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A remark of the h;(7)-function

JOONGSOO PARK

§1. Introduction and preliminaries
Let C be a complex field, 7 € C. Let ¢ = €?™". Then

A(r) = (2m nq H(l 13))

n=1

Let p := e*' and —p := €& . Then

'r+1 ‘r_—f_2_ 16 2
A(r) = 16m12p 31 0T} (z»n<”1)8+n<”2>8) (2)

n(‘r)z“ 2 2
Also we let
hr<v)2":=(2516),,[ agyaily +adracily
(P gy

for arbitrary n and .
In (1], we considered properties of h,(7)-function. We think that the h.(7)"-
function is closely connected with a study of f3-series and Ramanujan numbers of
—2
A(7). Let we write hy (1) = 256h,(7)%.
In this paper, we mainly deal with the following: For each t € Z", we will check

—~——2n

that there is n such that ¢ is the coefficient of a term in h(7)  and check how many
such n exists. We describe propositions on the h;(7)-function which are needed in
main result.

Proposition 1. ([1]) Let A(1) = {€Q(7)}3, where e = 1,p or p.
(@) (r)* = 52 20(5)n ’;‘)“

+n(3)6n(2)! 6<pn(’§ )16+ on(%) 6)} ;

1991 AMS Subject Classification: 11GXX, 11F27.
keywords and phrases : Dedekind n-function. modular discriminant.
This paper was supported by Woosuk University Research Fund in 1998.

Typeset by AasS-TEX

28



(b) ) = 50520517 |(75L) n(-;—)wﬂ(f—;—l))
+0(%)(9(%) +ﬁ9(§)>] :

Proposition 2. ([1]) For all integers n > 1,

1 (3)-1 Fa 1
h](,r)2n (206 P+ Z T (Q( )3(1+1)+Q( )3(1¢l)>

[m=1)
+ 3 e (pn(’“)““ (L >SJ“)

j=0
((nE 2]

+ Z Ry (pn( )3k+2 —Q(T+1)3k+2)),

k=

where P,T;,Q; and Ry € Z[Q(3)°Q(%$1)°), a,%,j,k € Z, and [ ] is the greatest
integer function, where

e 3t+1, ifn=3t+1 or 2,
€(n) = .
3(t—-1)+1, ifn=3t,
i 3t + 2, ifn=3t+2,
and é(n) = ;
3(t—1)+2, ifn=3tor +1.

In particular,

(,VI

n, if n is even,

where €'(n) = { n—1, ifnisodd

n!
k' (n—k)"

§2. Main result
For each t € Z*, we will check that there is n such that ¢ is the coefficient of a

and the binomial coefficient (’,:) =

—~2

n
term in hy(7) and check how many such n exists.

Theorem.

—~—2n

(1) Foreachtl € Z™, there is n such that t is the coefficient of a term in hy(7)

—~—2n

(2) t =1 is the coefficient of a term in hy(r) for all n.
In particular, 1 is the coefficient of

+1 +l e - . —~—2n
(=A™ @) +EUF)Y inha(r)

i
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e=d=1 if n=0(3),
where { €=p,@ =p if n=1(3),
?:ﬁ?’:p if n=2(3).

(3) If t is an odd prime, then there is unique integer n such that t is the

coefficient of -

Tkl

T+1)2u1—lﬂ( )271?1(€Q( 5

U=~ 2

)2+ EQ
In particular,

ift=2 then n =1, Q()3Q(3)*
and n =2, Q(E)P(5)°

ift=3 then n = 3, Q(Z1)"Q(3)
ift=1(3) thenn=t, Q(ZE)21Q(Z)2 (PATEL) 2 + pQ(5)2),
ift=2(3) thenn=1t, Q(ZE)?H1Q(5)2 Q)2 4+ (D))

Proof.

(1) Let t be a positive integer. All coefficients of hy(7) are forms of

(5

for some %,j and n € Z. For each integer,

Ot

——2t

Therefore t is the coefficient of hq1(7) .
(2) Let t =1 and n € Z*. Then since

-0

1 is the coefficients of

AT G (o

Hence, this completes (2).
(3) Let t =2, ie,

2= ( )2" '(1> for some 7.7 and n.
i J
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Since 2 and 1 are factors of 2, which of both satisfy

(7) R e Y (’) = §ap (") =1, 2" =1, (1) =B,
1 J 1 7

Ie,wehaven=1,i=0=jorn=1=2, j=1.

—— —_—2

Therefore, 2 is the coefficient of hy(7) and hy(7) in Q(I—z”—l)3Q(§)3 and

Q(Z52)5Q(3)3, respectively.

Let t be an odd prime. Then

t= (T;) A <;) for some 1, j and n.

Since t is an odd prime, n = i, (

Hence:=tand j=1.

")=1and(;.)=t.

3

By Proposition 2, we will easily check the remainder of (3). O

We write examples of Theorem in Appendix A.

Corollary. Ift =1 (3) is a prime then there is no t such that t is the coefficient
—~——2n
o[Q(——'f—’z1)”“Q(%)”“(pﬂ(—'—";‘)“2 +PQ(3)72) in hy(7) .

Proof. By Theorem, it is trivial. O

Also, if t is an even integer, then there exists at least two n’s such that ¢ is the

—~—2n

coefficient of a term in hy(7)

t

t
Forn=i=t,j=1andn=—-,j=i=§—1.

2

If t is an odd prime, then there is only integer n such that t? is the coefficient of

——2n

a term in hy(7)

Appendix A. Examples of Theorem

t n
1 1
2
3
b
2 1
2
3 3
4 2
2

term

U3
Q(r;l )SQ(%)S
Q) (pQ(F) +PUS))
Q)3 (pFH) + PAF))
Q(T;] )GQ(%)G
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) 4 Q51)°Q5)°(PAAE)? + p(§)?)
5 5 Q(fgl)ilﬂ(%)ll(n(r;l)a+Q(%)J)
6 :Z’ AT G GG+ GY)
2 2
6 () B(2)2 (o0 51)* + p(3)*)
; : RO + )
2 2
i Q)°00G)° Q) +(5)%)
8 QI)1TA(5)7(Q(T)° + Q(F)°)
J ¥ Q(734)1°0(3)" (e 551)T + p2(3)7)
10 5 Q) (pATF) + p2A(3)%)
o Q(’?)”Q(%)”(pﬂ(’;‘)+ﬁﬂ(§))
10 9(131)219(%)21(ﬁn(r;1)8+pQ(%)8)
= 11 Q(HH)2Q(2)3((32)° + (3)°)
12 3 Q(H)3Q(5)%(pTFH) + PA))
6 Q(%i)”ﬂ(%)”(ﬁﬂ(’+ )° + P2(%)°)
12 Q) P(3)(p5FE)12 + p(3)"?)
13 13 Q(L)27 (577U + p(35)")
14 7 Q(—1‘—)“’9(%)1 (© (’21)°+Q(%)6)
i 14 Q(5H)2(3)*() P +(3)"?)
15 6 QMR (p (%‘)“ﬂﬂ(%)z)
" ;5 gﬁiﬁigﬁfﬁ( U +p0(3)")
2
8 Q(—t;)”n(g)”(pﬂ(T) +79(3)7)
16 Q(TH)¥0(5)8 (pR(ZF) M + p2(3)™)
17 17 n(—*—)“n(g)“m(z—’)l +0(3)%)
18 9 LGS +pa(g>8>
18 QTH)¥0(5)7 (0(52)° + 72(3)'°)
19 19 Q(:)‘l‘iﬂ(%);( Q)Y + p2(3)')
20 6 Q(ZE)180(3)
10 QTP Q) +Q(3)°)
20 (7 1)419(%)41( (73—1)18_,{_9(%)18)
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