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ON CERTAIN ARITHMETICAL PRODUCTS
INVOLVING REGULAR CONVOLUTIONS

Laszlo Toth and Jozsef Sandor

Abstract. We generalize von Mangoldt’s function and certain arithmetical products
of trigonometrical functions and Euler’s gamma, function in terms of Narkiewicz’s regular
convolutions. We give arithmetic evaluations for these products and we establish asymptotic
formulae for them in case of cross-convolutions, investigated by the first author in previous
papers.
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1. Introduction

Let A be a regular convolution of Narkiewicz-type ([Nar63]) given by

(/*a9)W = 1(% (n/ rf-
d£A(n)

see also [McCB86], [Sit78], [T97-i]. The elements of the set A(n) are called the A-divisors
of n. This is a common generalization of the Dirichlet convolution D and of the unitary
convolution U, cf. [C60].

Let N denote the set of positive integers. We recall that if A is a regular convolution,
then

(a) for every prime power pa there exists a divisor t = tA(pa) of a, called the type of
pa with respect to A, such that A(pu) = {1, p*,p2e, ...,p4} for every i 6 {0,1,..., a/f},

(b) the function /, defined by /(«) = 1 for all n € N, has an inverse pA with respect
to the A-convolution, pA is multiplicative and for all prime powers pa one has

f /- 1-
AN y 0, otherwise.

For k &N, let Ak{n) = {d, GN :dk E A(nk)}. The Ak-convolution is regular whenever
the A-convolution is regular, see [Sit.78], Theorem 3.1. Let (a, b)Ak denote the largest k-th
power divisor of a which belongs to A(b), Note that (a, b)D i is the usual greatest common
divisor of a and 6.



In this paper we investigate the arithmetical products

< * » - n ft(y).
l<x<nk
@(ztn h)Ath)1' he S
where n EN,n > 2, 5 is an arbitrary subset of N, 1 < i < 3, ™ (*) = sinzg, tp2(x) ~
(2 sin Traty*, ~3(af) —F(;e) is Euler’s gamma function.

We introduce a generalization of von Mangoldt’s arithmetical function, we give arith-
metical evaluations for these products and establish asymptotic formulae for them in case
of cross-convolutions.

The notion of cross-convolution, as a special regular convolution, was introduced and
investigated by the first author in [T95],[T97-i], [T-ii], [T-iii] as follows. Let A be a regular
convolution. We say that A is a cross-convolution if for every prime p we have either
tA(pa) = 1, i.e. A(pa) —{1,p/>2,....pa} = D(pa) for every a E N or tA(pa) = a, ie.
A(pa) —{l,pa} = U(pa) for every a EN. Let P and Q be the sets of the primes of the
first and second kind of above, respectively, where P UQ = P is the set of all primes. For
P =P and Q = 0 we have the Dirichlet convolution D and for P = 0 and Q —P we
obtain the unitary convolution U.

Furthermore, let (P) and (Q) denote the multiplicative semigroups generated by {1}UF
and {IfuQ, respectively. Every n E N can be written uniquely in the form n —nprig,
where np E (F),n™ E (Q).

Remark 1. If A is across-convolution, then Ak —A for every k E N, see [Sit78], Theorem
3.3.

Our results generalize earlier results of [ST90], given in the case A = 0 and k = 1, see
also [ST89].

2. Arithmetical evaluations

For asubset S of N let ps denote the characteristic function of 5, that is ps(n) —1 if
nES, and ps{n) —0 if A~ 5. The generalized Mdbius function ps A is defined by

(1) X1 ~ Ps(n)’
d£A(n)

see P. Baukkanen [1188]. If 5 = {!}, then ps A—pA, and if A —1))then pA=p is
the classical Mobius function. The function ps D was introduced by FT Cohen [C59].

We say that S is multiplicative if its characteristic function ps is multiplicative, i.e,
1ES and mn ES ifand only if mE5,n ES for every m,n EN with (m, n) = 1

In order to give arithmetical evaluations of the above products we introduce the following
generalizations of von Mangoldfs function. For a regular convolution A let

(2) AA{n)~ Y2 MAMNAO logd = -
dEA(N) dEA(n)
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for every n GN and if SC N, lei

3) AS,a(H) - Y f's(d)AA(n/d)’
d£A(N)
for every n GN.
If A—D, then AsD = As is the function investigated by us in [ST90]. If S = {1}]
then A|™ A= Aa and if S —N, then A™A(?) = logn, for every n G N and for every
regular convolution A, A{) is the classical function of von Mangoldt, AQJ = A* was defined
by A. Bege [B90].

Theorem 1. // A is a regular convolution, S CN and n GN, then

(i) 53

dEA(Nn)
- tlogp, ifn ~ pa, aprime power and t —tA{pa),
(i) AN = .
0, otherwise,
@ As,x(n) = A <4 (n/7d)los
dEA(N)
T
(IV) as,a(’*)ZIOgn*".
i=1
where n —Tf-iKli- = O W ‘') an</

Clifti
c-=tt]T p.,(n/pjfi), 6 {1,2 , r}.
i-i

Proof, (i) According to (2) we have A4 —log*A/i,A>therefore Aa*A/ = log*AliIA*Al =
log.
(i) If n = pa is a prime power and £= iA(pa), then

AAP\) “ - logl- /iA(y)log// = tlogp,

using the properties of /iA. If n = f]J-i , with r > 2 and t; —IA(p*i)) then we obtain
from (2)
A”n) = - (log 1+ 53~/i(~)I°g~1+ 53
t=1 l<t<j<r
+ 53 + M|(Pil-~ r) log(Ptl-Prr)
Kt<j<fcO
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=X=>sp‘“- E log(p*‘pj*)+ E NsipYp/Pk)-mmm + (-1)rl1°z(p\1---Ptr)

= ((fi/>=)( n pi-Pi_i( n
y

I<t<j<r I<t<t<fe<r

Forevery i £ { 1,2, r}, the exponent of p\l is

m—1
1 LA HT (5 =e,

which finishes the proof of (ii).
(iii) Using (3), (2) and (1) we get

k SSA = PS*A AA = PS *A\°Z*aPa = lo~"*APs,A

(iv) From (3) and (ii) we obtain

AS/»(")= E AA(d)Psin!'d) = 53 53 k ANiti)Ps(nl”ii)
CIEA(N) t=1 j—+
EaiEti r
- < logP.")Ps(»/pf*) = log [ P::-
)ﬁlj_l( gP.")Ps(»/pf) gi:1

For a regular convolution A, for 5 C N and £ N let $s Ak(n) denote the number of
integers x (mod nh) such that (@, nk)AK)I”k £ S. This generalized Euler function was
introduced by P. Haukkanen [H88] and one has

(4) ~SyAyk — Ps,Ak *Ak &k >

where Ek(n) = nk,n £ N. Observe that ~rjj DI = 4 is Euler’s arithmetical function. For
other special cases investigated in the literature see [H88], [T97-i].

Theorem 2. ff A w regular convolution, S CN and £ N,n > 2, then
(5) ZeXP*AN»[2N W SN
k
(6) 3E (n) = exp MAs, k(">
1/2
(7) PER « (n) = (<2F)™.x,&(r.)-ps(»)/expfcAs.~k(n))
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Proof. Applying the fact that dk £ A({a)b)Ak) if and only if dk\a and dk € A(6), see
[Sit78], Theorem 4.2, we have

iogP”™Jn) = 53 log (*/»*)= 53 logiPi(z/nk)ps (((x,nk)Aky Ik)
1<x<nk I<a?<nf
((x,nk)A>K) 1/KE S

$3  PLgVi(*/«'e) | 53 “m W
l<x<nt \d keA((x,nk)Aik)

(
- 53 log A*(C)

10 <nt
\ d‘I®
= 53 ps.aM) 53 logi>i(vdk/ nk)-
d&Ak(n) I<y=:xfdk<(nld)k
Hence
©) lss3hy®d= 53 NJMog 11 sigvigniay
dEAK(n) I<y<(n/d)k

Now let ~1(@?) = sin7ra;. Then using the well-known formula

TT sin— =n/2n~1, nEN,n> 2,

i<se<n

we obtain from (8)

o=, 5, -
=* E_"iogW") - (R ( B B

dG Afo(n) d£AK(n)

=kAs,A,,(n) - 0og2)(",fc(«) - Ps(n)>
by Theorem 1/(iii), (1) and (4), and we get formula (5).
Now for \2(#) —(2sin 7rx)x and applying the formula

(2sin — )* = nn>2
1<n< il

see B. Malvina [M86], we get from (8)

Icgo<2A k(n )_ t*s, AKW loz—

ie>3



which is formula (6). Finally, for \B(@@?) = T(*) and taking into account of

[1 F(z/n) = ((2*)»-V«)1/a,
I<»<n

we obtain

ZAMN)
= i(log27r(<"5:” fe(«) - ps(n)) - kASAk(n)),
which gives (7).

3. Asymptotic formulae

We need the following lemmas

Lemma 1. ([T97-i], Theorem 8) If A is a cross-convolution, S CN and 6 N, then
3
N\ 7
EAW") = tU .+0GE )

n _ Yy A5AMN(NNY)
sAK 2s n+in
n~I
and Ck(S, x,Q) = xk (k > 1), *logd« (k = 1 and Q infinite set), xlog2* (k —1 and
Q finite set or k = 1,Q infinite set and S multiplicative), *loga; (k = 1,Q finite set and

S multiplicative).

where

Lemma 2. For every S C N and for every regular convolution A,

EA»=

n<Cx
Proof. From Theorem 1/ (ii) we have AA(n) > 0 for every n £ N and by (3)

0<AS» < E —loSn-
dEA(N)

E A"N"E I'="("c}

n<Cx

therefore

Remark 2. It is well-known, that for von Mangoldt’s function one has YIn<x ~
0{x). If S is such that the Dirichlet series of ps is convergent in 2 = 1 (in particular if S
is finite), then for the function A*D = As we get 5*n<Jp A9(n) = O(x). Indeed, by (3) we

can deduce HE« M'):Ee N :<iE<£/\(rDe<,Exfd @
ERPUI(E ="
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Theorem 3. If A is a cross-convolution, S CN and k 6 N, then

= |Og2tf * fo+ i+ O(Ck(S,X,Q))’

(9) £ log P s!li,fc(n)

n<a?
(10) £ icg pEL («) - 9 (ailogr),

n<x

-
(H) £ g PV L (") I r r /\ -I-O(d((EVQ))>
. |

n<lLx

w/iere and Ck(S,x,Q) are #tt>en in Lemma 1.

Proof. By Remark 1, Theorem 2, Lemma 1 and Lemma 2 we obtain

r£\<0<|0g PvLM = £ (* AS»n)- (ts,Ak(n) ~/s(n))'°g2)

n<.Xx

KE As,» ~ (|0g2) (£ *sa,*(») - 51 "~("))

n<x n<Lx n<x

0(x log*) - (log2)(~-"~j-/3s. @f.*fe+' + 0{Ch(S,x, Q)) + 0{x))

=-)"~ W log2)* + 0(Ck(S,x,Q))t
which is (9). Furthermore,

£ logPw M = £ \ ~ SAk(n)- PsM)log2* - )

n<Cx n<.x

=~ 1(-jrrif,s,A**h+1+ * > q))+ o(«)+ o(* log*).
and we get (11), while (10) yields at once by Lemma 2.
Corollary. (5 = {1}) For ~Nk=P~"N,i € {1,3} toe have

£icgpi>) = +0(0*(*,Q)),
n<Lx
3/ \ _ log2u«
n<®
where
P-J \

Pam n (i-jir)n (i
PGP V n 7 PGQ X

and Dk{x,Q) = xk (k > 1), *log®* (k = 1 and Q infinite set), *log* (fc = 1 and Q
finite set).

Proof. Use Theorem 3 and apply Euler’s product formula for the series cf.
[T97-1], Lemma 10.

The particular case A = D,k = 1 was considered in our papers [ST89], [ST90].

165



References

[B90] A. Bege, A generalization of von MangoldPs function, Bull. Number Theory 14
(1990), 73-78.

[059] E. Cohen Arithmetical functions associated with arbitrary sets of integers, Acta.
Arith. 5 (1959), 407-415.

[C60] E.COHEN, Arithmetical functions associated with the unitary divisors of an integer,
Math. Z 74 (1960), 66-80.

[H88] P. HAUKKANEN, Some generalized totient functions, Math. Student 56 (1988),
65-74.

[M86] B. Malvina, Trigonometric identities, Intern. J. Math. Math. Sci. 9 (1986),
705-714.

[McC86] P. J, McCarthy, Introduction to arithmetical functions, Springer- Verlag,
New York, Berlin, Heidelberg, Tokyo, 1986.

[Nar63] W. NARKIEWICZ, On a class of arithmetical convolutions, Collog. Math. 10
(1963), 81-94.

[ST89] J. SANDOR and L. Toth, A remark on the gamma function, Elem. Math. 44
(1989), 73-76.

[ST90] J. Sandor and L. Toth, On some arithmetical products, Publ. Centre Rech.
Math. Pures, Serie I., 20 (1990), 5-8.

[Sit78] V. Sita Ramaiah, Arithmetical sums in regular convolutions, J. Reine Angew.
Math. 303/304 (1978), 265-283.

[T95] L. Toth, Contributions to the theory of arithmetical functions defined by regular
convolutions (Romanian), thesis, “Babe§-Bolyai” University, Cluj-Napoca, 1995.

[T97-i] L. Toth Asymptotic formulae concerning arithmetical functions defined by cross-
convolutions, I. Divisor-sum functions and Euler-type functions, Publ. Math. Debrecen 50
(1997), 159-176.

[T-ii] L.Toth, Asymptotic formulae concerning arithmetical functions defined by cross-
convolutions, Il. The divisor function, Studia Univ. Babe8-Bolyai, Math., to appear.

[T-iii] L. Toth, Asymptotic formulae concerning arithmetical functions defined by cross-

convolutions, Ill. On the function rk, Studia Sci. Math. Hungarica, to appear.
Laszlo Toth Jozsef Sandor
Faculty of Mathematics Jud. Harghita

and Computer Science RO-4160 Forleni 79
”’Babe8-Bolyai” University Romania

Str. M. Kog&lniccanu 1
RO-3400 Cluj-Napoca

Romania

E-mail: Itoth€math.ubbcluj.ro

166



