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Tbe following open problem of E. Avanessov is introduced in
[13: to find all natural numbers x for wbicb there exist, natural
numbers n, such that

X -n +vmTF
where function v is defined below (see [2,3]).

Using tbe definition of function y we can formulate tbe fol-
lowing similar to tbe above problem: to find all natural numbers
X Ffor wbicb there exist natural numbers n, sucb tbat

X =n + Yin), ¢
where Tfunction y is defined below, too (see [2,3])-

For
m m-1i
n - _ a. 10 —aa ...a ,
1-1 i 12 m
where a_ is a natural number and 0 £ a_. £9 {1 £i1 £m)let (see
i i
[2, 31 ):
0 if n 0
9(n m
™ £ a_, otherwise
-1 i
and for tbe sequence of functions o 1 SE,- where (@ 1is na-
tural number)
n) = n, nN =v (n
<|00() 1+l() (1())
let. tbe function y be defined by Y{n) - H>(), in wbicb
n) - n) .
1+1 ™ 1()

Now we shall prove tbe following
THEOREM: For all natural number x * 10 there exists an unique na-
tural number n, sucb tbat (@) is valid.

Proof: Let x - 18.K + 2.r, where k, r are natural numbers and 0 £
r < 8 Then for tbe natural number n = x - r:
X - r +v(x - r) - 18.k + r + y({8.k + r)

- 18.k + r +r
- 18.k + 2.r
= X
Let x - 18.k + 2.r + 9, where k, r are natural numbers and 1 £
r s 9. Then for tbe natural number n = x - r:
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X-r+r (x-r) = 18.k + r + 9 + H(18.k + r + 9
- 18.K + 2.r + 9
- X.
Therefore, for every natural number x there exists at least

one solution of (1). Now, we shall prove the uniqueness.
Let
X -m + y(m -n + Y(n), @)
i.e. let x has at least two different representations in the form
of (@). Then
m n - y(n) - Yim).
Let. m > n. from y(M) -y (@M < 8 it FToilows
then 1 £ K £ 8.
Therefore,
m+ Y@M -n +k +vin+k) =n

D

y( +k - YY) - k. €))
Let g(n, k) y( + k) - Yin) + k.
It can be seen directly that
g + 9.5, K) —y(m +9.s, k) - y( €9,5)
- Yin, k) - yin) - k.
Therefore, we can consider only the values for 0 £

N 5 9. These are the following :
k 1 2 3 4 5 6 7 8

n \ 1

0 i 2 4 6 8 10 12 14 16
1 1 2 4 6 8 10 12 14 16
2 % 2 4 5 8 10 12 14 7
3 r 2 4 6 8 10 12 5 7
4 % 2 4 6 8 10 3 5 7
5 % 2 4 5 8 1 3 5 7
6 I 2 4 6 -1 1 3 5 7
7 i 2 4 -3 -1 1 3 5 7
8 % 2 -5 -3 -1 1 3 5 7
9 i -7 -5 -3 -1 1 3 5 7

Therefore, for every two natural numbers n
g, K FO,
i.e,, () has no solution. Therefore the representation (1) of x
is unique.
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