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Abstract: In this paper, we first introduce the generalization of the Vieta—Jacobsthal polynomial,
which is called the Vieta—Jacobsthal-like polynomial. After that, we give the generating function,
the Binet formula, and some well-known identities for this polynomial. Finally, we also present
the relation between this polynomial and the previously famous Vieta-polynomials.
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1 Introduction

The theory of the Vieta polynomials was first introduced in 1991 by Robbins [6]. The recursive
sequence of the Vieta-Fibonacci polynomial V,,(z) and Vieta-Lucas polynomials v, (z) were
introduced by Horadam [2]. These polynomials are defined by V,,(z) = zV,,_1(z) — V,_2(2),
and v, (x) = 2v,_1(x) — v,_2(x) for n > 2, with the initial conditions Vy(x) = 0, Vi(x) = 1, and
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vo(x) = 2,v1(x) = =z, respectively. These polynomials are closely related to the well-known
Chebyshev polynomials of the first and second kinds that are denoted by 7,,(x) and U,(z),
respectively. The related features of Vieta and Chebyshev polynomials are given as

Vo(z) = U, (%x) see [2],

vp(z) = 27, (%x) see [3,6]

For more application of the Chebyshev polynomials of the first and second kinds, see [4, 5],
and the references therein. In recent years, the Vieta polynomials have been much attention to
many authors. In 2013, Tasci and Yalcin [7] introduced the recurrence relation of Vieta—Pell
polynomials ¢, (x) and Vieta—Pell-Lucas polynomials s, (z) as to(z) = 0, t1(x) = 1, t,(z) =
2xt, 1 (x) — th_o(z), forn > 2, and so(x) = 2, s1(z) = 2z, s,(z) = 2xs,_1(x) — s,_2(x), for
n > 2, provide that |z| > 1. Tasci and Yalcin [7] obtained the Binet form and generating functions
of Vieta—Pell and Vieta—Pell-Lucas polynomials. Also, they received some differentiation rules
and the finite summation formulas. Moreover, the following relations are obtained.

sp(x) =2T,(x), and t,1(z) = U,(2).

Recently, Yalcin et al. [1] introduced and studied the Vieta—Jacobsthal polynomials G,,(z) and
Vieta—Jacobsthal-Lucas polynomials g,,(x) which defined respectively by

Gn(z) = Gy (2) — 22G,_o(x), forn > 2,

gn(z) = gn1(x) — 229, o(x), forn >2,
where Go(z) = 0, G1(z) = 1 and go(x) = 2, g1(x) = 1. The first few terms of {G,,(x)}5°,
are 0, 1, 1, —2x + 1, —4x + 1, 422 — 62 + 1, 122> — 8= + 1,... and the first few terms of
{gn(z)}2gare 2, 1, =4z + 1, —6x + 1, 82> — 8z + 1, 202? — 10z + 1. The n-th terms of these
polynomials sequences are called the Vieta-Jcobsthal and Vieta—Jacobsthal-Lucas polynomials,

respectively. The Binet formulas for Vieta—Jacobsthal polynomials G,,(z) and Vieta—Jacobsthal-
Lucas polynomials g, (z) are given by

a"(z) — B" ()
az(x) — B(z)

gn(z) = o"(z) + 5" (x),
() = 1Hvi=8z V;—&T and f(z) = - V18 V;—Sx

equation r2—r+2z = 0. Moreover, they also introduced the generalization of the Vieta—Jacobsthal

Gn(x) =

for alln > 0, where « are the roots of the characteristic
and Vieta—Jacobsthal polynomials, and many identities for these polynomials are derived.

In this paper, we investigate the generalization of the Vieta—Jacobsthal polynomial, which is
called Vieta-Jacobthal-like polynomial. We give the generating function, the Binet formula, and
some well-known identities for this polynomial. Moreover the relation between this polynomial
and the Vieta—Jacobsthal and Vieta—Jacobsthal-Lucas polynomials are also presented.
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2 Vieta—Jacobsthal-like polynomials and some identities

In this section, we investigate some new generalization of the Vieta—Jacobsthal polynomials
sequence that has the same recurrence relation as the Vieta—Jacobsthal polynomials sequence and
the initial conditions are the combination of the Vieta—Jacobsthal and Vieta—Jacobsthal-Lucas
polynomials as follows:

Definition 2.1. For any natural number n the Vieta—Jacobsthal-like polynomials sequence
{Wy(x)}22, is defined by

Wy(x) =W,_1(x) — 22W,,_o(z), forn >2, (1)
with the initial conditions Wy(z) = 2 and Wi (x) = 2.

From Difinition 2.1, it easy to verify that W, (z) = G,(z) + g.(z), for all n. The first few
terms of {W,,(x)}>2, are as follows:

r) =2,

x) =2,
xr)=—4r + 2,

r) = 8z% — 122 + 2,
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The characteristic equation of (1) is defined by

r* —r+2z=0, 2)
and the roots of equation (2) are a(z) = Ttvi-se 21_896 and 5(z) = # We note that

a(z) + B(z) =1, a(z) — B(r) = /1 — 8z, and a(x)B(z) = 2.

We first give the generating function for this polynomials sequence as the following Theorem.

Theorem 2.1 (The generating function). Let g(z,t) = Z W, (x)t" be the generating function
n=0

of Vieta—Jacobsthal-like polynomials sequence. Then

(1) °
r,t) = —————.
g\L 1—t+ 222

Proof. Consider,

gw(z t) =Y Wy(a)t"

= Wo(z) + Wi (2)t + Wa(z)t? + -+ W (z)t" + ...
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Then, we get

—tgw (z,t) = —Wo(x)t — Wi (2)t? — Wa(2)t? — ... — W1 (2)t" — ..
20t gy (2, ) = 20Wo(2)t? + 22Wy (2)t? + 22Wy(2)t? + ... 4+ 2aW,,_o(2)t" + ...

Thus,
glx, t)(1 —t + 22t?) = Wy(z) + (Wi (x) — Wo(x)) t
+ ) (Wa(x) = Woe + 20W,, o () £
n=2

= Wo(z) + (Wi(z) — Wo(x)) t

=2+ (2-2)t

=2

2
9@ = A o)

This completes the proof. O]

In the following theorem, we give the Binet form for the Vieta—Jacobsthal-like polynomials.

Theorem 2.2 (Binet’s formula). Let {W, (x)}2, be the sequence of Vieta—Jacobsthal-like
polynomials, then
Wa(z) = Aa™(x) + BS"(z), 3)

21~ 5@) 5 _ Aal)- 1)
2@ =80 T T alw - A

where A = and o(x), f(x) are the roots of the characteristic

equation (2).
Proof. Since the roots of the characteristic equation (2) are distinct, we get that
W, (z) = dya™(z) + do 8" (x), for all n > 0,

for some real numbers d; and ds. Take n = 0,n = 1 and then by solving the system of linear
equations, we obtain

o)~ 5" @) g
L 20-B@) L 2ale) - )
Setting A = (@) = Bla) and B = o(x) — Al ),Weget
Wo(z) = A" (z) + B3f"(x)
This completes the proof. O]
We note that A+ B =2, AB = sz 2,andA—lz;zl—B.

(afz) = B(x)) a(r) — f(x)

The other explicit forms of this polynomial are given in Theorem 2.3 and Theorem 2.4
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Theorem 2.3 (Explicit closed form). Let {W,,(x)}>2, be the sequence of Vieta—Jacobsthal-like

polynomials. Then
15

Wal) = 2} (n,_i)(—Qx)i, forn> 1.

Proof. From Theorem 2.1, we obtain

o0

Z W, (2)t" = 2z

n=0

From the equality of both sides, the desired result is obtained. This complete the proof. [

Theorem 2.4 (Explicit closed form). Let {W,,(x)}>°, be the sequence of Vieta—Jacobsthal-like
polynomials. Then
W, () = 27" % <n T 1> (1 —8z)", forn>1.
= \2i+1 ’ -
Proof. Consider,

0™ () — B () = 271 4 T = 82)" — (1 — 1= 82)™]
=2 {i (") sy - 5 (") v

- ] - 1
=0 =0

—~\2i+1
Thus,
Wa(z) = Aa™(z) + B ()
B 2an+1(x) — Brti(z)
a(z) - f(z)
(@) = 8 )
B V1—38z
13]
+1
2—TL+1 n 1 — ?
ZO (2@' + 1>( 8z)
This completes the proof. [
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Theorem 2.5. Let {W,,(x)}5°, be the sequence of Vieta—Jacobsthal-like polynomials. Then

n—1
2 — Wiz
k=0
Proof. By using Binet formula (3), we obtain
n—1 n—1
> Wi(@) = Y (Aa*(z) + BS*())
k=0 k=0

| —ahz) 1 ()
ale) P12 )
(Aa(z) + BA(x)) — (Aa™(2) + BE™(x))

a(x)p(x)
W) ~ Wan (@)
B 2z
_ 2= Wan(=)
B 2z
Thus .
< 2 - Wn—l—l( )
; Wi(z) = 2z
This completes the proof. []

Since the derivative of the polynomials are alway exists, we can give the following formula.

Theorem 2.6 ( Differentiation formula). The derivative of W,,(x) is obtained as the following.

d —4(n+1)gn(x) + 8Gpi1(2)

_Wn = 5 4
dx (@) 1—8x )
where G, (z) and g,(x) are the n-th Vieta—Jacobsthal and Vieta—Jacobsthal-Lucas polynomials,
respectively.

Proof. The result is obtained by using Binet formula (3). 0

Again, by using Binet formula (3), we obtain some well-known identities as follows.

Theorem 2.7 (Catalan’s identity). Let {W,,(x)}2, be the sequence of Vieta-Jacobsthak-like
polynomials. Then

W2(x) — Wy (2)W,_p(2) = 22)" " W2 [ (z), forn >1r>1. 5)
Proof. Consider,

Wi(@) = Wagr ()W (2)
= (Aa"(z) + Bﬁ”(ﬂf)) — (Aa™"(z) + BA"" (x)) (Aa" " () + B (2))
= —AB (a(2)B(2))" " (o () = B"(x))*
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= ol BT @ @) = ()

e ()

= (2z)" (Ao/’_l(x) + Bﬁr_l(:v))
= (22)" WL (2).

2

This completes the proof. [
Take r = 1 in Catalan’s identity (5), we obtain Cassini’s identity as the following corollary.

Corollary 2.1 (Cassini’s identity). Let {W, (z)}>°, be the sequence of Vieta—Jacobsthal-like
polynomials. Then

W2(x) — Wy (2)W,_1(x) = 4(22)", forn > 1.
Proof. Take r = 1 in Catalan’s identity (5), we obtian
W2(x) — Wy (2)W,_1(x) = (20)"Wi(z) = (22)"2* = 4(22)".
Thus
Wi () = Wt (2)Woa (2) = 4(22)".

This completes the proof. [

Theorem 2.8 (d’Ocagne’s identity). Let {W,,(x)}>2, be the sequence of Vieta—Jacobsthal-like
polynomials. Then

Wi (2)Wo i1 (2) — W ()W (2) = 2(22)" " W1 (z), form >n > 1. (6)

Proof. We will prove d’Ocagne’s identity (6) by using Binet formula (3).
Consider,

Win(2)Woia(z) = Wi (2) Wi ()
= (Aa™(z) + BB™(z)) (A" (z) + B (x))
— (Aa™*(z) + BA™ ! (x)) (A" (z) + B (x))
= —AB (a(z)B(x))" (a(z) = B(z)) (" "(x) = 7" (2))
1 " (a(x) — () (@™ (x) — ™ (x
2 ale) = B (@) - )

— 2(22)""! (zo‘mngl") - 5’"”(%))

)+ B " (z)

This completes the proof. [
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Next, by using Binet’s formula, we derive the relation between the Vieta—Jacobsthal-like
polynomials, Vieta—Jacobsthal polynomials, and Vieta—Jacobsthal-Lucas polynomials.

Theorem 2.9. Ler {W,(z)}>2,, {Gn(z)}22, and {g.(x)}2, be the sequences of Vieta—
Jacobsthal-like, Vieta—Jacobsthal and Vieta—Jacobsthal-Lucas polynomials respectively. Then

(1) W(2) = 2G4 (2) = Gu(2) + gu(x),  forn =0,
(2) Whii(z) = 22W,1(x) = 2gn11(2), forn >1,
(3) Wu(z) + 2gn41(z) = 4G 10(x),  forn >0,

4) (1 —8x)W,(x) + 29n41(2) = 4gnie(z), forn >0,

1
(5) gni1(x) —2xg,—1(x) = 5(1 —8x)Wy—1(x), forn>1,

(6) Wy (2)gn(x) — Wan(z) = 2(22)", forn >0,
(7) Win(@)gn(x) = (22)"Wipn(2) = 2G(mimy1(x),  form =n =0,
(8) 4¢2(x) — (1 — 8x)W2_,(z) = 16(2z)", forn > 1,
) Wii(z)gn(2) = 2Ga2n(x), forn >1,
(10) G (@)gn(2) + Gn(@)gm(7) = Wimman)-1(2),  form,n =1,
(A1) g (2)gn(@) + (1 = 82) W1 (2)Wy-1(2) = 8gmin(z), form,n =1,
(12) Wy (2)gn(2) — ¢2(2) = Gon(x), forn >0,
(13) W,1(2)gn(x) + Wi (2)gn_1(x) = 4Gop(x) +2(22)"" L,  forn > 1.

Proof. The results (1)—(13) are obtained by using Binet’s formula (3). L]

3 Matrix form of Vieta—Jacobsthal-like polynomials

In this section, we establish some identities of Vieta—Jacobsthal-like and Vieta—Jacobsthal
polynomials by using elementary matrix methods. Let ()., be 2 X 2 matrix defined by

Qw = (7)

—4r +2 —4dx
2 x|

Then by using this matrix, we can deduce some identities of Vieta—Jacobsthal-like and Vieta—
Jacobsthal polynomials.

Theorem 3.1. Let {W,,(x)}22, be the sequence of Vieta—Jacobsthal-like polynomials and let Q),,
be the 2 x 2 matrix defined by (7). Then

Waon(z)  —22Wo,_1(2)

n _ on—1
Qw =2 [Win(x) —QZ'WQn,Q(Z')

], forn > 1.
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Proof. For the explanation, the Mathematical induction method is used. It easy to see that the
statement is true for n = 1. Suppose that the result is true for any positive integer k, then we also
have the result is true for k£ + 1. Because

Qi = Q- Qu

_ o1 Wor(z)  —20Wapa(2)|
War—1(z) —22Wop_o(x)

— 2(k+1)—1 W2k+2(l’> _2$W2k+1(aj‘)
W2k+1(m) _QJIWQk([E)

—4r +2 —4x
2 —4x

By Mathematical induction, we have that the result is true for each n € N, that is

, [ Won(2)  —20Wan_1 ()

, forn > 1. ]
W2n71(9€) —2$W2n72($)

Theorem 3.2. Let {W,,(x)}22, be the sequence of Vieta—Jacobsthal-like polynomials and let Q,,
be the 2 x 2 matrix defined by (7). Then for all integers m > 1, n > 1, the following statements
hold.

(1) 2Wamn (z) =

(2) 2Wagnin)-1(x) = Wam(2)Wan—1(2) — 20Wan—1(2)Wap—2(),
(3) 2Woimin)-1(x) = Wap1(2)Wan () — 20Wop o (2)Wap—1 (),
4) 2Woimn)—2(2) = Wom—1(2)Wan_1(x) — 20Waopm_o(2)Wap_o(x).

Proof. By Theorem 3.1 and the property of power matrix Q7" = QmQ",
result. U

Wom (2)Wop(x) — 20Wop, 1 (2)Wap_1(2),

we obtain the

By Theorem 3.1 and W,,(z) = 2G,,;1(x), we get the following corollary.

Corollary 3.1. Let {G,(x)}2, be the sequence of Vieta—Jacobsthal polynomials and let (), be
the 2 x 2 matrix defined by (7). Then

Gont1(x)  —22G5,(x)

n — 277/
@ Gon(z)  —22Goy_1(x)

], forn > 1.

Proof. From Theorem 3.1, we get

Waon(z)  —22Wo,_1(2)

Q=21 , forn > 1.
Wanl(l’) —2$W2n72(55)

2Gon ()  —4xGop_1(x)

(
G2n+1($) —QZUGzn
Gon(x)  —22Gop_1(

This completes the proof. [

2G2n+1(x) —4$G2n($) ]

forn > 1.
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By Theorem 3.2 and W,,(z) = 2G,,11(x), we get the following corollary.

Corollary 3.2. Let {G,(x)}22, be the sequence of Vieta—Jacobsthal polynomials. Then for all
integers m > 1, n > 1, the following statements hold.

(1) Gopman)+1(2) = Gomy1(2)Gony1(2) — 20Gap (1) Gan (),
(2) Gomin)(7) = Gomy1(7)Gan() — 20Gom () Gon-1(2),
(3) Gotmin)(®) = Gop (1) Gons1(x) — 20Gop—1(2)Gan (),
@) Ga(man)-1(2) = Gam(2)G2n(2) = 22CGop-1(2)Gan-1(2).

Proof. From Theorem 3.2 and W,,(z) = 2G,,1(x), we get that

—_

G2(m+n)+1($) - _WQ(WH—H) (J})

(Wom ()W (x) — 22Wop—1 () Way—1(x))

| = =D

1 (2G2m+1(l’)2G2n+1(fL’> — 4$G2m(l’>2G2n(fL‘))
= G2m+1<l‘)G2n+1 (l’) — QZ'GQm(JT)GQn(I‘)

Thus, we get that (1) holds.
By the same argument as above, we get that (2), (3) and (4) hold. This completes the proof. [

By Corollary 3.2 and W,,(z) = 2G,,41(x), we get the following corollary.

Corollary 3.3. Let {W,(z)}>°, and {G,(x)}2, be the sequences of Vieta—Jacobsthal-like and
Vieta—Jacobsthal polynomials respectively. Then for all integers m > 1, n > 1, the following

statements hold.
(D) Wagnin) (@) = 2(Goms1(2)Gans1(2) — 22Gom (2)Gan(2))
(2) Wagnin)-1(x) = 2(Goms1(2)Gan(2) — 22Gom(2)Gan1(2))
(3) Wapnin)-1(2) = 2 (Gom(7)Gany1(7) — 22Gom—1(7)Gan(T))
(4) Wagnin)—2(7) = 2(Gom(2)Gan(2) — 22G2m-1(7)Gan-1()) -

Proof. From Corollary 3.2 and W,,(z) = 2G,,41(x), we get that

Wo(m-n) (z) = 2G2(m+n)+1(x)
= 2(Gam11(2)Gant1(x) — 22Gom (1) Gan (7)) -

Thus, we get that (1) holds.
By the same argument as above, we get that (2), (3) and (4) hold. This completes the proof. [
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4 Conclusion

In this work, we defined the Vieta—Jacobsthal-like polynomial. Then we gave the generating
function, the Binet formula, and well-known identities for this polynomial. Moreover, we also
presented the relation between this polynomial and the previously famous Vieta polynomials.
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