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ON CERTAIN ARITHMETICAL PRODUCTS 

INVOLVING REGULAR CONVOLUTIONS

Laszlo T oth and Jozsef Sandor

A bstract. We generalize von Mangold t ’s function and certain arithmetical products 
of trigonometrical functions and Euler’s gamma, function in terms of Narkiewicz’s regular 
convolutions. We give arithmetic evaluations for these products and we establish asymptotic 
formulae for them in case of cross-convolutions, investigated by the first author in previous
papers.
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1. Introduction

Let A be a regular convolution of Narkiewicz-type ([Nar63]) given by

( / * a 9 ) W =  / ( % ( n/ rf)-
d £ A ( n )

see also [McC86], [Sit78], [T97-i]. The elements of the set A(n) are called the A-divisors 
of n. This is a common generalization of the Dirichlet convolution D and of the unitary 
convolution U , cf. [C60].

Let N denote the set of positive integers. We recall that if A is a regular convolution, 
then

(a) for every prime power pa there exists a divisor t =  t A(pa) of a, called the type of 
pa with respect to A, such that A(pu ) =  {1, p*,p2e, ...,p4*} for every i 6 {0 ,1 ,..., a /f} ,

(b) the function / ,  defined by /(« ) =  1 for all n € N , has an inverse pA with respect 
to the A-convolution, p A is multiplicative and for all prime powers pa one has

f /  - 1-
A  ̂ y 0, otherwise.

For k & N, let Ak{n) =  {d, G N : dk E A(nk) } . The Ak -convolution is regular whenever 
the A-convolution is regular, see [Sit.78], Theorem 3.1. Let (a, b)A k denote the largest k -th 
power divisor of a which belongs to A(b), Note that (a, b)D i is the usual greatest common 
divisor of a and 6.



< * »  -  n  ft  ( y ) .
1< x < n k

(i( z tn h )Ath)1' he S

where n E N ,n > 2, 5  is an arbitrary subset of N, 1 < i < 3, ^  (*) = sin zraj, tp2(x) ~ 
(2 sin Trat)*, ^3(af) — F(;e) is Euler’s gamma function.

We introduce a generalization of von Man gold t’s arithmetical function, we give arith­
metical evaluations for these products and establish asymptotic formulae for them in case 
of cross-convolutions.

The notion of cross-convolution, as a special regular convolution, was introduced and 
investigated by the first author in [T95],[T97-i], [T-ii], [T-iii] as follows. Let A be a regular 
convolution. We say that A is a cross-convolution if for every prime p we have either 
tA(pa) =  1, i.e. A(pa) — {1 ,p,/>2, ...,pa} =  D(pa) for every a E N or t A(pa) =  a, i.e. 
A(pa) — { l ,p a} =  U(pa) for every a E N. Let P and Q be the sets of the primes of the 
first and second kind of above, respectively, where P  U Q =  P is the set of all primes. For 
P  =  P and Q =  0 we have the Dirichlet convolution D and for P =  0 and Q — P we 
obtain the unitary convolution U .

Furthermore, let (P) and (Q) denote the multiplicative semigroups generated by {1}UF  
and { l f u Q ,  respectively. Every n E N can be written uniquely in the form n — np rig , 
where np E (F ),n^  E (Q).

Remark 1. If A is a cross-convolution, then A k — A for every k E N, see [Sit78], Theorem
3.3.

Our results generalize earlier results of [ST90], given in the case A = 0  and k = I, see 
also [ST89].

2. Arithmetical evaluations

For a subset S  of N let p s denote the characteristic function of 5 , that is ps (n) — 1 if 
n E S', and p s {n) — 0 if /a  ̂5. The generalized Mdbius function p s A is defined by

(1) X I ~  Ps(n)’
d £ A ( n )

see P. Baukkanen [1188]. If 5  =  { !}, then p s A — p A , and if A — I)) then p A =  p is 
the classical Mobius function. The function p s D was introduced by FT Cohen [C59].

We say that S is multiplicative if its characteristic function ps is multiplicative, i.e,
1 E S and mn E S if and only if rn E 5, n E S for every m, n E N with (m, n) = 1.

In order to give arithmetical evaluations of the above products we introduce the following 
generalizations of von Mangoldfs function. For a regular convolution A let

(2) AA{ n ) ~  Y 2  MA(nA0 logd = -
d £ A ( n )  d £ A ( n )

In this paper we investigate the arithmetical products
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(3) AS,a (H) - Y  f‘s(d)AA(n/ d)’
d £ A ( n )

for every n G N .
If A — D , then As D =  As is the function investigated by us in [ST90]. If S = {1} j 

then A |^ A = A.a and if S — N, then A^A(?i) =  logn, for every n G N and for every 
regular convolution A, A {) is the classical function of von Man gold t, A(J =  A* was defined 
by A. Bege [B90].

Theorem  1. // A is a regular convolution, S C N and n G N , then

for every n G N and if S C  N , lei

(i)

(ii)

53
d £ A ( n )

A^(") =
t logp, if n ~ pa, a prime power and t — tA{pa), 

0, otherwise,

( i l l ) A s , x ( n )  =  ^ , < 4  ( n / d ) l o S

d £ A ( n )

(iv)
T

a s , a  ( ’ * ) = lo g n * " .
i = l

where n  — ][ T f - i  K li - =  O W ‘ ) an</

C l i f t i

c- =  tt ]T  p.,(n/pjfi), 6 {1, 2 , r}.
i - i

Proof, (i) According to (2) we have A4 — log*A/i,A> therefore Aa *A / = log*A/iA *A / = 
log.

(ii) If n = pa is a prime power and £ = i A(pa) , then

AA(p‘\) “  -  log 1 -  /iA( y ) log// = t logp,

using the properties of /iA. If n = f]J-i , with r > 2 and t; — l A(p*i) ) then we obtain 
from (2)

A ^ n) = -  ( log 1 + 5 3 ^ / i (^ l) l ° g ^ 1 +  5 3
t =  l 1 <  t <  j  <  r

+ 5 3  +  M/|(Pi1- ^ r) log(Pt1-P rr)
Kt<j<fcO
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= X > s p ‘‘ -  E  log(p‘‘pj')+ E  ^ s i p Y p / P k ) - ■ ■ ■  +  ( - l ) r l °z (p\1---Ptrr)

= ( ( f i />:•)( n  pi-Pi')_ i ( ny l < t < j < r  l < t < t < f e < r
For every i £ { 1 , 2 , r } , the exponent of p\l is

■ r — 1
1 . . .+ H r ( ; : ;  = ° ,

which finishes the proof of (ii).
(iii) Using (3), (2) and (1) we get

k S , A  =  P S  * A  A A =  P S  * A  \ ° Z * a P a  =  l o ^ * A P s , A

(iv) From (3) and (ii) we obtain

AS, /»(")=  E  AA(d)Psin!d) =  5 3  5 3  k A ^ i ti)Ps(nl ^ i i )
ci£A(n) t = l j — l

r a i / t i  r

= E E (*< log P.')Ps(»/pf‘) =  log n P;;-
»=1 j —1 i = 1

For a, regular convolution A , for 5  C N and /e £ N let <j>s A k(n) denote the number of 
integers x (mod nh) such that ((a?, nk)A k)l k̂ £ S. This generalized Euler function was 
introduced by P. Haukkanen [H88] and one has

(4 ) ^SyAyk ~  P s ,A k *Ak &k  >
where Ek(n) =  nk, n £ N. Observe that r̂ jj Dl  =  4> is Euler’s arithmetical function. For 
other special cases investigated in the literature see [H88], [T97-i].

Theorem  2. ff A w regular convolution, S  C N and £ N,n > 2, then

(5) =  e x p * A ^ » / 2 ^ . ‘W - ^ ’*>,

(6) k
3 E ( n) =  ex p ^As,^k(")>

(7) p(3)
r S tA,k (n) =  l(<27r)^.x,fc(r.)-ps(»)/expfcAs.^k(n))

1 /2
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Proof. Applying the fact that dk £ A({a)b)A k) if and only if dk\a and dk € A(6), see 
[Sit78], Theorem 4.2, we have

i o g P ^ J n )  =  5 3  log (* /» * )=  5 3  logiPi ( z /n k)ps (((x,nk)A'ky lk)
1 < x < n k

( ( x , nk )A>k) 1/k£ S
l< a ? < n fc

Hence

(8)

$ 3  1°gV’i(*/«'e) I 5 3  '‘m .W
l<x<nfc \ d keA((x,nk)Aik)

( \
-  5 3  log

l O < n fc
53 ^*(d)

de-̂ fc(n)
\  d‘l® /

= 5 3  p s .aM )  5 3  log i>i(vdk/ nk)-
d&Ak(n) l < y = : x f d k < ( n l d ) k

loss’s,!»,*(») = 53 ^J^iog II $i(vl{nl d)k)-
d E A k (n)  l < y < ( n / d ) k

Now let ^1(a?) =  sin7ra;. Then using the well-known formula

TT sin —  =  n/2n~1, n E N, n >  2,i< s e < n
we obtain from (8)

log ps!l,k(n)= 53 Vs.aMx)
dGAfc(n)

= * E ĵ̂ iogW )̂ - (!°g2) ( 53 -  23
dG A fc(n) \ d e A k (n)  d £ A k(n)

= kAs ,A„(n ) -  0 og 2) ( ^ ,f c ( « )  -  Ps(n))>
by Theorem l/(iii), (1) and (4), and we get formula (5).

Now for V>2(#) — (2 sin 7rx)x and applying the formula

TT (2 sin —  )* =  nn/>2,A A n1 <»<n

see B. Malvina [M86], we get from (8)

>(2)log ps,A,k(n)= 53 t*s,AkW loz =
c£GAfc(n)

ie>3



which is formula (6). Finally, for V>3(a?) =  T(*) and taking into account of

[ ]  F (z/n) =  ((2*)»-V «)1/a,
!<»<n

we obtain

<2€Afc(n)

= i(log27r(<^5:  ̂fe(«) -  ps (n)) -  kAS Ak(n)),

which gives (7).

3. Asymptotic formulae

We need the following lemmas

Lemma 1. ([T97-i], Theorem 8) If A is a cross-convolution, S C N and fe 6 N, then
3E * W") = tU .+ 0(Ck(s'*■ Q)}’

n<Cx

where
n _  y '  ^5,A(n)^(n^)
s,A,k 2 s  n^+in

n~l Q
and Ck(S, x,Q)  =  xk (k > 1), * log4 « (k =  1 and Q infinite set), x log2 * (k — 1 and 
Q finite set or k =  1,Q infinite set and S multiplicative), *loga; (k =  1 ,Q finite set and 
S multiplicative).

Lemma 2. For every S  C N and for every regular convolution A ,

E A*,» =
n<Cx

Proof. From Theorem 1 / (ii) we have AA(n) > 0 for every n £ N and by (3)

0 < A S|» <  E = loS n-
d £ A ( n )

therefore

E As,̂ (n) ̂  E 1°g’‘ = °(*los*)-
n<Cx n < x

Remark 2. It is well-known, that for von Mangoldt’s function one has Yln<x ~  
0{x).  If S  is such that the Dirichlet series of ps is convergent in 2 =  1 (in particular if S 
is finite), then for the function A,* D =  As we get 5^n<Jp A9(n) =  O(x). Indeed, by (3) we 
can deduce

E As(")= E = E^(rf) E A(e)n < «  n < ;e  d\n <i<£ e < . x f d

= E ps(d)°(x/d) = °(x E = °^'
d < x  d < x
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Theorem  3. If A is a cross-convolution, S  C N and k 6 N, then

( 9 ) £ l o g P s ! i , f c ( n ) -  lo g 2 tf * f c + i + 0 (C k(S,x•;Q)),
n < a ?

( 1 0 ) £ i ° g p £ L ( « ) =  0 ( a j  l o g * ) ,

n<x

( H ) £  i ° g  p v L ( " )

n<Lx - i r r . , ^ +o«4« £ , Q ) ) >

w / i e r e a n d  C k ( S , x , Q )  a re # t t > e n  i n  L e m m a  1 .

Proof. By Remark 1, Theorem 2, Lemma 1 and Lemma 2 we obtain

£ log Pv L M  = £ ( * AS,,»(n) -  (t s ,A,k(n) ~ /,s (n) ) '°g 2)
n<Cx n <. x

k £  As , »  ~  (|og'2) ( £  * s,a ,*(») -  5 1  ^ ( ” ))
n < x n<Lx n < x

0(x  log*) -  (log2)(~-^~j-/3s. (4if.* fe+' +  0 {C h(S,x, Q)) +  0{x))

=  - ) ^ W log2)* + 0(C k(S,x ,Q)) t

which is (9). Furthermore,

£ log Pw M  = £  \ ^ S,A,k(n ) -  P s M )log 2* -  ("))
n<Cx n < .x

= ^ 1 ( - j r r i f ,s,A* * h+1+ * >  q ) ) + o ( « ) + o (*  log *).
and we get (11), while (10) yields at once by Lemma 2.

Corollary. (5  = {1}) For  ̂k =  P ^ , i  € {1,3} toe have

£ i ° g pi > )  =  +  o (o * (* ,Q )),

,(3) / \ _ log 2tt

n<Lx

n<®
where

P -  J \
/?v4,A: n ( i - j i r ) n ( iP G P  V ^  7 P G Q  X

2and Dk{x,Q) = xk (k > l ) ,  *log * (k =  1 and Q infinite set), * log* (fc =  1 and Q 
finite s e t ) .

Proof. Use Theorem 3 and apply Euler’s product formula for the series cf.
[T97-i], Lemma 10.

The particular case A = D,k  =  1 was considered in our papers [ST89], [ST90].
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