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A relation of modular discriminant A(7)

DAEYEOUL KIM

ApsTRACGT. Let A(Ar) = A(7) be modular discriminant and Q1) = (27)*(7)%, where n(t)
be Dedekind -function.

(a) A(r) = £ Q(HENATIEATE) + p02(5)).

,ll (T)2

— | . (T} 2.1
Sl(%)ﬂ(-’—%’—l)) (Theorem )

1 T y T\2
(b) A(r)==% ( l—ssz(—t_,u)lsz(gy - 16

§1. Preliminaries
We will use the term elliptic curve to mean an abelian variety of dimension 1. or. what
is the same, an irreducible non-singular projective algebraic curve of genus 1 furnished
with a point O, the origin for the group law.
It 1s standard to set
g2 = ¢2(A) = 060Gy and g3 = g3(\) = 140G,.
Then the algebraic relation between p(z) and p'(z) is
2 3
p'(2)" =4p(2)" — g2p(z) — 3.
Let ¢, and g3 be the quantities associated to a lattice A C €. Its discriminant
A(A) = gy — 2743
1s not zero. We called A(A;) = A(7) the modular discriminant.
The Dedekind y-function n(7) is defined by the product

o0
gl{r)= el2mir)/24 H(l —q") fort€h,q= 2miT

n=1

Let o and y be relatively prime integers with y > 0.
The Dedekind sum s(a,y) is defined to be

y—1 _] Lo 3 1
J(ix [
s(, :E— svalindl s ECB-3 P
W= y(y [y} 2)
=1
(The square bracket denotes the greatest integer function.)
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Proposition 1.1.[14].
(a) The Dedekind n-function satiesfies the identities

LN
&‘

Mr+1)=e2 (7). andy (—%) = vV —r(r).

Here we take the hranch of v/ Which is positive on the positive real axis.

(b)
A(r) = (2m) ()™

Proposntlon 1.2[7]. Let (1) = (2m)*y(7)®. where 5(r) be Dedekind n-function and let

p=e5 and —p=ce 5
1 e
(a) n(r)*® = o= [2n(5 )" n(=5H )™

() () (”'/(%—‘)‘“ + ﬁn(ﬂlﬁ):l .
() ) = oy {”(%“"G?(%) +pn(’—-t~‘>>

+(Z (su—t ) + /»82(3))}

§2.Main theorem

Theorem 2.1. Let

for arbitrarv n.
(a) A7) = :tl—G—Q( LI TNPUTEL) + pQ(T)).

1 y g hl(T)
) - —Q(ELV2 (T —16—m -t ) .
(h] Alr)=% (IGQ( > ) Sl(z) 16&2(%) (T21)>

Proof.
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(a) By definition of modular discriminant and Proposition 1.2,

,  QI)yq
apry = M o Tt oty | (Tt Ly 4 Ty
O(IEL)2Q)(Z)2 r+1 . )
2 o )9(—)+ﬁ‘52(—~—) + 0 UGN
Q(IEL2Q(2)2 e T+
= —i 5) U+ S
QI T+ 1
S P~ 5 )]‘
2
- SUDEUATE) + )
Therefore, A(7) = —Q '—}L QAT PATE) + P T)).
(b) By (a),
Ar) = Ly 1 (5))
1 +1 1
:16 (T )Q( 5)(p +70(3))
B Q 1)0 T+1 B T
_E( ( J(=p = DQU—=) + (=P = DAZ))
1 +1 T 7'+1 T
:TEQ( (5)(—(/)9( 5 )+p$2(§)) (€X( Q(5)))-
Thus,
T+ 1 e Ty A(T)____ T4+ 1 T
PU——) +78(35) = 16Q(%1)S2(§) A——)A3).
Also by definition of hy(7)?,
L QEELEQ(D) T +1 + 1 .
hi(r)? = (22?56(2) 2(2(T fl(%)+/)fl(~———T~ )+ﬁ52(%)]
_Q(EF)ZQ(E) [ 1 +1 T 16A(T T+1 1
- e .29( )&2(5 EESTH — Q 5 )51(5
QG [ T4l 7 16A(r)
256 |2 M) T g )sz<§)]
QEEP(E)?  EhHAPAT)
256 16
Thus, -
. QIELPOI)? 1) Q()A
e (ZQLG(Z) _ - AHHUHA)
Therefore,
’l](T)z
_+_ 2 i P <o) . A,
Ar) = sz( QL) - 169(%)9(%_1)
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