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1 Introduction and main result

In [1,2,4], five different combined 3-Fibonacci sequences have been introduced so far.

Here, we continue this direction of research, introducing two new 3-Fibonacci sequences that
are different from the previous ones, thus further elaborating the series of extensions of the nature
of the Fibonacci sequence (see, e.g., [3]).

Let everywhere below, a, b, ¢, d, e be arbitrary real numbers.

The first newly introduced sequence has the form:

Qo = 2@, 60 = 2b7 Yo = ¢, ay = 2d7 ﬁl = 2e

and for each natural number n > 1:
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Apy1 = Qp + a1,

Br1 = Pn + B,

Qi + B
Yn+1 = 9 + Y-

The first values of sequences { v, }22 o, { Bn }o2, and {7, }52, are given in the following Table 1.

o n B |
0 2a 2b

0 c

1 2d 2e

1 a+b+c

2| 2a+2d 20 + 2e
2 a+b+c+d+e

31 2a+4d 20 + 4e
3 2a + 2b+ ¢+ 2d + 2e

4| 4a+6d 4b + 6e
4 3a+ 30+ c+4d + 4e

5| 6a+ 10d 6b + 10e
5 5a +5b+c+T7d+Te

6 | 10a + 16d 10b + 16e
6 8a + 8b+ ¢+ 12d + 12e

Table 1. The first values of sequences {a,, }7° , {8,122, and {7, }°2,

Let { F},}5° , be the standard Fibonacci sequence, where Fy = 0, Fy = 1,and F, 4o = F, 41 +
F,, for each natural number n > 0.

Theorem 1. For each natural number n > 1:

o, =2F,_1a+ 2F,d,
Bn =2F,_1b+ 2F,e,
Yo =Fpa+ Fb+c+ (Fr — Dd+ (Frpq — e
Proof. We can prove the Theorem, for example, by induction. For n = 1 and n = 2, the validity

of the Theorem is checked directly from the above table. Let us assume that the Theorem is valid
for some natural number n > 2. Then:

Qpy1 = Qp + Qi
= 2Fn,1a -+ 2Fnd -+ 2Fn,2a -+ 2Fn,1d
- 2Fna + 2Fn+1d.
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ﬁnJrl = Bn + ﬁn
= 2Fn_1b + 2Fn6 + 2Fn_2b + 2Fn—1€
— 2F,b + 2F,. e

n + B
Yn+1 = 9 + Tn

_ %((an_la 4 2F,d) + (2F, 1b+ 2Fse)) + Fua + Fob+ ¢ + (Fosr — 1)d
+ (Fy1 — e

=F,wa+ F,d+ F, b+ F,e+ Fhoa+ F, b+ c+ (Fopn — 1)d+ (Fp — 1)e

=Foa+ Fopb+c+ (B — 1)d+ (Fo — 1e.
The remaining formulas are checked by analogy. O]
The second sequence introduced herewith has the form:

ag=a, [o=b, Yw=c, o =2d, pi=2e
and for each natural number n > 1:

Qpy1 = Qp + On—1,

Bns1 = Pn + B,

i1 + Bnti

Tn+1 = T + Vn-

The first values of sequences {c, }7° . {Bn }no and {7, }22, are given in the following Table 2.

] n B |
0 2a 2b

0 c

1 2d 2e

1 c+d+e

2| 2a+2d 20+ 2e
2 a+b+c+2d+ 2e

31 2a-+4d 2b + 4e
3 2a + 20+ c+4d + 4e

4| 4a+6d 4b + Ge
4 da+4b+c+ 7d+ Te

5| 6a + 10d 60 + 10e
5 7a+Tb+c+ 12d + 12e

6 | 10a + 16d 100 + 16e
6 12a + 12b 4 ¢ + 20d + 20e

Table 2. The first values of sequences {a,, }7° , {8,122, and {7, }°2,
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Theorem 2. For each natural number n > 1:

o, =2F,_1a+ 2F,d,
ﬁn = 2Fn—1b + 2Fne7
Yn = Fna + Fnb +c+ (Fn+1 — 1)d -+ (Fn+1 — 1)6

2 Conclusion

Here, two new combined 3-Fibonacci sequences from a new type were introduced and explicit
formulas for their members are given.

Other new schemes, modifying the standard form of the 2- and 3-Fibonacci sequences and the
above two sequences, will be discussed in future.
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