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0. Preliminaries

The notion of unitary divisor of a number, as well as some arithmetic functions associated
with this notion has been introduced by E. Cohen [4,5]. By definition, d is a unitary divisor of

n (see also [6]), noted by d | n, if d|n and (d, =1 Clearly 1 |n and n | n. Let of(n) be the

sum of k—th powers of unitary divisors of n, i.e., of(n = Y d* and oi(n) = o*(n), as(n) =
d|n

d*(n) - the sum, and the number of unitary divisors of n, respectively. Similarly, let

1s ifn=1

p#(n) ={ (=1)7, ifn=1(r=w(n))

and o5(n) = n*. 3 £ be the Mobius and Euler- type arithmetic functions. Define also by
din

(f@9g)(n) = 3 f(d).g(5) the unitary convolution of f and g.

d|n

r

Let n = [] p{ be the canonical representation of n, where r = w(n) denotes the number

i=1

of distinct prime factors of n. Then we have (cf. [4,5])

sim) = I (1455 (1)
cm = T1 (a0 =2 )
o) = T1 (o 3)

=1



and
ox(n) =U + Ex, ¢i(n) =4+ Ey, (4)
where we note Ex(n) = n*, U(n) =1 (ne=1,23,..
The aim of this paper is to prove some relations and inequalities for the above mentioned
arithmetical functions as well as connections with the classical arithmetic functions. These

relations have similarity with some known results (sce (2,6,9,13,14,17,19,22]). For other meth-

ods we refer to the paper [21]. For definitions and properties of the so-called “non-unitary
divisors”, see {12].

1. Inequalities for o}

1) R. Sivaramakrishnan and C. S. Venkataraman [15] have proved that

ox/d(n) > n*/2, (5)
On the other hand it is known that

q

(n) _n+1
i S 2 (6)

which is due to E. S. Langford [10,15]. For new proofs and generalizations see [19,20].

We can find an extended analogue of (6) by using the following inequality of G. Polya
and G. Szegd [16]: Let 0 <a <ar < A,0<b< b < B (k=1,2,..,3) be two sequences of
real numbers. Then

(4} +aj+...+a2).(03 + B3+ ... +82) _ (AB+ab)’

7

(a2b} + a2b2 + ... + a2b? ~ 4ADBab (M

To use (7) we first remark that if dy,d,,...,d, are the unitary divisors of n > 2, then
n|dy, n|d,, ... n|d,, are also unitary divisors of n (because of d|n, (d,n/d) = 1 iff n/d|n,

(n/d,n/(n/d)) = 1) and the equality é df = i (n/d;)* implies that

=1 =1

> dt=nt T ®

=1 =1

Let £ > 0,/ > 0 and apply (7) for a; = df/z,b.‘ = cl,-_l/2 (i =1,2,...,5). Here a = 1,A =
n*/2 B = 1. Taking into account (8) we get the following inequality:

” - 1/2 k—1 nu':ﬂl
(ak(:)‘-fn(g;)) : <n & — T (9)

KD



which for k = [ yields

oi(n nk 41
( ;( ) < ; ; (10)
This is an extended analogue of Langford’s inequality. In order to prove (5) for o} and
d*, we can apply the well-known inequality (a; + a2 +... + a,).(;‘T - a—‘; +...+ :—') > s? (a; > 0)
for a; = d¥. Then, in view of (8) we get

) 5 o (1)

n

We can prove a more general relation by using the inequality of Tchebyshev [8]: Let

0 <al... <al0 <a}.. <al0 <al... < a7 be sequences of real numbers. Then the
followinh inequality is true:

s s s s
1 2 m 1 .2 m
al Y d al Y al.al..a]
i=1 =1 =1 =1
. < . (12)
S S S S

Choose a! = d* ...,a™ = d* (i = 1,...,s), where d; are the unitary divisors of n, and
ki, ..., km are positive real numbers. Then (11) and (12) imply

EDDR

0;‘+,..+km(n) > n J¢' ) (13)
or(n) 7
For m = 2 we obtain: i
%iai(n) 5 8 (14)
af(n) ~

which gencralizes (11).
The idea of using (12) or more general version of Tchebyshev’s inequality is due to J.

Sandor [19] and J. Rutkowski {18]. Some results of %{%, connected with (6) were also found
by P. Laborde [11].

2) An other relation follows from the multiplicative property of oj, i.e., op(m.n) =
o;(m).op(n) if (m,n) =1 (see [4,5]). Consider

2n

a '—1 2n(2n—-1) 2n—
T =a™ '+ .. +a+122n"a T~ %n.a 5‘,

a-—-

2n—1

Le.a”+12> (—a%’% (a > 1), which applied to a = p,n = k., leads to (in view of (1))

2k.ar.p“m§_1

or(p®) 2 =)

(p — prime) (15).
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Letn = [ p{" be the canonical representation o fn. Denote ¥(n) = p;.....p, the so-called
=1

“core” function of n. Then the multiplicativity of o}, o} and (15) lead to

ax(n )> K" 00y 08 k
d*(n) =

If n is a squarefree number, i.e., n = y(n) (ay =y = ... = @, = 1) one finds that

ox(n) r 1/2
2 2H 17

2. Inequalities for ¢}

1) The relation a® =1 = (a = 1)(a™' + ...+ a+1) > (a — 1).n.a*T (a > 1) applied
ka—1

to a = p (prime), n = k.a, according to (3) implies p;(p®) > (p — 1).k.a.p 7. By the
multiplicative property of ¢} one obtains

(p = 1)...{ps — 1)
Pi....Pr

er(n) > k" .ay.0.....a,.n"2. (18)

By considering the cases p; = 2 and p, > 3 one arrives to

k™.ay.aq.....0,.0%2 for n odd
vil(n) 2 { :};.kl'.azl.az ..... a,.n*/? for n even i)
An interesting consequence of (18) can be obtained by remarking that L:fff-("'—_ll
(1= ;l-) ..... (1 - ;1:), and if py = 2, then p; 2 1+ 1 (i =1,2,...,r); and for p; > 3 one has
pi 2t+2(=1,2,..,r). Then we get (1 — L) ..... (1- --) > (1= 3)e(l = 5 = 4
(p1 =2); and (1 — p‘—l) ..... (1- pl') > (1= 3) (l - r+2) = 25 (p1 > 3), respectively.
Since it is well-known that (see [7]): r = w(n) < 7;93 one easily gets

(20)

'—"f—z-.%.k’.al.ag ..... a,.(y(n))?,  for n even

o1(n) {%ﬁ.%.k’.al.ag ..... a,.(7(n))Y?, for n odd
k =

This is similar (though more complicated) to a result proved by H. Hatalova and T. Salat
(19].



2) An easy consequence of (4) is

> ¢i(d) =n". (21)

djn
One can prove immediatellt that
if m | n, then gi(m) < pi(n). (22)
By using identity (21) and relation (22) we infer that
n® < pid*(n). (23)
A similar result for ¢ and d due to R. Sivaramakrishnan (see also [23,24]).

3. Inequalities for ¢} and oy

1) One can write

1 - _2_[)’ (24)

wheren =[] p{". Thisidentity and [] (1 - ) > 5 (Where ¢ denotes Riemann’s zeta
i=1 i=1 !

function) permit to deduce

C(;k) < “p"‘("z;‘:z(") <1. (25)

For k = 1 (in the classical case) see A. Makowski [13] and K. Chandrasekharan [3]. On
the other hand p; 21 + 1 yiclds

N0 Car ) N RS VN 5 TR SU G . <
e > (1 sz) ..... (1 ( +1)2k) (1 22) ..... ( (r+1)7) =520 (26)
Notice that (19) and (25) imply
. nk3 for n odd
ol = { V2n3/?  for n even e

For the inequality o(n) < n®? (n > 2) see [10] and for some refinements V. Annapurna [1].

2) A method of proving arithmetical consists of considering prime powers and using the
multiplicative property. Let us prove first that

r(n).(d"(n))" < n™ (28)
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as an analogue of S. Porubski’s inequality [17]: ¢(n).d*(n) < n?, for n # 4. The functions
¢i(n), d*(n), n** being multiplicative, it is enough to prove (28) for n = p* (p prime). We
have 2;(p®) = p** — 1; d*(p*) = 2. Then 4.(p** — 1) < p** iff (p** — 2)? < 0 with equality
for p =2,k = a = 1. Thus we have equality only for n = 2.

By the same argument one can prove that

er(n).(d"(n))? > ax(n) (29)

which is in connection with a problem of A. Makowski [14]. Indeed, one has ¢;(p*) = p** —1;
d*(p®) = 2; o;(p®) = p** + 1 and we have to prove that 4.(p** — 1) > p** + 1, i.e. 3.p** > 5,

obvious.
3) Taking into account that o} = U@ Ek, 9 = u” @ Ex (see (4)), one has of(n) +
@i(n) = (U + 17) @ Ex](n) > 2n* by 1 + u*(m) > 0. Thus

ai(n) + wi(n) 2 2n*. (30)

4) The following simple algebraic incquality will be used:
(P +1)(z7 + (@l + 1) = (z1 + D™ (2 + D)™ (z + )™ 227, (31)

where m,r > 1 are positive integers, and z; > 2 (1 = 1,2,...,7). This can be proved, e.g., by
induction with respect to r (and is left to the interested reader). Let m = 1 and z; = B,
Then (2),(3),(31) give the incquality:

oi(n) 2 wi(n) +d°(n). (32)

Similar to o(n) > @(n) + d(n) proved by H. D. Badchi and G. Manoranjan (2). If we
apply (31) for z; = pi*,m = k, we find

ai(n) 2 (¢"(n))* + (& ()" (33)

an unitary analogue of ax(n) > (¢(n))* + (d(n))* proved by E. Trost 25].

5) Finally, we using a variant of Tchebyshev’s inequality and the ideas of proving (13),
one can obtain a general result (see [18]). we say that an arithmetical function f is increasing
on unitary divisors (or i.u.d. function) if the implication

if d | n then f(d) < f(n) (34)

holds true for all d,n. Relation (22) shows that ¢} is i.u.d. ; and similarly, from (1) - (4)
immediately follows the same thing for the functions oy, d*, Ex.
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Let us now suppose that f, g are both i.u.d. functions and let A be a multiplicative and
non-negative function. Then the inequality

( 2 h(d).* ¥ h(d)f(d)g(d)) 2 ( 2 h(d)f(d)).( 2o h(d)-9(d)) (35)

djn din d|n djn

holds true for every positive integer n.
Selecting h(n) = U(n) in (35) we get

d*(n). 3= f(d)g(d)) 2 ( 22 f(d)).( X g(d)). (36)

din din din
Particularly, for f(d) = d*, g(d) = d', this inequality dives

d(n).0;(n) 2 oi(n).0f(n) (37)

which improves (14), if we use relation (11).

We note that if one of f and g is i.u.d and the other one is decreasing on unitary divi-
sors, then (36) is valid with reversed sign of inequality. As an application, one can select
f(n) = n,g(N) = %, and noting that ) L=1 % d, we get exactly relation (11).

din din
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