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FIXED POINTS OF CERTAIN DIVISOR FUNCTION
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Str. Xogalniceanu nr. 1, 3400 Cluj-Napoca, ROMANIA

Let o(n) be the sum of the positive divisors of n, L(n) be the
sum of the aligquot parts of n, i.e. the positive divisors of n ot-
her than n itself, so that L{n) = o{(n) - n. Perfect, amicable and
sociable numbers are fixed points of the arithmetic function L and
its iterates. Let L+ and L- be defined by L*(n) = L(n) * f{. Jer-
rard and Temperley [3] studied the existence of fixed points of L+
and L-. The fixed points of L+ (n) are the almost perfect numbers

and the fixed points of L-(n) are the guasi-perfect numbers [2].

If @ divides n and (4, n/d) = 1, call d a unitary divisor of

Ty ox (n) the sum of unitary divisors of n. Beck and Najar [1] in-
¥*

troduced the arithmetic functions Li{n) = o¥x(n) - n * 4% and proved

¥
that L- has no fixed points.

A divisor & > O of the positive number n is called bi-unitary

if the greatest common unitary divisor of 4 and n/d is 1. Let
% % e
o {n} be the sum of the bi-unitary divisors of n. Forn = p
2 e 2
% % 1 + P+ ... + P - p, if n = p
g {(n) = (1)
2o+ : 2o+1
1 + p+ ... + P , 1if n = p

¥ ¥
and ¢© {(n) is a maltiplicative function.

Let us define the new arithmetic functions

¥ ¥ * %
L (n) o {(n) - n

% % ¥
L- (n) L (n) - 14

® %
We prove that L- (n) has no fixed points.

% % 2
LEMMA {: For natural number n, L- (n) ¢ iff n - por n = p

{where p is a prime number).
e S + §

Proof: Let n = K, where (K,
P1 Pe e { Pipa)

1. Then (1) implies:

lo o o o
¥ % 1 2 ¥ ¥ 1 2
o (n) x (1 + P, Y (1 o+ P, Yoo (K) 2 (1 + P, y (L o+ P, K > K + n,
¥ %
because ¢ {k) > K. Then:

% % * %
L- (nYy = © (n)y - n -4 > kK -1 > O.




44

¥ %
it can be seen directly that if n = p, then L- (n) = 0 and, if n =
2 *® ¥ o
P, then L- {(n) = 0, too, while, if n = p for « > 2, then
28 8 . 28
% % % % P+ ... + P -p > 0, if n = p
L- (n) = ¢© (n) - n -1 =
28+1 28+1
P + ... + P > O , if n = p

LEMMA 2: For natural number n:

(ay if n

% %
1, then L- (n) -1
¥ ¥
{(b) if n > 4, n =1 (mod 2), then L- (n}) = 0 (mod 2)

X ¥ %
{c)y ifn -2 Ffor o » O, then L- (n) = ¢ {(mod 2)

o4 X %
{(dY ifn # 2, n =0 (mod 2), then L- (n) = 41 (mod 2)

Proof: Lemma follows by

2K |14

i + p+ ... +Pp - p = 20 = O{mogd 2}, if p>2, « = 2K>0
2K+14

% % 1 + p+ ... + P = O(mod 2), if p > 2, o = 2K+1
o] {n) =

2k 4

i + p+ ... + P - p = f{mogd 2y, if p - 2, a = 2K > ©
eK+1

i + P+ ... + P = {{(mod 2), if p = 2, o« = 2K+1

¥ ¥
and the multiplicativity of ¢ {(n).

¥ % ¥ ¥
THEOREM: L- (n) has no fixed points, i.e., L- {(n) = n has no solu-

tions in natural numbers.

¥ %
Proof: By Lemma 2 it follows that L- (n)

n + f{{mod 2), if n > 1,

o ¢ ¥ % &
nZ 2 which implies that L- {(n) = n has no solutions. Let n = 2

¥ ¥
By Lemma 4, if ¢ = 4§ or 2 , L- (n}y = 0, If o >» 2:

2k-2 K 2n-2
k¥ ® ¥ 2{(i+2+...+2 +2 +...+2 y, if =2k
L- {(n}y = ¢© (n)y - n - 4 =
2K-1
2{i+2+...+2 ) , it o=2K+1
¥ % a
which implies that L- (n) = 6 (mod 2), but n = 2 , o > 2 implies
% %
that L- (n) = n has no so¢olutions.
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