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Abstract: In this paper, we establish some sums involving generalized harmonic and Daehee
numbers which are derived from the generating functions. For example, for n,r > 1,

ZH(W —La)H, (o) = Y. Hy(o)Hy(a) Hi, ().

ittt p1=n
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1 Introduction

The harmonic numbers are deﬁned by
H O and H E - fOr n > 1
0= n = - ; .

It is well known that .

11—t
Hn:/ dt =+ (n+1),

1—t
0
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where v denotes the Euler—Mascheroni constant, defined by

"1
v = lim (Z = —log n) = —¢ (1) ~ 0.577215664901532860606512 . . .
1

n—»o00 -
=1

Harmonic numbers are closely related the Riemann £-function defined by
00 1 o
)= =110-r)",
=1 D

where the product is over all primes p.
These numbers have been generalized by some authors [1,2,4,9, 16, 18].
In [9], for any o € R, the generalized harmonic numbers H,,(«) are defined by

n

1
H =0 and H,(a) = — fi > 1.
o) an () ;:1 i forn2
For « = 1,H,(1) = H, are the usual harmonic numbers and the generating function of the

generalized harmonic numbers is

> In(l1—-2

ZHn(oz)x” = —(—a>.

— 11—z
In [15], for the generalized harmonic numbers H,(«), the authors defined the generalized
hyperharmonic numbers of order r, H] («) as follows:

Definition 1. Forr < 0 orn < 0, H! (o) = 0 and for n > 1, the generalized hyperharmonic
numbers of order r, H] («) , are defined by

Hi@) =Y H[™ (o), 21,
i=1
where H? () = %
no
For « = 1, H! (1) = H! are the hyperharmonic numbers of order r. The generating function
of the generalized hyperharmonic numbers of order r is

;Hn(a)x T (1)

In [4, 18], the generalized harmonic numbers H (n,r) of rank r are defined as for n > 1 and

r >0,
1
Hnr)= Y — ——

1<no+nittnp<n O
It is clear that H(n,0) = H,. The generating function of the generalized harmonic numbers
H (n,r) of rank r is defined by

= n (=In(1—az) ™
HZ:OH(n,T)J; = T :

In [8], inspired from works [4, 15, 18], H (n,r, ) are defined as for n > 1 and r > 0,

H(n,ra)= Z !

nony - - - nran0+n1+”'+nr ’
1<ng+ni+-+n-<n
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For a« = 1, H (n,r,1)

= H(n,r). The generating function of the generalized harmonic
numbers of rank r, H (n,r, a) , is given by

ZH(n,r,a)x": (—ln(l—ﬁ)) . ()

11—z
n=0

The Cauchy numbers of order 7, C, are defined by the generating functions to be

(ln I+ ) ZCTn' )

The Daechee numbers of order r, D) , are defined by the generating functions to be

<ln (1+x) ) ZDT @

Forr = 1, D} = D,, are Daehee numbers. It is clear that

1 n!
Dy=1,Dy=—=,...,D,=(—-1)" .
0 s 1 2a ) ( ) n+1
The derangement numbers d,, are defined by the generating functions to be
=Y a 5)
l—2 &= n!

and d, = > (—1)" 2 [5].
k=0
The generalized geometric series are given by for a,b € Z™,

“[(a+n—>b x?
n - - 6
;( n—>b )x (1 — z)otl’ ©)
and the exponential generating function is

Let F(z) = > a,z™ and G(z) = > b,a" be two generating functions. The product of these
n=0 n=0
functions is given as follows:

x) = (i anx"> (i bnx"> = icnﬂc”, (7
n=0 n=0 n=0

n
where ¢, = > apb, .

Recently, there are many studies including generalized harmonic and special numbers which
are obtained by generating functions [6-8, 10-14,20].

In [17], Rim et al. investigated some identities with hyperharmonic, Daehee and derangement
numbers. For example, for any positive integer n,

DT s e o
ZHi (n—z’)!_ZHi (n—1)l’

=0 1=0
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In [8], Duran et al. obtained sums including generalized harmonic numbers and special numbers.
For example, for any positive integers n,r and m,

B ) AL L L

=0 7=0

where the Stirling numbers of the first kind s(n, i) are given by

n

= Z s(n, i)z’

1=0

where for n > 0, s(n,0) = 0,0, 0p; is the Kronecker delta [3, 19]. 2™ stands for the falling
factorial definedby 22 =z (x —1)...(z —n+1).

In [11], Kim et al. gave some new identities involving harmonic and hyperharmonic numbers
which are derived from the transfer formula for the associated sequences. For example, for
n,r>1land1 <k <n,

((r+3?17i—kk—1> 1y

n n—a n Ji+1 Jnt1
Yy Y % (Z...Zml...mnﬂqgll.,.%n)llrz

a=k 1=0 =0 j1+jo+-+jn=a—k \mi=1 mp=1

X(Hf_l) <Z:i>s(”—a7l)(a—1)’%

2 Sums with the generalized harmonic numbers of rank r
and special numbers

This section, we will give some sums involving these numbers, using the generating functions of
the generalized harmonic numbers of rank 7 and special numbers.

Theorem 2.1. Let n be a positive integer. Forr > 1,

ZH o) Hy  (a) = S Hy(@)Hy(a) - H(«)

li+la++lrp1=n

N pi(rim 1 o
- Z(_) r ilaitr+l’

Proof. By (1) and (2), we consider that

=il §>>T.‘gl L2 <ZH )xn) (fj H, (0) ) ,

and using (7), equals

n

.Y H(G,r—1a)H_(a)z", ®)

n=0 =0
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(—1(111(:)2)1)’*1 _ (—lrll(_;i)>x(—1111(:§)>x...x<—1nl(i;§)>
(

ZHh(a)gjll) (Z HZQ(Oé)xb) Z le+1 (Oé):L‘lT'H

l2=0 lr41=0

= Z Z Hy (o)Hy, (o) -+ - Hy,, (o)2™. )

n=0li+lo++lrp1=n
Also, from (4) and (6), we have

(~lm(1—2)™ <1n(1_§))’”“< gl

(1—2)™ -z 1—a) ™

— 1 = n yr+1 z" - n n+1

= L ()

B > S > n—1\ ,

- Yoty (M)
n=0 n=r+1
- i (n—i—1\ D'

S 3> MET (ki P 10
n=0 =0

Hence from (8), (9) and (10), the desired results are obtained. ]

Theorem 2.2. Let n and r be positive integers. For m > 2,

D H(im=20) H" o)=Y Hi(@)H(a) - H] (a),
1=0 li+lo++lm=n
and
ZH(i,rm—Z,a)Hﬁj(Q): Z H(ly,r—1,0)H(ly,7 — 1, ) -+ H(l, 7 — 1, ).
=0 li+lo++lm=n
Proof. The proof is similar to the proof of Theorem 2.1. [

Theorem 2.3. Let n be a positive integer. Forr > 1,

Z(—l)i G Hn—i+1,r+1,a)=H(n,ra).

at—14!
i=0
Proof. From (2) and (3), we write

(-In(1- f))ﬂr? —r/a «
1—x In (1—§)x

i[—[(n,r,a)x" =
n=0

- H(n,r+1,0)2" " Z (-1)"C e
n=0

8 1

= ZH(n—l—l,r—l—l,a)x”i(—l)"C —
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and by (7)

ZH(n,r,a)x”:Z (-1))—=Hm—i+1,r+1,a)a"

i—145)
n=0 i=0 o
as claimed. So, the proof is complete. [

Theorem 2.4. Let n be a positive integer. Forr > 1,

ZZH(Z’,T —1,a)H;_; (o) (_1)"‘*7 = H (i,r,«) dnii.

j=0 i=0 (n =)t i=0 (n —)!

and

= <_1)Z dn i—r— IDTJrl 1)71—1
atrtll(n —i—r —1)! ZHZT& '
i=0

Proof. By (7), we observe that

= ln(l__))rﬂe_x = ZH n,r,q) Zdnx”

(1-— x) — n!

— ZZH i, Q) nd_z)'x (11)

n=0 =0

and

( In(1— —))TJrl e (—ln(l — g))T —In(1-2)

i—z? = l1—x -z

= iH( Ly ny E

= n,r—1,a)z ZHn(a)x Z T
n=0 n=0 = v

= ZZH(z,r—l,a)Hn,i(&)x Z —
n=0 =0 n=0 n
o d . (_1)717] n

= ZZZH(Z,T—l,Oz)Hj_i(a)( 5 (12)
n=0 j=0 i=0 n—17):

From here, (11) and (12) yield the desired result.
From (7), we write

(_ln(1_§)>r+1 - . n - (_1)” n
T e’ = ZH(n,r,a)x D T

= ZZH(@',T, ) ((;1_)72)|x” (13)
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and, by (4) and (5),

21\ 71 T r _x
(—In(1 —2))"™" . (ln(l —~ a)) e e
1

1—2z
0 +1 e
= n D;; n dy, n+r+1
o trin) n!

n=0 n=0

_ i (_1)n D;Jrl " i dn—r—l "

antrtinl (n—r—1)!
n=0

n=0

e (Ddea Dt

=2 a1l (n—i—r— 1) 14
n=0 =0

With the help of (13) and (14), we have a relation between the generalized harmonic numbers of

rank r, H (n,r, ) , and Dachee numbers of order 7. O
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