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1 Introduction

Fibonacci sequences are one of the most well-known sequences of numbers. These number
sequences and their generalizations have found application in many fields (see, e.g.,
[2,5, 6,7, 8, 14]). Many researchers have presented many features by defining the polynomials
of these generalizations [4, 9, 10, 18]. There is still scope for generalizations of the dimensions
of the associated continued fraction algorithms [17].
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One of these expansions was introduced by Filipponi [3]. Ramirez gave the incomplete
k-Fibonacci and k-Lucas numbers and their polynomials [12, 13]. Powers of such numbers also
offer scope for extensions and development of related identities [16]. Catarino et al. gave the
incomplete k-Pell, k-Pell-Lucas and Modified k-Pell numbers [1]. Uygun et al. defined
generalized Vieta—Pell and Vieta—Pell-Lucas polynomial sequences [20].

Definition 1.1. The generalized Vieta—Pell polynomials Py ,,(x) are defined by

Pk,n(x) = zkxpk,n—l(x) - Pk,n—z(x)
with Py, o(x) = 0 and Py ,(x) =1 [20].

Definition 1.2. The generalized Vieta—Pell-Lucas polynomials Qy, ,(x) are given by

Qk,n(x) = kaQk,n—l(x) - Qk,n—z(x)
with Qpo(x) = 2 and Q1 (x) = 2¥x [20].
The characteristic equation of these polynomial sequences is

r2=2kxr+1=0.
The roots of this equation are

2kx4q/22k 2 x—22kx2—4

a(x) = > ' B =2 >

The Binet formulas for these sequences are
a"(x) — " (x)
a(x) — B(x)

Qren(x) = a™(x) + ™ (x). [10]
These polynomials are given in an explicit closed form by using the generating function
respectively [20]:

Pk,n(x) =

and

25 |
Py (x) = Z <n _jl _]) (—1)J (2kx)n-2/-1
j=0
|7 (1.1)
2
—1—j . .
Qun@ =) = ("7 ) vl
j=0

In this work, we describe the incomplete generalized Vieta—Pell and incomplete generalized

Vieta—Pell-Lucas polynomials and give new relations, identities and the generating function of

these polynomials.

Lemma 1.1 (see [11], p. 592). Forn > 1, let {s,}m—o and {1, };=o be a complex sequence with
Sp =QaSp_q +bsy_, + 1,

where a, b are complex numbers. Then the generating function U (t) for {s,,} is

G(t) +sg_1y+ (51 —spa — 1t

U(t) = )
(t) 1 — at — bt?

where G (t) is the generating function for {r,}.
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2 The incomplete generalized Vieta—Pell polynomials

Definition 2.1. The incomplete generalized Vieta—Pell polynomials are described by
n—1-—j
J

In Table 1, we give sample values for the incomplete generalized Vieta—Pell polynomials.

Plé,n(x) = 5’:0( ) (—1)j(2kX)n_2j_1 ,0<1< lnT—l 2.1)

" 0 1 2 3
1 1
2 2kx
3 22kx2 22kx2 -1
4 23kx3 23kx3 _ z(zk)x
5 24kx4- 24-kx4 _ 3(22k)X2 24-kx4 _ 3(22k)x2+1
6 25kx5 25kX5 — 4(23k)X3 25kx5 _ 4(23k)x3
+3(2")x
7 26kx6 26kx6 — 5(24k)x4- 26k 6 _ 5(24k)x4 26kx6 — 5(24k)x4-
+ 6(2%2K) x? +6(2%2F)x%2 -1

Table 1. Sample values for Py, (x)

n-1
When k = 1, P1l,n2 J(x) = B,, we get the Vieta—Pell polynomials [19].

From (2.1), we can write the following results:
PR.(x) = 2kx)" Ln=>1
Pt (x) = 2kx)" 1t — (n—2)(2kx)" 3, n >3

(n—4)(n—3)
2

PE,(x) = (2k0)" 1t — (n — 2)(2Fx)" 3 + k)" S5 n>5

n—1
Pkl,nTJ(x) = Pp(x),n=>1

— k
p nTSJ(x) _ Py (x) +%, if n > 3 and n is even
fon Pen(x)+1, ifn>=3andnisodd

Theorem 2.1. We have the recurrence relation for Pf. ,(x)
P, () = (2Kx)PEL (1) — PE,(0),0 s 1 <[22 2.2)

From (2.1), we can obtain the relation

Phnia(0) = 2*0)PL 1 (0) — PL, () — (")) (2ka)n 12 (2.3)
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Proof. From Definition 2.1, we have

(25 0) P2 () = P ()
I+1 l

= (2kx) Z ( ) (—1)/ (2kx)"=% — Z (n _].1 _j> (—1)/ (2kx)n-2-1

=0

I+1 . I+1
— (n _]> (_1)j(2kx)n—2j+1 z< )( 1)] 1(2k )n 2j+1
j=0 J j=1
1+1 1+1 )
_ <TLJ ])( 1)](2k )n 2j+1 + (7 i) (_1)j(2kx)n—2j+1
j=0 j=1
l+1 . .
. . n-—j n-—j n
- v (3074 (7)) - (e
j=0
l
N n-j+1 (k=2 1+1
=2 (") i@ -0 = Al o
j=0
This completes the proof. 0

Theorem 2.2. We have the following equality

Z(]s) P ;) QR0 (1) = P, (0 (D, 0<is———  (24)

j=0

Proof. We proved by induction on s. For s = 0 and s = 1, the result clearly holds. Now assume

that the result is true for i < s. We prove it for s + 1:
s+1

> ()R, ey

j=0

5 (6) + (2] Bk @iy -y
= 234 (5) B eon @k (- 1)f+1+zs+1( 5 ) P @)@k (-1

= (DAL + () PR 00280 (-1

+ Z () sy

j=-1
_( 1)s+1 ,i-l;ls+25(x)+0+z () I:;J:;il(x)(zkx)]+1( 1)]+2+

(C)Pen(0)@0°(-1)?
= (1Bl s () - <zkx>2( ) P @@~ 40
= (—1)* P s () — (ka)Pﬁthzlm(XD(—l)S“

= (—1)"*2 (2 0P 4100 — PESas(0) = (15 2P 1 (6). O
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Theorem 2.3. Forn = 21 + 2, we have

s—1
D Pl @) = =Pl (0 + 240 Pl (0.
j=0

Proof. We prove the assertion by induction on s. For s = 1, it is easily seen that the result is
true. Assume that the assertion is true for i < s. We prove it for s:

520 Phnsj (0 (250)57 = (252) 2525 iy () (2K20) 5771 + Pl s (%)
= (2K (=Pi e () + (2F0)PEEL 1 (1)) + P s ()
= — (2RO P 1 (1) + Pipys () + 2F0) TP ()
= _PTllii‘+2(x) + (zkx)s+1plé:|1-11-l-1(x)' O

Theorem 2.4. We have the following equality

an,n(x) - (ka)Pk,n(x)
(2kx)2 — 4 '

Py (x) = (2")<

Proof. From Binet’s formula, we obtain

(na™ ' ()a’ (x) = np" ()B' (X)) (ax) = B(x)) — (' (x) = B' () (@™ (x) = B (%))

Plé,n(x) = (a(x) - 'B(x))z
whete a(x) = ZEREEL ang ) = LIRS

Taking the derivatives of a@(x) and S (x), we have

) — _2Fa() ) — 2B
@' () = S pm A BN = T

If we put away a’(x) and B’ (x) in the equation above:

k k
Pin) = (a0 g S+ 8 9 gy ) ) )
ent (@(0) — B(x)?
2" a(x) 2B (x) n n
 Gw-pm taw - g @ ) )
(a(x) — B(x))?
Pl (x) = 2n(a" () + (%) 2¥(a(x) + B())(@"(x) — f*(x))
on (a(x) — B(x))? (a(x) — B(x))?
_ 2knQpn(x)  252%xP, (%)
T (2kx)2—4  (2kx)2—4
Thus, the proof is completed. [

Theorem 2.5. We have the relation

(@) -a)nt4 Jpn-n()0un )

2((2kx)?-4)

S5 i ) @iy = 25)
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Proof. From equation (1.1), we get

Mlm—1—j . .
@ 0P =305 ("7 ) @iy
If the derivative of the above equation is taken, we obtain
N |
k k. p! N i (k. \N—2j—19k
2P0 + 2xP, (0 = Y =2 (") i@k
j=0 J
-1
=

n—1-—j . .
=nhu2 =2 ) (") i@
=0

From Theorem 2.4, we get

2kP, (%) + 2"x<

N

= nPk,n(x)zk -2 Z ](n _jl B ) (_1)j(2kx)n—2j—12k
j=0

zank,n(x) B 22kka,n(x)
22kx2 — 4

2knQ, ,(x) — 2%%xP, .. (x
Pn(a) + x (2120 "B g o
-2
-1
e .
= (" ) @y
=0 /
_ (22k 2 — 4’)Pk,n(x) + xzank,n(x) - 22kx2Pk,n(x) - n(ZZk 2 - 4)Pk,n(x)
B —2(2%kx2 — 4)
_ Pen(0)(2%x% — 4 — 22Kx2 — n2%x% + 4n) + Qi (X) (x2¥N)
B —2(2%kx2 — 4) '

Thus, if some algebraic operations are done, the equation (2.5) is obtained.

Theorem 2.6. We get the following equality

"] I{_4Pk'" (x) + (250 Qin (1) ) if n is even;

S|

=0 ' | (22k 2 — 8)Pk,n(x) + nzkak,n(x) ifnis odd
2027 x% — 4) ’ '
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Proof.

7]
-1-0
PlaCe) = (" (~D°(@kx)no!
; “ ( 0 )

+ (n - 3 - 0) (=1)0(2kx)n0-1 4 (n - 1 - 1) (—1)1(2k)m 21| 4 ...
1
1

(n—l—O

. - 1) (_1)1(2kx)n—2—1 4o

) (—1)°(2kx)n-0-1 4 <n -

=

_ <[n - 1J N 1) <n —-1- O) (—1)°(2kx)™1 + ln - 1J (n -1- 1) (=1 (2Kx)™3 4 -

o n__lT)(_1)1717_1J(2kx)n-21"7_1]—1‘

2 0 2 1
n—1
+ (n i lln_—l1TJ> ol a7
2
_lnT_lJ n—1 AV A Sl A WY i
B .
_lnT_lJ n-1 n=1—=0\ o \n-1-2i i lnT_lJ n=1—=0\ o \n-1-2i i
S ) - 3
'z ,
() 3 7 o
i=0

From Theorem 2.6, we obtain

(5 1) Pt - ((((2kx>2 O+ 4)Pn(@) - nzkak,noc))

2 2((2kx)? —4)

If we use Theorem 2.5, the proof is completed. U

Theorem 2.7. The generating function for P,én (x) is given by
By, (x) = Z Py ()t
i=0

= ¢2l+1 [Pml“(x) + (Pk,21+2(x) — (ka)Pk,2l+1(x)) t— m (1-(2kx)t+¢2) "
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Proof. Suppose that [ is a fixed positive integer. From (2.1) and (2.3), for 0 <n < 20l + 1, we
get
P{,(x)=0

PI£,21+1(x) = Py o141(x)

PI£,21+2 (x) = Py 2142(x)
and

Pl = (k)P 1(x) = Pl ,(x) = ("7 (@kx)n32L
If we show s, = P,£,21+1(x) and s; = P,£,21+2(x) then we have s,, = P,£’n+21+1(x).

Similarly, if ry = r; = 0 then we have r;, = (n:::l)(ka)"_z.

The generating function for {r,} is

G(D) &2

T @@
(see [15, p. 355]).
Thus, from Lemma 1.3, we obtain the generating function By, ; (x) for {s,,}. O

3 The incomplete generalized Vieta—Pell-Lucas Polynomials

Definition 3.1. The incomplete generalized Vieta—Pell Lucas polynomials are given by

Q) =Ty = () (@0, 0 < 1< 3], (3.1)

n-j
In Table 2, we give sample values for the incomplete generalized Vieta—Pell-Lucas polynomials.

Forx =1, QHL (x) = Q,,. (Qp:n. Vieta—Pell-Lucas number), we get an incomplete Vieta—Pell

Lucas number.

Lo 1 2 3

1 2k x

2 22K 52 22ky2 _ 9

3| 23kx3 | 23kx3 —3(2F)x

4 24—kx4- 24k 4 _ 4(22k)x2 24—kx4 _ 4(22k)x2+2

5 25kx5 25kx5 _ 5(23k)x3 25kx5 _ 5(23k)x3
+5(2")x

6 26kx6 26k 6 __ 6(24—k)x4 26k 6 __ 6(24—k)x4 26k 6 __ 6(24k)x4-
+9(22k) x2 +9(22K)x2% — 2

7 27kx7 27kx7 _ 7(25k)x5 27kx7 _ 7(25k)x5 27kx7 _ 7(25k)x5
+ 14(23%)x3 +14(23)x3 — 7(2%)x

Table 2. Sample values for Qf ,, (x)
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From (3.1), we can write the following results:
Qrn(x) = 20", (n=1)
Qn(®) = k)" = n(2kx)"2 ,(n 2 2)

n(n 3)

Qi n() = (2k0)" —n(2kx)" 2 + ———=(2Fx)"* ,(n = 4)

: J(X) = Qen(x),(n=21)

= J( ) = Qn(x) — 2, ifn > 2 and even;
fon Q. (%) — n(2¥x),if n = 2 and odd.

Theorem 3.1. We have the recurrence relation

Qhn(x) = =Pk (1) + Py () 0< 1< [ (3.2)
Proof. Applying Definition 2.1 to the right-hand side (RHS) of Eq. (3.2), we obtain
-1 1-1
—2—j o . n—j . L
RHS 2k yn—2-2j -1}/ + —1)/ (2k\"—2J
()jZO(j)(ao (>;(j)<)(x>
-1 1 . 1 .
n—1—j . . n—j . .
= - . (2kx)"2I (1)) + (1) (k)2
j=1( j=1 ) ;( j )
! l
n—1—j o , n—j . oy
= . 2k H(-1) + ) (=D 2k
;( j—1 ) ;( J )
l
— n-— 1 _J n ] k n—2 n— 1
D) (e G CEREE Gy
noMm=j\ . o . ’
= _ 2 (-1 = . ]
,-Zo"—f( )@t = gl

Theorem 3.2. We have the recurrence relation for Qg ,,(x)

Q2 (®) = (2“0QkH ()=, 0 <1< 3], (3.3)

Proof. From (3.3), we can obtain the recurrence relation
Q2 (0) = (20 Qi1 (0 =0k n () + = () (@402 (3.4)
The proof is clear from (3.2) and (2.2). L]

Theorem 3.3. We have the following relation

—(252)Ql () = Pl an ()+P5Z, (0. 0 < 1< 3]
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Proof. By (3.2), we obtain
Plé n+2(x> = = Qi1 (=P (1)
kn () = Plinl(x) an 1(%).
If we add the equations, we have

Pkn+2(x)+ kn Z(x) = an+1(x) an 1(x)
From (3.3), we get

Pkn+2(x) + P, kn Z(x) - —(ka)an(X)

Theorem 3.4. We have the following equality

N

s L+ ; n—s
S (5) @000 (~D = @l (0 < 1< 7

i=0

Proof. By using (3.2) and (2.4), we get
S N

D (1) @0k 0 D = 3" () [P G0 — P @] @40 (-1

i=0 i=0
=3 () [P @] @0 (-1 - Z() P (0] 255! (~1)i+1
i=0 i=0
Ié-';ls+25+1('x) Ié-';ls+21$ 1(0) = £T5+25(x)-

Theorem 3.5. Forn = 21 + 1, we have
s—1

D0 0 @50 (=) =l 10 (1) — (K00 (0.
i=0

Proof. By using equation (3.3) and induction on s, we get proof of the theorem.

Theorem 3.6. The generating function for Q,l{'n (x) is given by

Ap (x) = Z Qr.i (Ot
i=0

2 2 — _
=t% [Qk,zz(x) + (Qk,2[+1(x) - (zkx)Qk,Zl(x)) t— a f ((ka)?)”l (1—(2%x)t + t2) '

Proof. Let [ be a fixed positive integer. From (3.1) and (3.4), for 0 < n < 21, we get
Qin(*) =0,
Qr21 () = Q21 (%),
Qllc,21+1(x) = Qr,21+1 (),

and
n—2 n—2-—1
k., \n—-2-21
2—l<n—2 )(2 *) '

If we show s, = Qf 2,(x), 51 = Q. ;41 (%), then we have s, = Qf 45, (X).

Qllc,n(x) = (zkx)Qllc,n—1(x) an 2 (x) +
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Similarly, if ry, = r; = 0, then we get

<n+21—2
T, =

k. \n+21-2
n+l—2>(2 *) '

The generating function for {r,} is

t2(2—t
G(t) = ( ) .
(1 — (2kx)t)*1
(see [10, p. 355]).
Thus, from Lemma 1.1, we obtain the generating function Ay ;(x) for {s, }. O

Finally, there are still further bridges to be built among the properties of these inter-related
sequences of numbers and their associated polynomials [4, 18].

4

Conclusion

In this work, we gave definitions of the incomplete Vieta—Pell and Vieta—Pell-Lucas polynomials.
Then we introduced some properties, the recurrence relations and the generating function of these
polynomials with suggestions for further research.
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