d—’(gzz])

dy(m) + dg(n) — 9.max([~g—]. [Z*g—]), otherwise

d,(m + Tl.) =

The proof can be made again by the induction.
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Let
Re=k+(k+1)+...4 (k+9) =10k + 45.

Obviously, Ry is the sum of the elements of the k—th group of (1).
Therefore, the sum of the first n members of (1) will be

.’L_.
0

Sa= T Ret[fgl+ (Gl + 0+ (5l +n = 10050 - 1)

=5.[] [ 51 +8) + n-10.[1")[ ]+ —10.[1")(n—10[—-]—1
[—]([—]+8)+(n—10[ ])(

This equality can be proved directly or by 1nductlon.

4.[%1).
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