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Abstract: The authors establish a set of fourteen character formulas in terms of Rg and I2,,
functions. Folsom [6] studied character formulas and Chaudhary [5] expressed those formulas
in terms of continued fraction identities. Andrews et al. [2] introduced multivariate R-functions,
which are further classified as R, [R5, and R, (for m = 1,2, 3,...) functions by Srivastava et
al. [10].
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1 Introduction

Throughout this paper, we denote by N, Z and C the set of positive integers, the set of integers
and the set of complex numbers, respectively. Let

No=NuU{0} ={0,1,2,...}.



For a,q € C with |q| < 1, let

o0

(a; @)oo = [ J (1 = ag™)
and

, (a; ¢)oo
(a;q), = —(aq " k € N.

Ramanujan (see [8,9]) defined the general theta function f(a, b) as follows:

f(a,b) = Z R S p (—a;ab)s (—b;ab)s (ab; ab)u, |ab] < 1.

n=—oo

Ramanujan consider the following three special case and f(a, b):

d 2
o(q) = Z ¢ = {4} (6% )
¥(q) =f(q.q ZQW” _ (% 6)x
’ (:¢%)
and -
n n(3n+1)
f=0) =f—¢,—) = > ()"q * =(¢d)x
He also defined

X(=4) = (4:4°)
The Rogers—Ramanujan identity are defined by

:i " f(=0)

() §(=a, %)

and
n? +n

= (=)
B0 =2 (o = =)

The well-known Rogers—Ramanujan continued fraction is defined by

R(g) = g5 - < 1.
W =Gy =i s 1+ 1+ ld
Theorem 1.1. Suppose that |q| < 1. Then
(@ o= ) (@) 1 g dl-q) ¢ ¢1-¢") ¢ P1-¢)
’ (%0 1— 1+ 1— 1+ 1— 1+ 1—
and 2. .5 3. .5 2 3 4 5 6
C():(qsq)oo(q;q)oo:priq_q_q_q_q_m
(4 4%)o0 (9% ¢°) o0 I+ 14+ 1+ 1+ 1+ 1+



By introducing the general family R(s,t,,u, v, w), Andrews et al. [2] investigated a number
of interesting double-summation hypergeometric g-series representations for several families of
partitions and further explored the role of double series in combinatorial-partition identities:

R(s,t,l,u,v,w) = qu(g)H" r(l,u,v,w;n), (13)
where .
r(l,u,v,w:n) = —
=0 (q q>n uj (quv,quv)
We also recall the following interesting special cases of (13) (see, [2, p. 106, Theorem 3]):
R(27171717272) - (_qa q2>007 (]‘5)
R(27271717272) = (_q27q2)00 (]‘6)
and (7 ™)
"0 )so
Rim,m,1,1,1,2) = —————. 17
( ) (@™ ¢*™) .

Recently, Srivastava et al. (see [10]) has introduced three notations:
R, =R(2,1,1,1,2,2); Rg = R(2,2,1,1,2,2); R, = R(m,m,1,1,1,2);m € N. (18)

for multivaraite R-functions, which we shall use for computation of our main results in
Section 2.

Ever since the year 20135, several new advancements and generalizations of the existing results
were made in regard to combinatorial partition-theoretic identities.

Here, in this paper, our main objective is to establish a set of fourteen character formulas
interms of Rz and Rz, functions.

In order to established our main results, we used the identities studied by chaudhary (see,
Theorem 3 from [5]).
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2 Main results

In this section, we prove a set of fourteen identities which depict inter-relationships among
g-product identities, continued fraction identities, character formulas, R, and I2,, functions.

Theorem 3. Each of the following relationships holds true:
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Proof. We prove our identities with the help of elemintary and existing results. First of all we
prove our first identity (33), using identities (11) and (18) (for m = 1) into (19), after little
algebra, we obtain our identity (33). Secondly, we attempt to prove identity (34), applying (11)
and (18) (for m = 8) into (20), after simplification, we obtain identity (34). Further, applying the
identity (11) along with (18) (for m = 3, 10) into (21), we get the identity (35); and applying the
identity (11) along with (18) (for m = 10) into (22) proves the identity (36). Again, using the
identity (11) along with (18) (for m = 3) into the identity (24) yields the identity (37). Similarly,
by using the identity (18) (for m = 6, 4, 1) along with the identity (11), in the three corresponding
identities (24), (25) and (26), respectively, we obtain our desired assertions (38), (39) and (40).
We can prove identities (41) to (56) easily, by using similar argument as in proofs of the above
identities (33) to (40). O

Acknowledgements

The research work of the first author (M. P. Chaudhary) is supported through a major research
project of National Board of Higher Mathematics (NBHM) of the Department of Atomic Energy
(DAE), Government of India by its sanction letter Ref. No. 02011/12/2020 NBHM(R.P.)/R &
D 11/7867, dated 19th October 2020.The research work of the second named author (Sangeeta
Chaudhary) has been sponsored by the UGC-Dr.D. S. Kothari Post Doctoral Fellowship Scheme
by its letter ref No. F.4-2/2006 (BSR)/MA/18-19/0022.

References

[1] Andrews, G. E. (1998). The Theory of Partitions. Cambridge University Press, Cambridge,
London and New York.

[2] Andrews, G. E., Bringman, K., & Mahlburg, K. (2015). Double series representations for
Schur’s partition function and related identities, Journal of Combinatorial Theory, Series A,

132, 102-119.
7



(3]

(4]

[5]

[6]

(71

[8]

[9]

[10]

Apostol, T. M. (1976). Introduction to Analytic Number Theory. Undergraduate Texts in
Mathematics. Springer-Verlag, Berlin, New York and Heidelberg.

Berndt, B. C. (1991). Ramanujan’s Notebooks, Part 111, Springer-Verlag, Berlin, Heidelberg
and New York.

Chaudhary, M. P. (2014). Generalization for character formulas in terms of continued
fraction identities. Malaya Journal of Matematik, 1(1), 24-34.

Folsom, A. (2011). Kac—Wakimoto characters and universal mock theta functions.
Transactions of the American Mathematical Society, 363, 439-455.

Jacobi, C. G. J. (1829). Fundamenta Nova Theoriae Functionum Ellipticarum,
Regiomonti, Sumtibus Fratrum Borntridger, Konigsberg, Germany. Reprinted in Gesammelte
Mathematische Werke, 1, 497-538, American Mathematical Society, Providence, Rhode
Island, 1969, pp. 97-239.

Ramanujan, S. (1957). Notebooks, Volumes I and 2. Tata Institute of Fundamental Research,
Bombay, 1957.

Ramanujan, S. (1988). The Lost Notebook and Other Unpublished Papers, Narosa
Publishing House, New Delhi.

Srivastava, H. M., Srivastava, R., Chaudhary, M. P., & Uddin, S. (2020). A family of
theta-function identities based upon combinatorial partition identities and related to Jacobi’s
triple-product identity. Mathematics 8(6), Article No. 918.



