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A b stract. Let k be a positive integer and let (a, 6)* k denote the greatest k-th 
power divisor of a which is a  unitary divisor of 6. We introduce the function

=  £ ( « \  » * ) . , ,
i=l

and obtain the arithm etical evaluation of it and an asym ptotic formula for the sum m atory 
function of P£ , which improves for k =  1 an earlier result of the author.
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1. Introduction

The arithm etical function

p (n) =  £ ( « '> » ) .
*= i

where (i, n) denotes the g.c.d. of i and n , was introduced by S. S. PlLLAI [6]. It is easy 
to show that

(1.1) P (n)  =  ^ ( e)>
dezzn

where <f> is Eu ler’s totient function and formula (1 .1) furnishes the asym ptotic estim ate (see

W)

(1.2) £  P(n) =  lo g *  +  G (x2).
n<C&

Let k be a  positive integer and let (a, b)k denote the largest common k-ih power divisor 
of a and b . H. G . KOPETZKY [4] investigated the following generalization of P illa i’s 
function

nk

F k(n) =  £ ( * >  n%  =  £  (» i . **> nf ,
t=l l<t‘i <n
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where (i1,..., ikt n) stands for the g.c.d, of and n , He deduced an asymptotic
formula for the summatory function of Pk , which was improved by J .  CHIDAMBARASWAMY 
and R. SlTARAMACHANDRARAO [l] showing that

(1.3) E  4(»)
n <*

xk+1
\k  +  1)£(A: "1“ 1)

(log *  +  — i  c ( * + i
k + 1 ((k

+  Q(xk+a+c),

for every e >  0 , where (  denotes the Riemann zeta function, C  is the Euler constant and 
a is the exponent appearing in Dirichlet’s divisor problem (1 /4  <  a <  1 /3 ), i.e. for every
e >  0

y~^ r(n) =  x log x -f (2C  — 1) *  +  0 ( * a+e),
n <  a?

where r(n ) is the number of divisors of n .

In the proof of form ula (1.3) the authors of paper [l] used the identity

Pk(n) = E
de—n

where p is the M obius function. For k =  1 formula (1.3) gives a  considerably sharper 
estim ate for the sum m atory function of P illai’s arithm etical function than (1.2).

The author of the present paper introduced in [9] the unitary analogue of P illai’s function
by

p *(n) = E f t  n)»>
i = l

where (*, n)* is the greatest divisor of i which is a  unitary divisor of n. We recall that d 
is a  unitary divisor of n (notation d\\n) if d\n and (d, n/d) — 1 . Using that

P *(n) =  £ # * ( » / d ) ,
d||n

where <j>* is the unitary analogue of Eu ler’s function, see E . COHEN [2], we deduced the 
asym ptotic estim ate

(1.4) E P » =  ^ * 2 l ° g *  +  0 ( * 2),
n<x

where

the product being extended over all primes p.
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For a  fixed positive integer k let (a, 6)* k denote the greatest k-th power divisor of a 
which is a  unitary divisor of 6. In this paper we define the function

=  £ ( ; - « * ) . , * ■

representing the unitary analogue of the function Pk and obtain the arithm etical evaluation 
of it and an asym ptotic formula for the sum m atory function of Pk , which is analogous to
(1.3) and is sharper for k — 1 than the estim ate (1.4). Our method is elementary and is 
based on the convolutional identity (2.3) and on formula (3.1).

2. Arithm etical properties

Let /i* denote the unitary analogue of the M obius function given by /x*(n) =  (—l ) a>(n) , 
where uj(n) is the number of distinct prime factors of n and let <j>k(n) denote the number 
of integers i in a  complete residue system  mod nk such that (i, n * ) ^  =  1 . It is known, 
see K. Nageswara R ao [5], that

(2. 1)
dj|n

P roposition  1.

(2.2) W  =  £ < ^ ( » A 4
d\\n

Proof. Group the numbers i £  { l , . . . , n ft} according to the value (i, nk)Mk =  dk , where 
dk\i, d\\n and (i/d k >nk/d k)̂ k̂ =  1 . Hence i =  jd k y( j,(n /d )k)̂ k̂ =  1,1  <  j  <  (n /d )k and 
we obtain

W  =  £ < *" ■  £  i  =  £ ^ « ( » / < o .
dlln l < j < ( n / d ) k d\\n

( i , ( » / ^ ) o = i

P roposition  2.

(2.3) 4 »  =  £ < < V  (<*)„♦  (»/<f),
d\\n

where r *(n ) denotes the number of the unitary divisors of n.

Proof. Let x denote the unitary convolution, see E. COHEN [2], and let E k(n) =  nk , 
for every n >  1. Then using (2.2) and (2.1) we get

n  =  Ek x rk =  E k x x n’  =  x /j *.
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C orollary 1 . The function Pk is multiplicative and if n — p^1 ...p^r , then Pj*(n) — 
(2p *“ ‘ — l)- ..(2j>*ar — 1) .

Proof. Using identity (2.2) the function n  ^  the unitary convolution of two m ultiplica­
tive functions, hence it is multiplicative.

P roposition  3. Another representation of the function Pj* is given by

(2-4) Pk (n) =  E ((*i. *fe)» «)*»

Proof. Group the vectors with 1 <  <  n according to the value

((*'i i •••> *fe)i n )« =  d , where d |(i1 , . . . , ; fc),d ||n  and ( ( » i . - •» * ) /< * ,  =  1 . Hence »\ =
h d , . . . , ik =  j kd ,( ( j l t . . . J k) ,n /d )t =  1 ,1  <  j k <  n/d  and we get

E ((h.-.u.^^E^ E l = E d'tj;wd),
l < t i , . . . , t k < n  cf||n < n ( d  d\\n

( U i , : . j k ) tn f d ) mzzl

where Jk is the unitary analogue of the Jordan totient function and Jk =  (f>k , see [5], which 
completes the proof.

3. A sy m p t o t ic  fo r m u la e  

We need the following results.

P ro p o s it io n  4 .. (M. V. S u bba r a o  and D. S uryanarayana  [7]) If u is a positive 
integer, then

(3.1) E  7-*(n) =  ( l o g *  +  2C  -  1 +  2 a (« )  -  2fd{u) -  2 ^ )

(rifu) — l

+ 0 (S (u )y /x  log « ) ,

where the O-estimate is uniform in x and u,

V>(u) = « ] J ( i  +  - )
p|u P

stands for the Dedekind function and

m  -w- e S .  s« =E
p |u d|u

3w(d)

~\7oT

Remark. According to [3, p. 154] and [7, p.5] we have

(3.3) tt(tt) =  O (lo g lo g 3 «) -  O(logw), ft(u) =  0 (1 ).

By partial summation we immediately have



4 4

P ro p o s it io n  5. If k and u are positive integers, then

<p(u)xk+ l / .  __  1
(3-4 ) £

n<x 
(n ,u ) =  l

(k +  1 )<(2)V>(«)
log *  -f 2C —

k +  1
+  20(h) -  2/?(h) -  2 ^ )

+ 0 (S ( l l )x k y/x lo g * ) ,

where the O-estimate is uniform in x and u .

P r o p o s it io n  6 . If k is a positive integer, then the series

p*(n)<t>{n)
E
ri—l nfc+1 i/j(n)

is absolutely convergent and its sum is given by

(3.5) a* = n  (* -
p -  i

(p +  \ ) (p k+1 - 1)

the product being extended over all primes p.

Proof. The absolute convergence follows at once by

p*(n)<j>(n)
nk+\ ^{n) nf*+ 1 n2

The general term is a  m ultiplicative function in n and expanding the series into an infinite 
product of Euler type we obtain (3.5).

(3.6)

P r o p o s it io n  7. If k is a positive %ntegerf then

S(n)
£

t l < . X
nky/n =  0(1),

where S(n) is defined by (3.2). 

Proof.
E ^ ( n ) _

/n L—J
3W(«

n < x

S(n)
nk^  dkVdek+ xdezzn<x

1 3w(e)

£  =° ( g  * U ) =0(1)'
since A: >  1 and 3a>(n) =  0 (n e)ye >  0 .

Our main result is the following
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( ,7 ) £  ' « " >  = ( r n s m  ( “ * ( ' “6 * + 2C -  r h  -  4 w )  ■ ^ +2B* ■ 2C>)

Theorem . If k is a positive integer, then

gjk +  1
4 ' W  =  ( F

n < a ; v

+0(#kVa* k>g #)>

where a k ts given by (3.5) and

p*(n)<f>(n) log n
** = E—' nft+ 1^ (n )

^  = E
p* (n)<j>(n)a(n) 

n *+ 1 '0(n)

Pr°°f- By (2-3). (3-4) and (3-3) we eet

. °k = Ef r [  n ^ + ^ n )

5 Z /**(n) := Y 1  M*W<5fcr * (c )  =  5 ^/i*(d l) efer * (e )
n <a; de—n<Lx

(d ,e ) = 1
ci<;c e < x ( d

(c,d)=1

fc + 1

V (* +  l X ( 2)^ (d )d fc+'

+ 0 ( S M ( j r i i o 6 5 ) )

i ^ W )  j-4*1 V  j / ,  , 9 r , ____1____..C'(2) \  _  v -  /«*(d)^(d) logrf
(fe +  i)c (2 ) \ \ 2 ^ d k+ ^ { d )  j  V s  t J -1  v ™  Ik + 1 C(2) /  f /  dfe+iy.(d)

« E g~ ^ (y - 2S ' ~ ^ y >) + ° ( - ^ ^ * g i s )

"  ( I T W  ( “ ‘  ( loe* + 2 C  -  r ? r  - 2 c m ) + °  ( ' ” ' * £

^ + 0 f e ^ ) + “ ' + 0 f e ^ ) - 20* + 0 ( £ ^ ) )

+ o  f . v i i o g . E j f ^ ' )
y <i<a? /

Now using (3.6) and the well known estim ates

E j ^  = ° ( i ) .  E log d _  0  /  log *
(jk + 1 l 3,/e

the proof is complete.
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Corollary 2. (k =  1) We have

(3.8) J 2  P »  =  ( «  ( > ° g *  +  2C  -  5 -  2 ^ T )  - A l +  2 i?j -  2C X)

+ 0 (ar\/* log x),

where a  is given by (1.5).
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