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ON AN ARITHMETIC FUNCTION
Lyuben Xaragyozov

14 Sofroniy Str., RBourgas-8000, BULGARIA

It is well Known that for each two pogitive integers a, b, if

{(a, by = 1, the eguality

a. ¢ - b.r = 1% { %)
has a solution for the integers ¢ and v {(see, e.g., [11).
2
Let (p , v )} € 2 {where 7Z i3 the set of the integers) be a so-

¢ ¢
lution of (x¥). For every ¢, « € N (where N is the set of the natu-

ral numbers), the equaliiy

a.yg - v = «.¢

has integer sgolutions, too. For example: ¢ - ¢ .« ¢, ¥ = ¥ .U, C
¢ ¢
Definition 4: If a, b, ¢, ¢ € N and (a, ) = (a.b, ¢} =- 1, then by
1 {x) we shall denote:
a, b, c
{a) the remain of divisgion of ¢ - p .. ¢ inte b, if b 1is not a
C
givisor of p; and
{b) », if b is a divisgor of py, where (¢, 7v )} 18 an ardbitrary so-
¢ ¢

lution of (%},

Let everywhere below, a, b and ¢ satisfy the above condgitions,

Therefore, 1 {(x) is a positive integer and 1 () € [4i, Db}.
a, b, ¢ a, b, ¢

THEOREM 1: The value of 1 (x) is independent on the choise of

a, b, c
the scolution (¢, ¥ 3} of {(¥).

G ¢

Proof: Let {(p , v ) and (p , 7 ) be two different solutions of (x).

1 1 2 2
Let 1 ig the value of 1 {(x) for (p , 7 )y for i = &, 2. There-
h a,b,c i i
fore, there exist integer numbers K and K such that 1' T M L. C-

i 2 i i



1 i
K .b. Let 7 - 7Y .¢g.¢c - K .a, Obviously 1 and v are integers anad
i i i i
i
a.l - b.7 = a.{y .x.¢c - K .b) - b.{y .«.¢ - K .a)
1 | i i i
Q. ¢. {(a.y - .Y } = w¢,
1 1

1 2

from where a. (1 -1 )y = b. (7 - 7 } ang from {(a, ») = & it fol-

1 2

lows that b is a divisor of 1 - 1 . PFrom the fact that 1, 1 €

1 2 i 2

[1, bl it follows directly, that 1 1, with which the theorem

1 2
is provedqd.

Analogically, the following assertions are proved.

THEOREM 2: PFunction 1 is a bijection on Y = [41, b} over Y.
a, b, c

THEQOREM 3: For every natural number «, 1 {(x + b)Y = 1 ()
- a, b, c a, b, ¢

THEOREM 4: For every two positive integers o and «

i 2

1 (o} + 1 (cx ), if

a, b, ¢ 4 a,b,c¢c 2

1 {x ) + 1 () € Y
a, b, c 4 a, b c 2
1 {(x + o ) = g
a, by ¢ i 2

1 fa ) + 1 (x )} - Db,

a, b, c i a, b, ¢ 2

\ otherwise

THEOREM §: For every two positive integers o and kK:

K. 1 (o) , 1f K. 1 (x} € Y
a, b, ¢ a, b, c
1 {x. K}y = i
a, b, c
K. 1 {x) - b.s, otherwise
a, b, ¢
where s = [kK.1 {x) /D]
a, b, c

finally, we shall note that the following guestion 1is interes-

ting: Can the arithmetic function v defined in [2] be represented



47

as a particular case of function 1
a, b, c
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