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1 Introduction

Recurrence sequences have been a central part of number theory for many years. These sequences
are applied to many areas of mathematics and computer science. Linear recurrence sequences
have arisen in computer graphics, approximation theory, cryptography and time series analysis.
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Horadam sequence W), (a, b;p, q), so named after the studies of A. F. Horadam begun in the
1960s, is a particular type of linear recurrence sequences. It gives rise to some well known
sequences such that Fibonacci, generalized Fibonacci, Lucas, Pell, Pell-Lucas, Jacobsthal,
Jacobsthal-Lucas, Tagiuri, Fermat, Fermat-Lucas, and so on. These sequences have applications
in science and nature. For example, the applications of the golden ratio (the limit of the ratio
of two consecutive Fibonacci numbers) appear in many research areas, particularly in physics,
engineering, architecture, nature and art.

The Horadam sequence has ensured wide mathematical contribution to the academic
community, thus many publications either directly on, or relating to, have appeared in the literature,
[16-20, 27]. In [23] more general identities involving the terms Horadam sequence and in [3]
some generalizations of Horadam’s numbers are examined. Also, Horadam numbers are studied
in [34,37].

On the other side, the set of generalized complex numbers is defined as, [15,21]:

Cp;:{z:al—kagﬂ ai,as € R, J2IPER7J¢R}'

The vector space C, (over R) is analogue to complex numbers for p = —1, hyperbolic numbers
(double, split complex, perplex) for p = 1, and dual numbers for p = 0 (see details in [29,
31,32,35,36]). Rebuilding new numbers with the coefficients of above number systems is an
attractive area for researchers and that enables to construct different types of number systems
(seein [1,5,6,8-10,21,25,26]).

In [12], as a new approach, dual-generalized complex (DGC), hyperbolic-generalized complex
(HGC) and complex-generalized complex (CGC) numbers are introduced by using the
Cayley—Dickson doubling procedure. For the special real values p = —1,p = Oand p = 1,
dual-complex, hyper-dual, dual-hyperbolic, hyperbolic-complex, bihyperbolic and bicomplex
numbers are obtained from DGC, HGC and CGC numbers (see detailed classification in [12]). As
we move from number systems to elements of Horadam sequences, some papers can be examined
in literature, [2,4,7,11,13, 14,24,28,33].

In this present study, firstly, algebraic properties and linear recurrence relations for DGC
Horadam numbers Wn are introduced. Furthermore, generating functions, Binet’s formula,
D’Ocagne’s, Catalan’s and Cassini’s identities are computed for p € R. With the same approach,
the fundamental formulas for Horadam numbers with HGC and CGC coefficients are stated. A
series of matrix representations of these Horadam numbers is examined. The multiplication
of Horadam numbers is also expressed as their matrix representations. The main importance
in carrying out this construction is that dual-complex, hyper-dual, dual-hyperbolic, hyperbolic-
complex, bihyperbolic and bicomplex Horadam numbers can be figured out by the readers for the
specific values p € {—1,0,1}.

2 Basic concepts

In this part of the paper, we present some needed basic results related to Horadam sequence and
DGC, HGC and CGC numbers.
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2.1 Horadam numbers

Definition 2.1. For a,b,p, q € Z, the generalized sequence of W, (a, b; p, q), briefly W, satisfies

the following second order recurrence relation
Wn (CL, b7p7 q) = an—l - an—27 (n 2 2) 9 (1)

where initial conditions Wy = a, Wy = b. In honor of Horadam, this general sequence is called

a Horadam sequence', [18-20].

The characteristic equation related to the recurrence relation (1) is 22 — px + ¢ = 0 with
characteristic roots o and (3 that satisfy:

a+pf=p af=q o—-p3=p*-4q 2

Then, the Binet’s formula of Horadam numbers is as follows:

W, = Aa"™ + BS", 3)
_b—ap )
whereA—aiﬂandB—aiﬁ, ].

Corollary 2.1. The following linear recurrence relations hold:
o Wyio = (0 — OWo — pgWo1, [19]
PWasa = (07 — @)W1 — ¢ Wi, [19]
P? = 20)Wyo = Wi + Wiia, [30],
pt = 3p°q + @) Ware = (p°¢° — ¢)Wo + pWays, [30],

(
(p* + 3¢* — 4p* O Wos2 = (P°¢* — 2¢°)Wo, + Wiy, [30],
(

o (p* —5plq+6p°¢* — )\Wiia = (0'¢* — 3p¢ + ¢ YW, + pWoir, [30],
o Wiy = (" + "Wy, — ¢"Wi_p, [34].

Furthermore, the generating function of Horadam numbers is

+ (Wh — pW)
W,x 4
Z 1_p$+qx2 , @)

where W, W, are initial Horadam numbers, [18].

'Special Horadam numbers:

e W, (0,1;1,—1) = F,: Fibonacci e W, (0,1;p,q) = U,: Generalized Fibonacci
e W, (2,1;1,—1) = L,,: Lucas o W, (2,p;p,q) = Vi: Generalized Lucas

e W, (0,1;2,—1) = P,: Pell o W, (2,2;2,—1) = Q,: Pell-Lucas

o W,(1,1;2,—1) = M P,: Modified Pell e W, (0,1;1,—2) = J,: Jacobsthal

e W, (2,1;1,—2) = j,: Jacobsthal-Lucas e W, (0,1;3,2) = M,: Mersenne

o W,(1,3;3,—2) =T,: Fermat
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2.2 DGC,HGC and CGC numbers

The set of DGC numbers is introduced as: DC, :={w=21+29¢ | 21, 20 € C,,2=0, e #0,c ¢R}.
For wy = 211 + 2126, we = 291 + 2220¢ € DC,, the equality and operations are given as
follows, [12]:

Equality W1 =Wy & 211 = 291 N\ 219 = 299,
Addition wy +we = (211 + 291) + (212 + 222) €,
Scalar multiplication  Aw, = (Az11) + (Az12) e, A ER,
Multiplication WiWy = (z11221) + (211202 + 212201) €.

DC, is a vector space over R. A DGC number can be given in terms of its base elements
{1, J,e,eJ} (or {1,¢e,J,eJ}) as
w =z + x2J + Y18 + Y2 Je, (5)

where J indicates the pure generalized complex unit, ¢ is the pure dual unit and Je is the
dual-generalized complex unit. The base elements {1, J,¢,cJ} satisfy the properties given in
Table 1.

’ H 1 J e Je ‘
1 1 J e Je
J | J p Je pe
€ e Je 0 0

Jel|Je pe 0 0

Table 1. Multiplication scheme of DGC numbers, [12]

Moreover, the set of HGC and CGC numbers are introduced as, respectively:
H(Cp: == {w :Zl+z2j| Z1,%22 € (Cpa jz = 17 ] 7& :l:la j gR}?

and
CC,: = {w =21 + 298| 21,20 € Cp, i = —1, i §Z]R} )

For the basis elements, we have Jj = jJ and Ji = i.J. The operations for the HGC and CGC
numbers can be given similarly (see in [12]).
We are now ready to prove our main results.

3 DGC Horadam numbers

Let us extend the familiar Horadam number to DGC version.
Definition 3.1. The DGC Horadam number W, (a, b; p, q) is defined by:

Wy = Wy + Wiyt J + Wigoe + WiysJe, (6)
where W, is the n-th Horadam number and {1, J, ¢, Je} have properties given in Table 1.

These new types of Horadam numbers can be exactly examined in Table 2.
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W W, (a,b;p,q) DGC Horadam numbers ‘
F W, (0,1;1,-1) DGC Fibonacci numbers [13]

Z;In Wn (0,1;p,q) DGC Generalized Fibonacci numbers
L, W, (2,1;1,-1) DGC Lucas numbers [13]

Y, W, (2,p;p,9) DGC Generalized Lucas numbers

D, W, (0,1;2,-1) DGC Pell numbers

PL, W, (2,2;2,—-1) DGC Pell-Lucas numbers

MP,  W,(1,1;2,—1)  DGC Modified Pell numbers

Tn W, (0,1;1, 2) DGC Jacobsthal numbers

TIL, W, (2,1;1,-2) DGC Jacobsthal-Lucas numbers

Mn Wn (0,1;3,2) DGC Mersenne numbers

T W, (1,3;3,-2) DGC Fermat numbers

Table 2. Special cases for DGC Horadam numbers

Definition 3.2. Let W,, W,, be DGC Horadam numbers. Then, by using the multiplication
properties from Table 1, equality, addition, subtraction, scalar multiplication, and multiplication

of DGC Horadam numbers are given, respectively, by:

Wn = Wm = Wn = Wm A Wn+1 = Wm+1 A Wn+2 = Wm+2 A Wn+3 - Wm-‘,—?w

Wy £ Wi, = (W, £ W) + (Wigr £ W) + Wigo £ Wi io)e
+ (Wn+3 + Wm+3>J57 (7)

MV, = \W,, 4+ AWoi1J + AW + AWoisJe, A eR,

Wn X Wm = WnWm + an+1Wm+1 + (WnJerm + WnWerl) J
+ (WnWm+2 + Wn+2Wm + p(Wn+1Wm+3 + Wn+3Wm+1)) €
+ (Wn+1Wm+2 + WnWm+3 + Wn+3Wm + Wn+2Wm+1) Je. (8)

Remark 3.1. The DGC Horadam numbers satisfy the following recurrence relation
Wi =Wt = qWaos, (02 2), ©)

where
Wo =a+bJ+ (pb—qa)e + (pr—pqa—qb) Je (10)

and
Wi = b+ (pb — qa) J + (p2b — pqa — qb) €+ (p?’b — p*ga — 2pgb + q2a) Je, (11)

are the initial conditions.
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Proposition 3.1. The following linear recurrence relations are valid for DGC Horadam numbers:

e Woio = (0 — )Wy — pgW,_1,
Woia = (0> — OWai1 — Wiy,

b (p2 - 2Q)Wn+2 = q2V~Vn + Wn+4’

o (0" —3p2¢ + @) Waio = (¢ — )W + Wi,

(p* + 3¢ — 492 W2 = (026 — 2¢° )W, + Wis,

o (p* —5ptq+6p°¢ — @) Wiso = (0'¢* — 3p°¢ + YW, + PWorir,
o Win = (0" + YWy — ¢" Wi

Definition 3.3. Let W, be a DGC Horadam number. The different conjugations and modules can
be defined as in Table 3:

Generalized complex conjugate Wit = (Wo = Woiad) + Whao — Wiisd) e
Generalized complex module N%n = V~Vn x Wt
Dual conjugate Wi? = (W +Whiad) = Wi + WiysJ) e
Dual module NL%}n = Wn x W2
Coupled conjugate \ jf’ = (W, —Wyi1J) — Whao — Wyysd)e
Coupled module Nli\in = Wn X W,Tf’
Anti-dual conjugate \ :{1 = (Whao + Woasd) — (W + Wit J) e

Table 3. Conjugations and modules of DGC Horadam numbers

Proposition 3.2. Let W,, be DGC Horadam number. Then, the below properties can be given:
o W, + Wit =2(W, + Wy08),
b Wn X Wnl = Wr% - pr—H +2 (Wan—l—? - an+1Wn+3) &

Wy + Wiz = 2(W,, 4+ Wit J),

o W, x Wiz = W2+ pW2, | +2W, W, 41 J,

Wy + Wi = 2(W, 4+ W, 3Je),
o W, x Wi = W2 — pW2 | +2(W, W3 — W, Wyia)Je,
o W, — Wit =W, + W1,

SWn + Wh == Wn+2 + Wn+3j.
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3.1 Fundamental formulas for DGC Horadam numbers
We also seek to identify universal identities.

Theorem 3.1. Let Wy, W\ be initial DGC Horadam numbers. Then, the generating function of

DGC Horadam numbers is as follows:

> V~V0+<V~V1—ZJV~VQ).T
g(x) = Lt = ) 12
j(x) ;Wx R (12)
Proof. The proof is straightforward by using equation (4). ]

Let us give the following theorems related to well-known identities for Horadam numbers

where a* = 1—|—aJ—|—O(2€+Oé3J€, B* = 1+6J+625+63J8 [13] and A = l;_iag’

B = o [18]

Theorem 3.2. Let W, be DGC Horadam number. Then, for n > 2, the Binet’s formula can be
written as follows:
W, = Ad*a" + BB ", (13)

Proof. By using (3), the Binet’s formula for DGC Horadam numbers can be calculated as below:
W, = A" + BA" + (A" + BB™) J + (A" + BB™?) e + (Ao Bp™+?) Je
= Aa" (1+aJ + e+ a’Je) + BB" (1 + BJ + B%e + *Je)
= Aa"a" + BB*B” O
The preceding theorem allows us to give the following corollary and theorems.

Corollary 3.1. Let W-_,, be a negaDGC Horadam number (DGC Horadam number with negative
subscript). Then, the following equality holds:

W_, = Aa*a™" + BF*p™". (14)

Theorem 3.3. The exponential generating function of DGC Horadam numbers is as follows:
ZW — = Ad"e™ + Bfre. (15)

Proof. Considering equation (13), the proof is straightforward. [
Inspired to the study Theorem 3 in [22], we can give the following theorem:

Theorem 3.4. Let ¢, d and r be nonzero integers. For n > 0,

~ n n ~
ch+r = Z ( L ) tn_kSdek+r

k=0

if and only if s = o = b andt = caC - pe
Y o — q° al —pd -

Proof. The proof is completed simply using equation (2) and equation (15). ]
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Theorem 3.5. Let W,,, W,, be DGC Horadam numbers. Then, the D’Ocagne’s identity for DGC
Horadam numbers is:

Wi x Wit = W1 xXW, = —AB&*B*\/p* — 4q (™" — a"B™). (16)

Proof. With the aid of the Binet’s formula for DGC Horadam numbers given in equation (13), we
can assert that

mewn-i-l - Wm-&-lan = _ABd*B*(a - B) (amﬁn - an/@m) : (17)
By substituting equation (2) into (17), the proof is completed. [l

Theorem 3.6. Let W, be DGC Horadam number. Then, the Catalan’s identity for DGC Horadam
numbers is:

W2 =Wy o X Wy, = —AB&* 5" (o — 7). (18)

Proof. Similar to the previous proof, by using equation (13), we can write that
Wg _ WnJrr % anr _ AB&*B* (20{”5” _ Oén—krﬁn—r _ O/L—rﬂn—&—r)
_ —ABd*B*(ozﬂ)"‘T(—Q(aﬁ)”—i—OzQ"—i—ﬁQ”).

Substituting equality (2) into (19), we have equation (18). [l

(19)

Theorem 3.7. Let W,, be DGC Horadam number. Then, the Cassini’s identity for DGC Horadam
numbers is:

W2 — W1 xW, 1 = —ABa*5*¢" ™ (p* — 4q) .

n

Proof. By taking r = 1 in the Catalan’s identity given in equation (18) and considering equalities
given in equation (2), the Cassini’s identity for DGC Horadam numbers can be obtained. U

3.2 Matrix representations of DGC Horadam numbers

A natural question to ask is if matrix representation of dual, generalized and real numbers, can be
generalized for DGC Horadam Numbers.

Theorem 3.8. Every W, = (W, + Wy1J) + (Wyio + WiysJ)e can be represented by the
following 2 X 2 matrix:

Ay, =

Wi+ Wiyt J 0
Wisa + Wygsd Wi+ WoJ |

Proof. The main idea of the proof is to take an isomorphism .A between dual numbers and 2 x 2
matrices. Here, A is a linear transformation between DGC Horadam numbers and the matrices

{

The columns of the matrix A; are represented by the coefficients of the elements
{W,,, W,e}, considered in respect to the basis {1,c}. Hence, DGC Horadam numbers is the
subset of 2 x 2 matrices with generalized complex Horadam numbers. [l

Wy + WaiJ 0
Whio +Wiysd Wy + Wi J

] | W, is the n-th Horadam number} )
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Theorem 3.9. Every W, = W, + Wii1d +Wyio+ W, 3Je can be also represented by a matrix
in M4 (R)
Wi pWhn 0 0
Wyhar W, 0 0
By, =
Wn+2 an+3 Wn an—l—l
Wits Wapa Wi Wy

Wn an+1

Proof. With the linear transformation A(W,, + W,,,1J) = [ W W
n+1 n

] , real Horadam

matrix representation is given by:

Wi pWaia 0 0
B — A(Wn + Wit J) A(O) . Wit W, 0 0
Wn AWygo +Wyisd) AW, + Wy J) Wiy »Wigs W, pWia

Wnes Wheo Wi Wy

The columns of the matrix B); are represented by the coefficients of the elements
{Wn,WnJ, Wn&?,WnJ&?}, considered in respect to the basis {1,/ ¢, Je}. Moreover, DGC
Horadam number is the subset of 4 x 4 matrices with real Horadam numbers. 0

Corollary 3.2. By;, can be written also in the form:

By, =Woly+WiinJ + Wigof + Wiz JE,

0p 00O 0000 0000
1

where By — J — 000 g ¢ |0000] 0 o |0000
000 p 1000 0p 00O
0010 0100 1000

Theorem 3.10. For any W, Wi, and X € R, the following properties hold:
o Ay =My,
o By, = ABy,,
o Ao, = A A,

By, = B, By,

o det(Ay,) = Wy + WopiJ)?

o det(By, )= (W2 —pW2,,)"

According to Theorem 3.9, the following corollary is immediate.

Corollary 3.3. The column matrix representation of an arbitrary DGC Horadam number W,
with respect to the standard basis is merely the collection of its coefficients:

T

Wn = Wn Wn+1 Wn+2 Wn+3
The multiplication of W, and W,, can also be given as
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Wn p Wn+ 1 0 0 Wm

VNVnXWm _ Wn+1 Wn 0 0 Wm+1
Wn+2 an—l—B Wn an-i—l Wm+2
Wn+3 Wn+2 Wn+1 Wn Wm+3
So, we can say that the multiplication of DGC Horadam numbers can be calculated by matrix
product.
Theorem 3.11. Let W, = W,, + Wy 1J + Wipoe + Wy ysJe. Then,
L4 pW'I”L — W’lly
° UWn = V~Vl2
L4 TWTL - W’jl?”

where p = diag(1,—1,1,—1), 0 = diag(1,1,—1, —1), 7 = diag(1, -1, —1,1) € My(R).

4 HGC and CGC Horadam numbers

With a thought similar to Section 3, algebraic properties, linear recurrence relations, generating
function, well-known formulas and matrix forms for HGC and CGC Horadam numbers are
investigated in this section.

4.1 HGC Horadam numbers

Definition 4.1. The HGC Horadam number W, (a,b;p,q) is defined as:

~

Wi (a,b;p,q) = Wy + Wi1d + Wiiaj + WiisJj,
where W, is the n-th Horadam number and the set {1,.J, 7, Jj} has multiplicative properties
givenin [12].
Remark 4.1. The HGC Horadam numbers satisfy the recurrence relation
Wy = Wt — Wha, (n>2),
with initial conditions® WO and Wl.
Linear recurrence relations, different conjugations and modules, and several properties can

also be obtained for the HGC Horadam numbers similiar to Proposition 3.1, Definition 3.3 and
Proposition 3.2, respectively.

Theorem 4.1. Let Wn,Wm be HGC Horadam numbers and &* = 1+ aJ +o?j + a3Jj,
B* =1+ BJ + B%j + B3Jj. Then, the following identities hold:
Binet’s formula: W, = Ad*a™ + BB*4".
D’Ocagne’s identity: meWn+1 — WmH xW), = —ABd*B*\/pQ —4q (a™p™ — a™p™m).
Catalan’s identity: WEL — WnJrTXWn,T = —ABd*B*q"_T (o — ﬁr)2 .
Cassini’s identity: VAVEL — Wn+1 XWh_1 = —AB&*B*q”‘l (p* —4q).

2W0 and W, can easily be calculated similarly to the equations (10) and (11).
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Theorem 4.2. The matrix representations of W, with respect to the bases {1, J, 5, Jj} and {1, j}
are, respectively,
o [ W W W+ Waed
W AW o + Whysd W+ Woid |

Wn o pWiir Wiaie pWiys
| W W W W
W Wage pWags Wa pWasn
Wits Wapa Wiupr o Wy

Corollary 4.1. D\;, can be written also in the form:

Dy, = Wolys + Wi T + Wasoj + Wi 3T,

0 p 00 0010 000 p
100 0 000 1 0010

hD:: ,'D~:‘: ’,D»:':

where Di=T =10 00 o !PT 1000?04 0 0
0010 0100 100 0

Corollary 4.2. The multiplication of W, and Wi, can also be calculated as:

Wn an-i—l Wn an+3 Wm
Wn+1 Wn Wn+3 Wn+2 Wm+1
Wit pWiis W, pWien Winio
Wigs Wipo Wi W, Wints

W, xW,, =

Theorem 4.3. For W), and p=diag(1,—1,1,—1), o =diag(1,1, -1, —1), 7=diag(1,—-1,—1,1) €
M4 (R), the following equalities are satisfied:

L4 pwn - W’f.tl ’
L4 UWR — WJIF}
° TWn = Wn3.

4.2 CGC Horadam numbers

This section describes CGC Horadam numbers and some key relations.

Definition 4.2. The HGC Horadam number W, (a, b; p, q) is defined as:
Wh = Wy + Wi + Wi + W3 Ji,

where W, is the n-th Horadam number and the set {1, J, i, Ji} has multiplicative properties given

in[12].
Remark 4.2. The CGC Horadam numbers satisfy the recurrence relation
Wn - an—l - an—27 (n Z 2) )

with initial conditions® Wy and W;.

3W, and W can easily be calculated similarly to the equations (10) and (11).
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Several features for the CGC Horadam numbers can be observed by taking into account the
way given in Proposition 3.1, Definition 3.3 and Proposition 3.2.

Theorem 4.4. Let W, W,, be CGC Horadam numbers and &* = 1+ aJ + o?i+ a3Ji,
B* =1+ pJ + B2 + 33 Ji. Then, the following identities hold:
Binet’s formula: W, = Aa*a" + Bj3*pB".
D’Ocagne’s identity: W, x W, 11 — Wy xW,, = —ABa*3*\/p? — 4q (a™B" — a"3™) .
Catalan’s identity: W2 W, o xW,_, = —AB&*B*¢" " (a" — BT)Z .
Cassini’s identity: W2 - W, 1 xW, 1 = —ABa*B*¢" (p? — 4q) .

Theorem 4.5. The matrix representations of W, with respect to the bases {1, J,i, Ji} and {1,i}
are, respectively,

o Wy+ Wi — (Whao+ WiisJ)

Yo T N Wogo + Wagsd W+ Wod |

Wn an—H —VVn42 _an+3
o WﬂJrl Wn —V¥Vn43 —VVn42
I, =
Wn+2 an+3 Wn an—H
Wiz Wipe  Wag W,

Corollary 4.3. )3, can be written also in the form:

yWn =Wola + Wyin T + WyoZ + W, 3J I,

0p 00 00 -1 0 00 0 —p
100 0 00 0 —1 00 -1 0

whereY; = J = =7 = =TI =
Y1=T=1000p Y 1o o oY= 0p 0 0
0010 01 0 0 10 0 0

Corollary 4.4. The multiplication of W, and W,, can also be obtained as

Wn an-l-l —VVn42 _an+3 Wm
Wn « Wm _ Wn+1 Wn _Wn+3 —VVn42 Wm+1
Wn+2 an—i-B Wn an—H Wm+2
Wn+3 Wn+2 Wn+1 Wn Wm+3

Theorem 4.6. For W, and p=diag(1,—1,1,—1), 0 =diag(1,1, -1, —1), r=diag(1, -1, -1,1) €
M4 (R), the following equalities hold:

o W, =W,
L4 UWn == WT-‘;Q)
o W, =W)s
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S Computational results

The following examples demonstrate the above results.
Example 5.1. The fundamental identities hold for given values:
e D’Ocagne’s identity for DGC Jacobsthal numbers:
Ts X Js — Ta X Ts = 8[(1 — p2) + J +5(1 — p2)e + 5J¢],
where m = 3, n =5 and Ws (0,1; 1, —2) = Js.

e Catalan’s identity for HGC Pell numbers:
P3— PyxPr = —2[(1 —p) + 27 +3(1 — p)j + 6.J5],
wheren = 2, 7 = 1 and W, 0,1;2,—1) = Ps.

e Cassini’s identity for CGC Lucas numbers:
L3 — LyxLy = —15[(1 —p)i + Ji],
where n = 3 and W5 (2,1;1,—1) = Ls.
Example 5.2. The following observations can be given for
o W, (2,1;1,-2) = T Lo, DGC Jacobsthal-Lucas numbers:
o+ 7J 0

. det Ay, = 25 + p49 + 70,

We 17+31J 5+7J
5 p7 0 0
75 00
By, = det B;, = 022401 — p2450 + 625
W7 a7 g3l 5 opr |0 TR TF PRl be,
31 17 7 5
and
10 0 0 5
. ~ 01 0 0 7 T
Wiz = oW, = :[5 7 17 —31] .
00 -1 0 17
00 0 -1 31

o W, (2,2;2,-1) = P Lo, HGC Pell-Lucas numbers:
6+ 14J 34+ 82J

det Cy;,, = —1120 — p6528 — 5408/,

Wo ™ 1344897 6+ 14J |
6 pld 34 ps2
14 6 82 34
Dy, = . det By, = p*42614784 — p14623744 + 1254400,
2 34 p82 6 pld 2
82 34 14 6
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and

1 0 0 0 6
) . 0 -1 0 0 14 T
Wi = oW, = 001 o i :[6 14 34 —82] .
00 0 —1|/|s2

o J=¢,p=0and W,(0,1;3,2) = My Complex-dual Mersenne numbers:

| 3+7e  —(15+3le)
115+ 31e 3+ Te

3 0 =15 O

7 3 -31 —15
Dy, — det By, — 54756
W 50 3 o |@ P ’

s . det Xy, = 234 + 972e,

and
1 0 0 0]7] 3
— 0O -1 0 0 7 T
WT3: W, = = -7 -1 1
TWh 0 0 -1 0 15 3 7 5 3
0O 0 0 1 31

6 Conclusion

In this paper, our own curiosity has been arisen by a desire to analyse the fundamentals for
DGC, HGC, and CGC Horadam numbers. It should be noted that DGC Horadam numbers are
a generalization of the DGC Fibonacci, Lucas, Pell, Pell-Lucas, Jacobsthal, Jacobsthal-Lucas
and so on for p € R. Similar arguments are applied to HGC and CGC Horadam numbers and
summarized briefly. The outstanding part of this paper is that, one can find well known identities
and different matrix representations for all special types of Horadam numbers.

We hope readers will find interesting results if they examine DGC, HGC and CGC Horadam
numbers for special values of p € {—1,0, 1}, (see Table 4).

Type H Horadam number J p Condition ‘
Dual-complex Wy + Wi+ Wyioe +Wypsie i —1

Hyper-dual Wy +Whpie + Wyioe +W,i3ee € 0 e#0,ee#0
Dual-hyperbolic Wo + Wi + Wiioe + Wiisje 1 j#£ £l
Hyperbolic-complex || W, + W, 1i+ W07 + Wiisiy 1 —1

Hyperbolic-dual Wy, +Whiie+Woioj +Wyoisey € 0 e#0
Bihyperbolic Wiy + Waia) + Whaod + Wiasis  J 1 j#F XL #1
Bicomplex Wy +Wopi+ Wi+ Wyisie 1 —1 it #—1
Complex-dual Wy +Whie+ Wyt +Wyhiser € e#0
Complex-hyperbolic || W,, + W11 + Wiiot + Wiysji ] 1 j# =+l

Table 4. DGC, HGC and CGC Horadam numbers for p € {—1,0,1} and J € {i,e,j}
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