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ON AN ARITHMETIC FUNCTION., PART 2
Lyuben Xaragyozov
11 Sofroniy Str., Bourgas-8000, BULGARIA

Following [1] we shall define the function 1 and here we

shall discuss some of its properties.

Let a, b, ¢, ¢ € N {everywhere Dbelow N - {1, 2, 3, ...} is the
set of +the natural numbers) and {a, b) = (a.b, c) = i. Then by
1 (o) we shall denote:

a, b, ¢
{a) the remain of division of p = po.a into b, if b 1is not a

aivisor of y;
(b} b, if b is a givision of g,

where (po, 70) is an arbitrary solution of

a.¢ - b,y = &, {1)

Let everywhere below a, b and ¢ satisfy the above conditions.

Therefore 1 () is a positive integer andg 1 (ax) € [1, Db}.
a, b, ¢ a, b, ¢

In [1] it is proved that:

1, the value of 1 B () is independent of the choice of the so-
a,b,c

iution (g , ¥ ) of (1}
¢ ¢
2. function 1 " ig a bijection on ¥ = [1i, b} over [1, »l;
a, b, c

3. for every natural number o, 1 (o + by = 1 ()
a,b,c a:bic

4, for every itwo positive integers « and «
i

1 (ox )y + 1 {x ), if
a, b,c a, b, cC
1 {(x )y + 1 {x ) €Y
a, b, c¢c i a, b, c
it (ax + o } =
a, b, ¢ 4 2
1 {x )y + 1 {x ) - b,
a, b,c 1 a,b,c 2

otherwise

5, for every iwo positive integers « and K:

K. 1 () , if k.1 {(x) € Y
a,b,c a, b, c
1 (k. a)y =
a, b, c
k.1 (x) - b.s, otherwise
a, b, c
where s = [K.1 () /).
a, b, ¢
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Letm, n € N, m n » & and
1
-. {max{m, n) + 1) = min{m, n).
2

i
Let p = -. (max{m, n) + 1) = min{(m, n).
2
Let %, vy, Zz € N, such that (X, ¥} = (%X, Z2 ) = {y, zZ} = 1% and

2
2 £ X <Yy <z &Y (2)

are the solutions of the Diophantine eguation

n m P
X +v = Z {3)
Let
1 = 1 (o) {(4)
s O | n-1 4+i p-i
X ¢ Y s Z
1 =1 (o) (5)
2,1 n-1 i m-4-i
X 1 Z Y
for 1 = 4, 2.
From the above properties of function 1 b it follows that
a, b c
443
1 and 1 are defined everywhere on N and 1 € {1, v }s
1,1 2,1 1,1
i
1 € [1, z 1.
2,1
Therefore there exist A , B € Z {below 2 is the set of the
i i
integers) such that
n-1 4+ p-i
1 L X - A .y ERE < 4
1,1 i
n-1 i m-i-2
1 X - B .z = oy
2; 1 i

for every choice of number o € N and particularly, for every cho-

4+3
ice of number o € [1, ¥ }.

. 2
We multiply the both sides of the first equation above with =z

Lei
and the both sides of the second eguality with vy and after

this substract the second expression from the first one and as a

result we obtain:
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n
T L X
from where
i 443 n-4 4i b |

z -1 .Y - . X).X = (A - B ).y A

(1 .
1,1 2,1 i 1

From (%, y.z) = 1 it follows that

i 4ti
1 z - 1 .Y A - B
1,41 2,1 - X, X i i
= € Z {6)
L4+i i n-14
y . Z x
We shall introduce the functions X (1 = 4, 2) on the set
i
441
{1, vy 1 N2 by
i 4+3
1 z -1 .Y
1, 1 2, 1 - X, X
¥ (o) =
i 4+ i
v z
where l1 and 1 are defined by (4) and (&), respectively.
i 1 2,1

Below we shall study some properties of both new functions,

related to function 1

a,b,c'
4yi
THEOREM 1: For every o € [i, ¥ 1 N Z, K (axy = 0 or -1 (i = 1%,
i
2).
4+1
Proof: Let o € {1, vy 1 N Z. Then
1 1
i; 4 2; 4 o' X
K (o) = - - . —
i 43 i 4+1 1
Y z ¥ zZ
L4gi 2 44i
{(from 1 € {1, v 1Nz, 1 € {1, z } NZ, o€ [1, ¥ 1 N Z
1,1 2; i
and x < z from (2))
443
v 4 e X
& - — - L — < 4,
443 i 4+i 1
zZ v z
i.e.,
K (ay < 1 {(7)
i
On the other hand,
S 1 i
1,1 2,1 e X 1 z e X
K (o) = - - s —_— - — - L—_» =2,
i 4+i i 4+i i 443 i 4+1 i
Y z b.2 z Y z bd z
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K (a) > -2
X

(8)

From (7) and (8) it follows that X (a) € {(-2, 1), and from ({6}

&

K (x) € Z. Therefore X (a) € {-1, O}.
1 i

4¢3
THEOREM 2: For every o € {1, vy 1 N2 for which
4+i
Y
1 = 1 () < [ 1,
i, 4 n-14 4+i p-1i
X ' Y + Z Z
holds X (a) = -1, and
i
i i
1 = 1 () € [z - x + 41, z } 0 Z.
2,1 n-4 i m-4-1i
X ¢+ Z 4 Y
443
4+1 v
Proof: Let a € {4, ¥ 1 N Z is such that 11 € By, 13%.
, 1 i
z

existence of such « follows from (2). Then

i 443
1 z -1 .Y
1,1 2, 1 - . X
¥ (o) =
i 4+31 i
b'd z
44
v i 4+3
z - Y - O.X
i
z -0, X
< = < 0
L3 i 4g3 i
v o v Zz
From K (a) € {-1, 0} it follows that ¥ (o) = -1.
1 i

Now, we write the following eguivalent egqualities:

K {(a) = -1
i
1 1
1,1 2, & e X
- - ez =14
443 i 4+1 i
Y z ¥ Z
i
1 . Z
) o X 1,1
1 % 2 - +
2,1 4+i 4413
Y ¥
Therefore,
i
i A
1 > Z - X + .
2,1 441

The



i
From (2) it follows that vy € (0, 1) and therefore,
+1
Y
i
i > Z - X + 1,
2,1
i
because 1 € N. On the other hand, by definition, l2 < z .
2,1 p 1
i i
Therefore, 1 € [z - x + 4, z } N 2.
2,1
443
THEOREM 3: For every o € [1, ¥y ]} NZ, if X (a) = -1, then
i
i i
1 = € [z - x + 1, z ] N Z, {9)
2,1

Proof: The existence of values of «o which satisfy (9) holds by

Theorem 2. Let o 1is such a number. From the equality
e}

i 441
1 z -1 .Y - o WX
1,1 2, i e}
= -4
44 i
y z
it follows
i
' . 4 1 z
i 9] 4,1
1 = 72 - + /
2, 1 4ti 4yi
Y b4
i i
for where 1 € [z - xXx + 1, z } N Z.
2,1
441

THEOREM 4: For every o € [1, }] N2, which is not multiple to

zZ, if X (o) = O.
i

443
Proof: Let ao € {1, vy 1 N Z is not maltiple to z. Let us assume
that X (o ) = -1.
i ©
i i
From Theorem 3 it follows that 1 € fz - x+ 4, z 1 N Z, i,
" 2, 1
e, 1 # z , from where
2, 1
K (o) = -1
i 0

is eguivalent to



i 44+3
1 z - 1 .Y - g X

i,1 2, 1 ¢) 1

Bei o i )
v z
and also to
i 4+i L4+i i
1 z - 1 LY + v z
4,3 2; 4
o = ; (10)
6] X

i
But o 1is not multiple to z , from where it follows that 1

2, X
i i i
£ Z and hence 1 € {z - x + 4, z - 11, form where (10) ob-
2,1
tain the form:
1 i 43
1 z + (z - 1 Yoy
1,1 2,1
le} =
G b4
Therefore,
il 4+13
(2 = 1 ) .Y
2, 1
o >
¢ b4
1
andg from z - 1 > 4 we obtain that
2,1
443
¥
o > "
(@) X
443
Y
which is a contradiction with the condition o € [1i, 1 N Z.
*®
Therefore our assumption is not valigd, i.e., X {(a ) # -1. There-
i ©

fore, X (o ) = 0.
¢
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