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In the present paper we describe different (well-known and new) representations of n! for
the natural number n and comment them. The following denotations are used everywhere
below: [z] is the integer part of the real nonnegative number z; ord,m is the largest exponent
of power p which divides the natural number m, where p is a prime number, i.e.,ord,m = k if
and only if p* divides m, but p**! does not (another notation for ord,m is e,(m)); A marks

Mangoldt’s function; p marks Moébius function; P is the set of all primes; S{m) denotes

Stirling numbers of first kind; Z ) is used for binomial coefficients.

First, we give a short list of formulas for ord,n!:

[logpn] n
ordyn! = ¥ []; (1)
k=1 P
(5] -
ordyn! = ¥ [long]; (2)
k=1
A -
ord,n! = — Y ulkp)—I; 8
p & = (k)] (3)
n 1 [logpn] [Z]
ordyn! = 2ord,[=]! + =[log,n] — = ¥ (=-1)7*, (4)
2 2 2 k=1
and esspecially for ordyn!:
1 [logzn] - 1
ordon! == % (—1)[27] — —[logan] + 2[2]; (5)
2 k=1 2 2
[logzan] n+ 2k
ordan! = k§1 k. Skt ] (6)



Identity (1) is known as Legendre’s formula for ord,n!. Identity (2) holds from (1) and
from the identity

togpr] pp 13]
e

k§1 [P]: k

I DM

log, 7], (")

1

Identity (7) is a particular case from the following identity proved in [1]:

-]l g, (37! o
3 — (= 8
Z lgpl= E I ()l (8)

under the assumption that ¥(z) is an increasing function on [1,00) with W(1) > 0, where
U~1 is the inverse function of V. '
Putting in (8) ¥(m) = p™ and using that U~'(s) = logys, we get (7).
Identity (3) follows from the relation

2] "
- I plkp)] = llogonl; (9)

k=1

proved in [2], and from (2).

We need the representation (—1)i*1 = 1 — 2[z] + 4[F], which is valid for any real = > 0,
in order to prove (4) and after that to use (1). (5) is a corollary from (4) when p = 2, while
formulas (6) and (9) are proposed by Ivan Mladenov (our fellow-student since our being in
the Mathematical Faculty of the Sofia University). The proof of (6) is based on the equality

x T x4+ 2F
[——k‘]_[ k+1]:[ k+1 ]7
2 2 2
which is valid for any real x > 1.
Second, we give a short list of formulas for n!. Using the obvious formula

n! = 11 pordpn! = 11 pordpn!
p€EP,p<n pEP ’

(10)

i.e., the product is finite, because for p > n : prd,n! = 0, we may use each one of formulas
(1), (2) and (3) to represent n!. Other representations are given below.

nl= B (-1, (1)
= eap( T W), (12)

where U denotes Chebishev’s function, i.e., ¥(z) = X A(n);

g1

n

nl=ezxp( X A(k)[n

= E]); (13)
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——]), where k > 2.n™?; (14)

n! = %0 oy < . ) (z — k)", (15)

for every complex number z;

[logpn]+1 __

[logpn] _ mllogpn] _ pllogpn]
1 . Ip P
nl= T (%f + X 5([% ij - [* pgj+1 - (16)

p€EP,p<n

Identities (11) and (12) are well-known (see, e.g., [3,4]). For the proof of (13) it is necessary

firstly to note that ¥ A(d) = In k, where d runs all divisors of k. Therefore,
dlk

Y Y Ad= ¥ Ink=Innl (17)
k=1  dlk k=1

n (%]
Using the well-known identity X f(k) ¥ g(d)= X g(k) 5 f(ks) in the case f =

k=1 dlk k=1 s=1

1 and ¢ = A, we obtain

S5 A= I AR (18)

k=1 d|k k=1 k

Then (17) and (18) yield (13). Identity (14) is contained in [5], and identity (15) is proved
in [6], while the proof of the particular case z = 0 is given in [7].

Identity (16) can be proved as by induction, as well as directly from the construction from
[8], where the 66-th, 67-th, and 68-th Smarandache’s problems (see [9,10]) are solved. We
would like to note that in [9,10] there are other problems, related to the function “factorial”,
too.

Another representation of n! is based on (10), (4) and the following form of the Chebishev’s
function (see [11]):

U(n) = % [logyn].np =In TI plosenl

pEP pEP
1.e.,
e\I/(n) — H p[logpn]-
pEP

It has the form:

[logpn] (2]

QOTdP[%]!-F%[lng’n]—% by (-1) %
k=1

1
’I’L' = 11 pordpn. — I D
p€EP pEP
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I (pordp[%]!)2. 11 p[logpn]
p€EP p€EP

[logpn]
) (_1)[2%1
k=1
II p

p€EP

T ((5))%Ver®

pEP
== )
[lo.gp”] (L]
Yo (e
k=1
II p
pEP

i.e., we received the formula

pEP
nl = ,
[logpn] L
Y (-pFt
k=1
II p
pEP

which admits an interesting interpretation.

Namelly, it is known that e¥(® is the Least Common Multiple LCM of the natural
numbers smollar than n. Therefore,

I ([2]))2./ZCM(1,2, ., n)

p€EP
nl=
[fegpn] (%]
X (-n#
k=1
I p
pEP
Another form of the same formula is the following:
llogpn] B
¥ (_1)[71
(n|)2 k=1

LCM(L,2,...,n) = o p

([5IN* per

Of course, the product in the right hand side of each of the above three formulas is finite

[logpn]
and it is restricted up to p < n, because, if p > n, then [log,n] = 0 and the sum X
k=1

vanishes.
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We shall finish with a new result related to the concept “factorial”. The concepts of n!!
is already introduced and there are some problems in [9,10] related to it. Let us define the
new factorial n!!! only for numbers with the forms 3k + 1 and 3k + 2 (k > 0):

n!ll =1.2.4.5.7.8.10.11.....n

m

Forn= 3, a;.10™"* = ayas...a,,, where a; is a natural number and 0 < a; <9 (1 <7 <
=1

m) let (see [12]):

0 ,ifn=20
) = > a; , otherwise
=1

and for the sequence of functions g, 1, @2, ..., such that ¢o(n) = n, Yr+1 = @(¢kr(n)), where
(k is a natural number), let the function ) be defined by ¥ (n) = ¢;(n), where [ is the smallest
natural number for which ¢;41(n) = @i(n).

Let the sequence ay, ag, ... with member - natural numbers, be given and let ¢; = ¢ (a;) (1 =
1,2,...). Hence we deduce the sequence cy, cs, ... from the former sequence. If k¥ and [ exists,
such that [ > 0,¢41 = Cpyist = Copyiqt = ... for 1 < ¢ < k, then we shall say that <
Cl41,Cly2, .-, Clak > 1 a base of the sequence ¢y, ¢y, ... with a length £ and with respect to
function .

An obvious, but unpulbished up to now result is that the sequence {1(n!)}52; has a base
with a length of 1 with respect to the function ¢ and it is < 9 >. The first members of this
sequence are 1,2,6,6,3,9,9,9, ...

We shall prove that the sequence {(n!!!)}22, has a base with a length of 12 with respect
to the function 3 and it is < 1,2,8,4,1,8,8,7,1,5,8,1 > .

Really, the validity of the assertion for the first 12 natural numbers with the above men-
tioned forms, i.e., the numbers 1,2,4,5,7,8,10,11,13,14,16,17, is checked directly. Let us

assume that the assertion is valid for the numbers
(18k + )M (18k + 2)!M!, (18k + 4)!!!, (18% + S5)ML(18k + )M (18K + 8)!!, (18k + o),

(18% + 11)11, (18% + 13)11, (18% + 14)!1, (18K + 16)!11, (18K + 17)!1L.
Then

P((18k + 19)11) = ((18k + 17)L.(18k + 19)) = (v (18k + 17)11.4p(18k 4+ 19)) = o(1.1) = 1;
D((18k + 20)111) = ((18k + 19)111.(18% + 20)) = (v (18k + 19)!1.4p(18k + 20)) = (1.2) = 2;
D((18k + 22)111) = ((18k + 20)11.(18k + 22)) = (¥ (18k + 20)111.1p(18k + 22)) = 1h(2.4) = 8,

etc., with which the assertion is proved.
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