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ON THE 61-st, THE 62-nd, AND THE 63-th SMARANDACHE’S PROBLEM
Krassimir T. Atanassov
CLBME - Bulg. Academy of Sci., and MRL, P.O.Box 12, Sofia-1113, Bulgaria
e-mail: krat@bgcict.acad.bg

The 61-th problem from [1] is the following (see also Problem 66 from [2]):
Smarandache exponents (of power 2):

0,1,0,2,0,1,0,3,0,1,0,2,0,1,0,4,0,1,0,2,0,1,0,3,0,1,0,2,0,1,0,5,0,1,0,2,0,1,0,3,
0,1,0,2,0,1,0,4,0,1,0,2,0,1,0,3,0,1,0,2,0,1,0,6,0,1, ...

(e2(n) is the largest exponent (of power 2) which divides n.)
Or, ex(n) = k if 2% divides n but 2**1 does not.
In [1] and [2] there are two misprints in the above sequence.
The 62-th problem from [2] is the following (see also Problem 67 from [1]):

Smarandache exponents (of power 3):

0,0,1,0,0,1,0,0,2,0,0,1,0,0,1,0,0,2,0,0,1,0,0,1,0,0,3,0,0,1,0,0,1,0,0, 2,
0,0,1,0,0,1,0,0,2,0,0,1,0,0,1,0,0,2,0,0,1,0,0,1,0,0,2,0,0,1,0...

(e3(n) is the largest exponent (of power 3) which divides n.)
Or, es(n) = k if 3% divides n but 3**' does not.

The 63-th problem from [2] is the following (see also Problem 68 from [1]):
Smarandache exponents (of power p) { generalization }:
(ep(n) is the largest exponent (of power p) which divides n, where p is an integer > 2.)
Or, e,(n) = k if p* divides n but p** does not.

Let [z] be the integer part of the real number z.

We can rewrite the first sequence to the form:

7074’0)17072)07]"0’3’0? 170)270717
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and we can obtain formulas for the n—th member of the new sequence and of the the sum of
its first n elements, but the following form of the first sequence is more suitable and the two
corresponding formulas will be simpler:

,4,0,1,0,2,0,1,0,3,0,1,0,2,0, 1,0,

Therefore, the k—th row (k > 0) contains 2* members and let they be:

bk,ly bk,27 ceey bk,zk
and for every ¢ = 1,2,...,2% 1 :

bk,Zi = O

The second form of the sequence shows that for every £ > 1:

bO,l = 0>
k, =1
be2i—1 = bk—1,2i-1, if 2 < g < 2k2 (1)

bk—1,2i~2k—1—17 if 262 L] & g = 9k

Obviously, for every two natural numbers k, ¢ there exists a natural number n: by ; = ez(n).
Let the natural number n be fixed. Therefore, we can determine the number of the row
and the place in this row in which is places e3(n). They are:

k = [logan]

and
§ =n — 2ol 1.

Then, from (1) and from the second form of the sequence it follows the following explicit
representation:
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([ k,  ifi=1
E—1, ifi=2"241
k—2, ifi=2341ors=2242341
k—3, fi=2*4lori=2F342F141
ori=24492923 4 1ori=2*43234+1
k—4, ifi=2%5%41ori=2F542k441
org =251 2954 1] or3=2551324 11
br2i-1 = S ori =254 492k4 4 1or;=2k5452k441 ; (2)
ori =253 4+62441ori=2F54+72441

k—s, ifi=2*141ors=2F°142F>41
ori=2k2"1499ks 1 1or¢=2Fs1432F341
oL o ue

or § = 2k=s"1 4 (2071 —1).2%=* 4 1

for s < k.
The validity of (2) is seen direcly by our construction, or it can be proved, e.g., by

induction.
Let R} is the sum of the member from k—th row. Easily it can be seen that

R? =92F 1.

Now, let S% be the sum of the first n members of the sequence {es(n)}52,, i.e.

From (2) it can be seen that it is valid:

[logzn]—1 n—2lloganl 11
SZ = b R? + b3 b[logzn],i
7j=1 =1
[logan] n— 2[log2'n,] + 2]
= (21527 — 1 — [logn]) + [logan] + > I
Therefore,
2 [logan]+1 ltegzn] .= oliegzn] + 27
R 3)

The validity of (3) can be proved, e.g., by induction, using (2).

Also by induction it can be proved that

[log2n] n — 2llogan] n — Qllogan] 4 97

R e R ] @)
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On the other hand, it can be proved directly, that the right parts of (3) and (4) coincide.
For this aim it is enough to be proved that for every natural number n and for every natural
number j such that n > 2/%! the following identity is valid:

n — 2[log2'n] n — 2[log2n] o 2j n — 2[log2n] 4 2j
97 = 95+1 + [ 97+1 d

which can be made, e.g., by induction.
Analogically, we shall rewrite the second sequence to the form:

?YY Y Yy T

0,1,0,0
,0,1,0,0,1,0
0,1,0,0,1,0, ,0,0,2,0,0,1,0,0,1,0,0,
3,0,0,1,0,0,1,0,0,2,0,0,1,0,0,1,0,0,2,0,0,1,0,0,1,0,0,
4,0,0,1,0,0,1,0,0,2,0,0,1,0,0,1,0,0,2,0...

)

W N =
o O O
O:O
[\D\.[\D
= =
o O
r—-a:»-—A
ouo

A A B

Therefore, the k—th row (k > 1) contains 2.3* members and let they be:
bk,l) bk,?a sy bk,2.3‘°

and for every i =1,2,...,2.3F71 :
brgi-1 = brzi = 0.

The second form of this sequence shows that for every k& > 1:

k, ifi=1
bew o= Oro130 if 2 <i <23 (5)
RE2Z=Y By o gea, HZIFT 414 £k

by—1,3i-3%, i3 14+1<s <231

As in the first case, for every two natural numbers k,: there exists a natural number n:

bk,i = 62(7’1,).
Let the natural number n be fixed. Therefore, we can determine the number of the row

and the place in this row in which is places e;(n). They are:
k= [logSn]

and
s = n — 3logsn] 4 1,

Then, from (5) and from the second form of this sequence it follows the following explicit

representation (for s < k):
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[k, ifi=1lori=3"141

k-1, ifi=3241ori=232+1
ori=4.3*24+1o0ori=5324+1

k—2, ifi=33410r:=233+1
ori=334324+1ori=23"3432+1
ori=3F34923241o0or¢=23"3423241
ori=334+3324+10ri=23"34+33241
ori=3"34+4324+1ori=23"3443"241 (6)

brzi—2 = <
ori=334+53241ori=2334+53-24+1

k—s, ifi=3*141lori=23"°141
ori=35143 4 lors=232148 =41
O ..
or i =3F 21 4 (2371 - 1).3** 4+ 1
or i = 2.3k7s"1 4 (2.3571 —1).3k=° 4 1

The validity of (6) is seen direcly by our construction, or it can be proved, e.g., by
induction.
Let R: is the sum of the member from k—th row. Easily it can be seen that

R =3"—1.

Now, let S3 be the sum of the first n members of the sequence {e3(n)}52,, i.e.

From (6) it can be seen that it is valid:

& [logan]—1 . n—3llogzn] 41
S.= ¥ R+ p2 Blisggst,s
J=1 =1
3[logan] = [logan] on— 3[log3n] T — 3[109371]
= ——5— — llogan] + El =51 = [T—=7—1) + llogsn].
Therefore,
gllogsn] _ | [logan] n — 3llogsn] n — 3liogan]
" 2 i im1 Al 37 37+1 ) (7)

The validity of (7) can be proved, e.g., by induction, using (6).
By analogy with the above constructions, we can write the sequence of the p—th powers,
where p is a prime number in the form:
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Therefore, the k—th row (k > 1) contains (p — 1).p* members and let they be:
bk,15 Ok,25 +vs Ok (p—1) p
and for every ¢ = 1,2,...,(p — 1).pF 1 :
bkp.i-pt+2 = bkpi—pts = ... = bgpi = 0.

The second form of this sequence shows that for every k > 1:

br—1.3.4; if2<:<(p— 1),pk—2
bpo1pipk—2, if (p—1).pF2+1 <7< pF?
et ®)

bk—l,p.i—s.pk—la if ‘S'pk_l +1 S z S ('S + 1)'pk_1
fors=1,2,...,p—2

\

As in the first case, for every two natural numbers k,: there exists a natural number n:
bkﬂ' = 6,,(7’1,).

Let the natural number n be fixed. Therefore, we can determine the number of the row
and the place in this row in which is places e,(n). They are:

k = [logyn]

and
1=n— p[log””] + 1.

Then, from (8) and from the second form of this sequence it follows the following explicit
representation:

([ k, ifi=1lori=pF1+1
ori=2p"tori=(p—2)p"1+1

k—1, ifi=p2+4+lori=2p%4+1
or...ori=(p—1)p"2+1
ori=(p+1)p-2+1or..
ori=(2p—1).pf2+1or..
ori=((p—2).p)+1)pF2+1or..
bkpipi = ori=((p—1).p) — 1).p52 +1 )

k—s, ifi=pF*14lore=2p"*141
or...ori=(p—1)pF=*1+1
ori=pF T4 pFs4lor..ori=(p—1)pr*t+p2+1..
ori=pF L4 ((p—-1)pt=1)pF*+1..
ori=(p—1p"* 1+ ((p—1).p 7 =1)p=+1

)

for s < k.
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The validity of (9) is seen direcly by our construction, or it can be proved, e.g., by
induction.
Let RY is the sum of the member from k—th row. Easily it can be seen that

Rizpk—l.

Now, let S? be the sum of the first n members of the sequence {e,(n)}2,, i.e.

From (9) it can be seen that it is valid:

[logpn]—1 n—pllop™ 4 p

Sn = .E R? + ,E b[logpn],i
1=1 1=1
[logpn]+1_1 [logpn] _ pllogpn] _ llogpn]
p ., N—=D n—op
N I B ) (10
J:

The validity of (10) can be proved, e.g., by induction, using (9).

Finally, we shall note that (10) can be used for representation of n!. It is (see [3])

[logpn]+1 __ 1 [logpn]

_ llogpn] _ llogpn]
nl=1I 1 ¥ 4 [(r=E _[(r=p
(s PR R
or
m(n) llogpn]+1 _ q [logpn] _ pllogpn] _ pllogpn]
p . n=p n—p
nl = _H (————1 + .2 ]([ ; ] - [ i+1 ]))7
=1 p— =1 p] p]
where

P = {p1,p2,p3,.--} = {2,3,5,...}

is the set of the prime numbers.
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