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NOTE ON "EXTRAORDINARY PRIMES"
Mladen V. Vassilev - Missana

5 V. Hugo Str., Sofia-1124, Bulgaria

DEFINITION 41: We shall call an odd prime p an extraordinary prime

of the first Kind 1iff all terms in the segquence
K

(K = ¢, 2, 3, ...) are composite numbers.

DEFINITION 2: We shall call an odd prime o an extraocordinary prime

of the second Kind 1iff all terms in the seguence
b = {g - 2 | (2)
K

{(k = ¢, 2, 3, ...) are composite numbers(

DEFINITION 3: We shall call an odd prime r a super extraordinary

prime 1iff 1 is an extraordinary prime of both the first and the
second Kinds.

OPEN PROBLEM 1. Does there exist at least one super extraordinary

prime and if such numbers exist, are they infinitely many.

In this paper it is shown that there are infinitely many ex-
traordinary primes of the first Kind {see Theorem 1) and of the
second kKind, too (see Theorem 2).

At the end of the paper we put two other open problems related

to extraordinary primes of the first and of the second kindg.

Let
t
2
F 1= 2 + 1 {3)
t.
{(t = 6, &, 2, ...}, For t < 4, F are Known as Fermat primes. Bu-
t
ler first has shown that F = ¢ (mod 641) {see [1}]). Moreover,
5
FS = 64%1.F, where 641 and
F o1z 6700447 {43
are primes,
Let
G := F .F .F .F .F .F . {5)

c 1 2 3 4 5
DEFINITION 4: We introduce the numbers p{t) ({(t

i
o
[
no

by

the eguality
102
p{t) :1= 2.G.t + —., G + 1 (6)
G414
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The explicit form of these numbers is given by

p{t) = 36893488147419403230. 1t + 2935363331541925531 (7)
DEFINITION 5: We introduce the numbers g(t) (t = 0, 4, 2, ...} by
the eguality

1180
g{t) :1= 2.G. 1t + ; - 1 : {8)
641

The explicit form of these numbers is given by

g{t) = 3689348814741910323C.t + 3395812484587 7177699 {93}
THEOREM 41: There are infinitely many t for which p{t} is prime,
If for any t p(t) is a prime number, then for the same t Pp(t)
is an extraordinary prime of the first Kind.
THEOREM 2: There are infinitely many t for which g(t) i3 prime.
If for any t g{t) 1is a prime number, then for the same t g{t)
iz an extraordinary prime of the second Kind.

Proofs of Theorems 1 and 2 The seguences p(t} and g(t) (t = ©, 1%,

A given by (6) and (8), respectively, are arithmetic pro-

gressions of a Kind A.t + B (t = ¢, ¢, 2, ...}. We have (A, B) =
102 1180

1, since A = 2.G and B = —.G + &, or B = —m.G - 4. Therefore,
641 641

every one of thesge sequences contains infinitely many primes, be-
cause of a well-Known Dirichlet’s theorem for the prime numbers
distribution in an arithmetic progression (see [21).

Let t and ta be such, that p = p(ti) and g = q(te), given by
i

{6) and (&), are primes. Below we prove that for every K = 1, 2,
By wwmg a1 from (1) and bk from (2) are composite numbers.
<
The set of all natural numbers N := {4, 2, 3, ...} is a union

of the following seven its subsets:

N = {4 + 2.m : m € N }, N = {2 + 4. m : m € N 3,
1 0 2 0
N = {4 + 8&m ' m € N }, N = {8 + 16.m : m € N },
3 e} 4 o}
N = {i6 + 32.m : m € N 1}, N = {32 + 64.m : m € N },
5 o G (o]
N = {64.m : m € N},
7
where N = N gy {0}; and it iz fulfilled:
o
N NN =g for 1 # J (i, J = 1, 2, Ly Ty
1 J

Let K € N be arbitrary. Then K € N for some i € {1, 2, 3,...
1

Ty, If 1 £ 5, then one can verify that:



no
i

-1 (mod F | S i {(mod F Yy 9 = -1 {(mod F }.
i-14 i-1 i-4

Therefore, in this case, a and b are composite numbers, because
K K
of the congruences:

aK = O {(mod Fi—i); bK = 0 {(mod Fi_l).
Let Kk ¢ N . Then it is easy to check that:
. 6
2 = -1 {(mod F)} (see (4}); p =4 (mod F); g = -1 {(moad F). .
Therefore, in this case a and b are composite numbers too,
because of the congruences: « «
a = 0 (mod F); b = O {(mod F).
K K
Finally, let K € N7. In this case we have ak = 4 (mod €41},
After some computations we also obtain:
P = -1 (mod 641); g = 1 (mod 641).
Therefore aK and bk are composite numbers again, because of

of the congruences.

a ¢ (mod 641} bk = O (mod 641).

The theorems are proved.

Using (7}, it can ke shown by a computer that +the two first
values of t, for which p(t) is prime, are t = 4 and t = 5. Thus,
as a corollary from Theorem 1, we obtain that:

p{4) = 150509315921218338451 and p(5) = 18T7T402804068637441681
are extraordinary primes of a first Kind.

In the same way, 1t can be established that:

g(31) = 1177656257385869377829, g(61) = 2284460901808442474729,
g(7%) = 2800969735872309919949 are the first three primes from
ihe seguence (9). From Thecorem 2 it follows that these numbers
are extraordinary primes of the second Kind.

OPEH FPROELEHM 2. Find +the smallest extraordinary prime of the
first Kind.

OPEN PROBLEM 3: Find the smallest exiraordinary prime of the se-

cond Kindgd.
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