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1 Introduction

The hybrid number system can be accepted as a generalization of the complex, dual and hyperbolic
number systems. In 2018, firstly, set of hybrid numbers was introduced by Ozdemir [9] as follows:

K={a+bi+ce +dhla,b,c,d € R,i*=—~1,e*>=0,h* =1},
where units satisfy the rules
th=—-hi=¢c+1i.

The set K of hybrid numbers forms non-commutative ring with respect to the addition and
multiplication operations.

Taking two hybrid numbers z; = a; + byt +cie+di h, 20 =as + byt + coe + dy h and
s € R get:
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Equality z; = 2o, if and only if, a1 = as,b; = by, c; = o, and dy = do;

Sum 2y + 25 = (a1 + ag) + (by + b2) i+ (¢c1 + c2) e+ (dy + da) hs;

Subtraction 21 — R = (a1 — a,g) + (bl - bg) 1+ (Cl - 02) e+ (dl — dg) h;
e Multiplication by scalar s.z = s.a + s.bi + s.ce + s.d h.

The real number C'(z) = 2.2 = z.2 = a® + (b — ¢)? — ¢* — d? is called the character of the hybrid
number z. A new expression for the character of a hybrid number z is given by

C(z) = (a—b)?*—2b(c—a) — d* (1)

The hybrid matrix corresponding to the hybrid number = is given by following 2 x 2 matrix

. a+tc b—c+d ‘ @)
c—b+d a—-c

For more details on hybrid numbers, see [2,9].
In 2007, the k-Fibonacci sequence { Fj , }nen is defined by Falcon and Plaza [4-8] as follows

Fro= 0, Fp1=1
Fony1r= kFyn+ Fipoa, n2>1
or
{Fintnen= {0, 1, k, K>+ 1, k3 +2k k*+3k*+1,...}

3)

Here, k is a positive real number.

In 2015, Ramirez [10] defined the the k-Fibonacci and the k-Lucas quaternions. For more
details about these quaternions see, for example, [1,10,11].

In 2018, Cerda-Morales [3] defined the generalized hybrid Fibonacci numbers.

The aim of this study is to define k-Fibonacci hybrid numbers and give their algebraic
properties by using hybrid numbers based on Ozdemir’s study in [9].

2 The k-Fibonacci hybrid numbers

In this section, firstly the k-Fibonacci hybrid numbers will be defined as follows:
HFyn=Frn+iFni1 +€Fenpa+hFrngs “4)
where units satisfy the rules as follows
i?=—1,e*>=0, h*’=1, ih=—hi=i+e, ci=1+h, ic=1—h,eh=—he=c. (5

where hi+e+1=0.
Similarly, the k-Lucas hybrid numbers will be defined as follows:

HLk,n = Lk,n +1 Lk,n+1 +¢€ Lk,n+2 + h Lk,n_._g (6)

where (5) conditions are satisfied.
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The k-Fibonacci hybrid sequence H F',, satisfies the recurrence relationship
HFy,=kHFy 1+ HF 9. (7)
with initial conditions
HFyo=i+ek+h(k*+1), and
HF,=1+4+ik+e(k*+1)+h(k* +2k).
Similarly, The k-Lucas hybrid sequence H Ly, ,, satisfies the recurrence relationship
HLy, =kHLj, 1+ HLjp o ®)
with initial conditions
HLyo=2+ki+e(k*+2)+h(k®+3k), and
HLyy =k+i(k*+2)+¢e (K +3k)+ h(k* + 4k + 2).
Taking into account (1), the norm and character of a k-Fibonacci hybrid number is given as
1H Enll® = C(HF ) ©)

where C(HFk,n) = (Fk,n — Fk,n+1)2 — 2Fk,n+1(Fk,n+2 — Fk,n) — Fl?,n—&-S'
Let HF',, and HF, ,, be two k-Fibonacci hybrid numbers. The addition and subtraction of
two k-Fibonacci hybrid numbers are defined in the obvious way,

HFy, £ HF ;= (Fyn+ 1 Font1 +€Fpnto + h Fints)
+(Fym + 0 Foms1 + €Fpme2 + h Fomys)
= (Frn £ Fem) +1 (Finir & Frmir)
+e(Frnt2 £ Frmr2) + 7 (Frngs £ Frmes)-

Accordingly, we will use table below (Table 1) for the multiplication of any two hybrid

(10)

numbers. This table shows us that the multiplication operation in the hybrid numbers is not
commutative. But it has the property of associativity.

o [ i el h
1 1 ) € h
1 1 —1|1—h|e+1
€ el 1+h 0 —
h h| ——1 € 1

Table 1: Multiplication scheme of hybrid numbers [1]

Multiplication of two k-Fibonacci hybrid numbers, which are non-commutative is defined by
HFpn X HFpm = [Fin Fom — Frntt Fomer — Fionge Femie + Frens Fomas]
+i [Fin Fems1 + Fent1 Fem — Frnso Fom+s — Fints Fiomo]
+e[Frn Frmto — Fent1 Fomas + Fenta Fem — Finss Foms1) (11
+h [Fyn Fimts + Fonet Fromt2 + Fonto Foms1 + Frnts Fiom)
# HFy, x HF .
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The conjugation of the k-Fibonacci hybrid number is defined as follows
HFyp =Fyp — i Fypy1 — €Finia — h Fionas, (12)
Therefore, the norm of the k-Fibonacci hybrid number H F'y,, is defined as follows

|HFynl? = HFyp. HFpp

(13)
= Fl?n + Flg,nﬂ - Fkg,n—f—?) — 2 Fyni1 Frnyo

In the following theorem, some properties related to the k-Fibonacci hybrid numbers are given.

Theorem 1. Let H I, ,, be the k-Fibonacci hybrid number. In this case, we can give the following

relations:
HFypio=kHFy 1 + HFy (14)
HLk,n = HFk,n-l—l + HFk’,n—l ) (15)
kHLy=HF 2 — HF . (16)

Proof: (14): By using (4) we get,

HFypn+kHFpp1 = (Fyon+kFone1) 0 (Fppir + Kk Fiongo)
+e(Frny2 +k Frnys) + b (Fipnis + Kk Finga)
Fenio+ i Fynis +€Fgnia +h Finis
= HFjpt2

(15): By using (4) we get,

HFE i1+ HF o1 = (Fensr + Frpo1) + 0 (Frnge + Fin)
+e(Fints + Fent1) + 1 (Frpta + Fingo)
Lyn~+1Lgpt1 +€Lpnto+h Lipis
HLyp,

(16): By using (4) we get,

HFypio —HF o= (Fint2 — Frin—2) + 0 (Fints — Fin-1)
+e(Frmsa — Frn) + 1 (Frngs + Frng1)
= k[Lin+iLiptr + €Lppgo + b Ly s
= kHLy,

where Fj, 11 + Fipo1 = Lipn and Fy 0 — Flpo = k Ly, are used. ]
Theorem 2 (Honsberger identity). For n,m > 0 the Honsberger identity for the A-Fibonacci
hybrid numbers H Iy, ,, and H F'y, ,,, is given by

HF o HF o+ HF i1 HE i1 = HF gpvms1 + (= Frontmas + 2 Frontma
+Ehntm+47) + Frngma2t + Frppmis € (17)
+Fkntmyah .
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Proof: (17): By using (4) we get,

HFy HE o + HE 1 HF) 1

= [(FinFrm + Fent1Feme1) — (Frns1 Femat + FionvoFiome2)

+(Frmt3Frmes + FrentaFremra) + (Frns1 Frmy2 + FonroFemi2)

(Frnt2Fems1 + FentsFrmi1) ]

(FrenErms1 + Fens1Fems2) + (Frns1 Fom — Fens2Frm+1)
(Frmi1Frmes + FenroFrmya) — (FentsFemir + FrnraFrmi2) ]
(FrnFrms2 + Font1Femes) + (Frng2Frm + FrnesFrmi1)

+(Frent 1 Femes + Frnr2Fremra) — (FrngsFrmit + FenpaFemi2) |

—(Frems2Frmes + FrnesFrmea) | + (FrnrsEFeme2 + FensaFrmes) |
+h [ (FenFremss + Fens1 Frmra) + (FensFrm + FrnraFrmy1)
~(Frn1 Femie + Frng2Frmes) + (FentoFrmi1 + FrnrsFrmi2) |

= (Frntmt1 — Frntmes + 2 Fongmea + Frpimer)
+2 [ Fintmt2t + Frnimes € + Frppmia ]

= HFpntmi1 + (—Fintmss + 2 Fintmta + Frntmsr)
+Fenrmi2t + Frnimi3 €+ Fenpmia b

_|_

+1

+ =

+
O

where the identity Fk,an,m + Fk,n-}—le,m-l—l = Fk,n—f—m-‘rl was used [5]. O

Theorem 3 (Generating function). Let H F';, be the k-Fibonacci hybrid number. For the
generating function for these numbers is as follows:

& . HFwo+ (HF, —kHFgo)t
s=1

Proof: Using the definition of generating function, we obtain
gur,,(t) =HFo+ HFpat+ - + HFppt" + -+ . (19)
Multiplying (1 — k¢ — t?) both sides of (19) and using (3) and (14), we have

(1—kt—1*)gnr,,(t)= HFo+t(HFw —kHF)p)
+t2(HF o —kHF); — HF o) + -
" Y (HF i1 —kHF oy — HF o q) + -+
= HFyo+t(HF1 —kHFpo)+0+0+---

where
—ktgup,,(t)=—ktHFyo—kt* HF, — ... —kt""" HFy, — -+,
— gup,,(t) = P HFg— t* HFpy — -« — """ HFp, g — -
and
HFypni1 —kHF, — HFp 1 =0
are used. Thus, the proof is completed. 0
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Theorem 4 (Binet’s Formula). Let HF',, be the k-Fibonacci hybrid number. For n > 1,
Binet’s formula for these numbers is as follows:

HF,, = ﬁ (da” .y B”) 20)

where
a=1+(k—-08)i+ (kK —kB+1e+ (K- (K*+1)+2k)h
=1+ia+ea®+ha?,
—B=1+k-a)i+ (k> —ak+De+ - k> +1)a +2k)h
=1+iB+eB*+hp33,
a =k g RV Bk a—B=VE2+4, af=—1.
Proof: Using the Binet formula for k-Fibonacci number [5], we obtain

HFpp= Frpn+iFene1 +eFenp2 +h Fings

_ aniﬁn + Z (an+175n+1 ) (an+275n+2 ) h (an+3718n+3 )

Vk2+4 VEZ+4 Vk2+4 k2+4
o™ (I+iatea’+had)—B™ (1+i f+eB2+h 33)
o Vk2+4

= —=(aa"=3p").
wherea = 1+ia+ea®+had, B= 1+iB+eB%+hpB3. O
Theorem 5 (d’Ocagne’s identity). For n,m > 0 the D’Ocagne’s identity for the k-Fibonacci
hybrid numbers H F'y, ,, and H I}, ,,, is given by
HEHF gy — HF 1 HE gy = (1) [(1 = k) Frem
+k (Fk,n—m + Lk,n—m) l + (Lk,n—m) €
+(3k Frpm + (k* = 1) Ly ) h] 21)

or

(=)™ap(an-m—pnm)
a—p :

Proof: (21) By using (4) we get,
HEy HF 1 — HE 1 HFy,
- [ (Fk,an,m+1 - Fk,n+1Fk,m) - (Fk,n+1Fk,m+2 - Fk,n+2Fk,m+1)
+(Fren+3Fkmia — FontaFrmes) + (Font1Femts — FrntoFrem+2)
+(Fin+2Fkme2 — Fint3Fem1) ]

+i [ (FonFrmre — Front1Fom+1) + (Fent1Fem+1 — FontoFim)
—(FentsFemt2 — FontaFrmi1) + (Fent1Fomea — FontoFrm+3) ]
+ el (FionFrmss — Front1Frms2) + (Fent2Foms1 — Frnt3Frm)

_I_

(
(
(Fent1Frmia — Fent2Frmes) — (FentsFrmtz — FentaFrmi1)
—(Fens2Fremea — FenisFrmes) + (FrnesFrmes — FrneaFremez) ]
+h [ (FrnFrmia — Frns1Frmes) + (Fenseslimer — FensaFrm)
+(Frpnt2Fromie = FrntsFrms1) — Frns1Frmes — FenoFrme2) |
= (—1)m [(1 - ]C) Fk,n,m + k (ka,m + Lk,n—m) 14+ (Lk,n—m) €
3k Famm+ (k2 = 1) Linm ) ],

where the identity Fy ,, Fi i1 — Frnt1Fem = (—1)™ Fg e is used [5].
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We calculate (21) again with a second method. By using (20) we get

HFk,n HFk,m+1 _ HFk,n+1 Hka — (dan_ﬁﬁn)(daerl_Bﬁerl)

OZ—A,B n+1 Bﬁn-‘—olé_ﬂA m Blgm
_(aa — )(aaaiﬂ )
_  —&B(aB)man fmtl—Ba(aB) ™ pn o™t
o N (a=8)2 (aB)"™
_I_dﬁ(aﬁ)_ma”+15m+507(015)_m5"+1am
(a=B)2 (aB)~™
_ —&B o m(a—B)—Ba B ™ (a—pB)
(a=B)? (aB)~™
(=)™ 4B (@r—m—pn—m)
a—p

where @ =1 +ia+eca®+ha® and —B=1+i8+¢e8%+ h33. O

Theorem 6 (Cassini’s Identity). Let H/ F'r,  be the k-Fibonacci hybrid number. For n > 1,
Cassini’s identity for H I’ , is as follows:

HFk,n,l HF,WH — (HF,M)2 = (—1)” [(1 - k) + k (1 — k) 7+ (2 - k)a + (k3 + 4k) h]
or
= (1) [2er2f 4 (HFy,)?).
(22)
where s; = (48 — a2), s = —(af — (?).

Proof: (22): By using (4) we get

HFyp 1 HF ) g1 — (HFkn)z
= [(Fk,n—le,n-&-l - Fl?,n) - (Fk,an,n+2 - Fl?,n+1)
+(FenFrnts = Frnet Frnvz) + (FrnsoFensa — Fpys) |
+i [ (Frn-1Frn2 = FenFrent1) + (Frenr2Frnte — FrnFrnia) ]
e[ (Frn-1Frm+s = FenLrins2) — (FrnFrnsa — FenpoFrnt2)
+(Fent1Fent1 — FontoFin) + (Frnt1Fenta — FontoFints) |
+h (Fin-1Frinta — FenFrnes)
=(-D"[1—-k)+k(1—=Fk)i+ (2—k)e+ (K®+4k)R],

where the identities of the k-Fibonacci numbers Fy, ;1 F 41 — F,?,n = (=1)"[5].
We calculate (22) again with a second method. By using (20) we get

danfl_A n—1 &am 1_ n+1 n
HF oy HF iy — (HFp)? = (80080 )(al0opP Ty (4an =B )2
_ 2a2"+5262”—d3(a6) £ ) Ba(aB)" <§)
- _ (a—p)?
_(&2 a2n+132 ﬂQn—2&ﬂ(aﬁ)n)
(a—p)?
e & BB2—B 6021248
= (o)t [ S
—B2 (aB—f32)—a? (af—a&2 &a—f
_ (aﬂ)nfl[( B (&f (i—)ﬂﬁ (ap—a?) —( a_§6)2]

= (][22t 4 (HFy)?),

where s; = (4f—a2), s3 = —(af—p%) and & = 14+i a+ea’+ha?, —f = 14i f+e8+h 3.
This completes the proof. U
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Theorem 7 (Catalan’s Identity). Let H F'y ., be the k-Fibonacci hybrid number. For n > 1,
Catalan’s identity for H F'y, ,,, is as follows:

HFppir 1 HF jpiri1 — (HF ) = ()" [(1—k) + k(1 — k)i
+(2—k)e+ (K> +4k)h] 23)

or

= (1l 4 (HF)?).

N A

where s; = (43 — a%), sy = —(af — 3?).

Proof: (23) By using (4) we get

HFtnir—1 HF g pgry1r — (HF gy )?
= [(Frontr 1 Frnirin = Foir) = Frnir Frniria — Ffgn)
+(Frptr Frntrts — Fontre1 Frntrs2) + (FonsrtoFrntrea — F]in+r+3) ]
+i [ (Fintr—1Fentr+2) = (Frntr Fontr+1) — Froptr+1 Frontrta — Fengr1Fentr+3)
—(Frpsre2Fensrv2 = Frpsre3Fensri1) ]
+e [ (Frntr—1Frntres — FrontrFentri2) ¥ (Fenir Frntria — Frontrs1Fentrts)
+(Frntr+1Fentr1 — Fontri2Frntr) — (Fentri1Fentria — FrngrioFrngrts)
—(Frptre2Fentr+2 — Frptre3Fentri1) ]
+h [ (Frnsr—1Frntria = Fenir Frnirs3) = (Frntr Fensres = Frnrs1 Frngrs2)
+(Frensr+2Fensre1 — Fenpre3Frnir) ]
= (=" [(1—k)+k(1—Fk)i+(2—k)e +(k*+4k)h],

where the identity of the k-Fibonacci numbers Fj 1 Fg niri1 — F,fn 4 = (=1)""is used [5].

We calculate (23) again with a second method. By using (20) we get

& an+7'+1 _B Bn+7'+1 )

A n+r—1_ 2 pntr—1
HFk,n«H"fl HFk,n+7°+l - (HFk,n+r)2 = (aa 75 )( a—f

a=B
_(&a”JrT—ﬁ Bn+r )2
a—p
2o 452 B2 —af(af)m T (5)—pa(aB)" T (5)
o _ (a=p)E
_(&2 a2(n+r)+52 ﬁ2(n+r)_2&5(aﬂ)n+r )
(a—p)?

S AB2_ B A a2l948
= (af)"tL] app 6(333;;20@3(&5) ]

_R2 dA_A2 —a? OALA—OAZQ
= (aB)™L] p? (ap—p*)—a? (&B—a?)

. (a=p)?
=i
= (=1 [ a;—jj o + (HFk,1)2]

where s; = (45—a2), sy = —(af—F2) and & = 1+ia+ea’+ha?, —3 = 1+i f+e2+h 33,
This completes the proof. U
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3 The matrix of k-Fibonacci hybrid numbers

Using the norm of k-Fibonacci hybrid number, a 2 x 2 matrix representation as follows:

||HF1€,H||2 = sz,n + Fk2,n+1 - Fk?,n+3 - 2Fk‘7n+1 Fk77’b+2

= det(AHFk’n),
App, — Fym 4 Fint2 Frns1 — Frnto + Fings
o Fk,n+2 - Fk,n+1 + Fk,n+3 Fk,n - Fk,n+2

Therefore, there is an isomorphic representation from H F', ,, to the set of all M5, matrices can
be defined as follows:
¢ HF )y — Myyo

This transformation is one-to-one and onto. Thus, H Iy, ,, and M» are isomorphic.

Using the representations of hybrid numbers in [2], we can give 4 x 4 left and right
representations of the k-Fibonacci hybrid numbers.

4 x 4 left matrix representation of k-Fibonacci hybrid number H F';, ,, is given by

£HFk,n : HFk’n — M(47R)

Frn  Fint2 — Frina Flnt1 Flnts
Lo, — Frnt1 Fep — Frngs 0 Frni
" Fynto —Flnys Fin + Frngs Frng1 — Frngo
Frnis Finto —Fi g1 Fyn

and 4 x 4 the right matrix representation of k-Fibonacci hybrid number H F' ,, is given by

RHF;WL : HFk;,n — M(4,R)

Fk,n Fk,n+2 - Fk,n+1 Fk,n+1 Fk,n+3
Rur, = Finyr Frn + Fenys 0 —Frns1
’ Fynto Fin+s Fin = Finys Frnvo — Frnr
Fints —Flng2 Frns1 Fin

Also, we have detLyp, ,, = detRyp,, = ||HF "

4 Conclusion

In this paper, we have examined the k-Fibonacci hybrid numbers, which are non-commutative.
Thus, we have derived several interesting properties of the k-Fibonacci hybrid numbers such as
Honsberger identity, Binet’s formula, generating functions, d’Ocagne’s identity, Cassini’s and
Catalan’s identities. Furthermore, the k-Fibonacci hybrid matrix was defined by obtaining the
2 x 2 matrix representation of the £-Fibonacci hybrid number H I, ,, \We also give 4 x 4 matrix
representations of the k-Fibonacci hybrid numbers H Fy, ,,.
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