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1 Introduction

The Italian architect Richard Padovan (1935 -) discovered a kind of “cousin” of the well-known
Fibonacci sequence, the Padovan numbers, which are also recursive, arithmetic and linear.

Richard Padovan was born in the city of Padua [17], a village a little far from the same origin
of Fibonacci [6].
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This sequence has many interesting properties and applications in fields of architecture (see,
e.g., Padovan [14], Voet and Schoonjans [18]). The Padovan sequence P(n) is defined by the
following recurrence relation:

P(n)=P(n—2)+ P(n—3), (D

where P(0) = P(1) = P(2) = 1.

In Oliveira, Alves, and Paiva [12] and introduced by Ozdemir [13], we can observe a
mathematical process of extending the Fibonacci numbers in the complex plane. The method
used by Oliveira, Alves and Paiva [12] allows an in the deep description of two, three and higher
dimensional relations recurrence. Also in Catarino [4] studies of £-Pell-Lucas polynomial relation
sequence contributed to this paper on introducing properties in complex space also applied here.

In a nutshell, the two-dimensional Padovan sequence elements are defined as a + bz, where a
and b are the uni-dimensional padovan sequence terms, fitting the general notation described in
the form P(n) = P(n — 2) + P(n — 3).i, for an index n € N, and 7 is the imaginary unit, where
i? = —1. Such definition introduced in this work is followed and applied to higher dimensional
Padovan sequences.

These new higher dimensional Padovan definitions can be applied in areas like quantic physics,
cinematics, and computer science [9].

In the following sections, we will employ such a method for the particular case of the Padovan
sequence, originally only in a one-dimensional sequence.

2 Two-dimensional recurrence for the Padovan sequence

In this section, some two-dimensional Padovan sequence relations and properties are discussed.
Some of the properties were based on Bilgici [3] who identified and proposed the 16-dimension
Fibonacci and Lucas Sequences.

Definition 2.1. The numbers in the form P(n,m) represent the two-dimensional Padovan sequence

and must satisfy the following recurrence conditions:
P(n+2,m) = P(n,m)+ P(n—1,m)
P(n,m+2) = P(n,m)+ P(n,m—1)

with the following initial values obtained by empirical means: P(0,0) = 1, P(1,0) = 1,
P(2,0)=1,P(0,1)=1+14, P(0,2) =144, P(1,1) =1+, P(1,2) = 1+14, P(2,1) = 1 +1,
P(2,2) =1+ i, wherei* = —1 and P(0) = P(1) = P(2) =1, P(-1) = 0.

The table below represents the coordinate plane of the two-dimensional Padovan relations, for
any n X m.
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5 34+21 | 34+20|34+2¢0|6+4i | 6+4i|9+68
4 2420|2421 | 2420 | 4+4i | 44+41 | 6+ 62
3 241 | 244 | 2471 | 4+20 | 44+21 |6+ 3
2 144 | 1+2¢ | 144 | 2420 |2+2¢ |34+ 3
1 144 | 1+2¢ | 144 | 2420 |2+2¢ |34+ 3
0 1 1 1 2 2 3
nxm 0 1 2 3 4 5

Table 1. Two-dimensional Padovan plane for initial values

Lemma 2.2. The following properties are valid:
(a) P(n,0) = P(n),

(b) P(0,m) = P(m) + P(m — 1)i,
(c) P(n,1) = P(n) + P(n)i,
(d) P(1,m) = P(m)+ P(m — 1)i.

Proof. (a) Once P(n+2, m)= P(n,m)+P(n—1,m) and the initial values are P(0,0)=1= P(0),
P(1,0) =1= P(1), P(2,0) = 1 = P(2). Applying the second principle of finite induction on

n, setting m = 0 and varying n = 0, 1,2, .. .. One can obtain that:
P(n+2,0)= P(n,0)+ P(n—1,0);

P(3,0) = P(1,0) + P(0,0) =2 = P(3);

P(4,0) = P(2,0) + P(1,0) =2 = P(4);

P(5,0) = P(3,0) + P(2,0) =3 = P(5);

P(6,0) = P(4,0) + P(3,0) = 4 = P(6);
P(n—3,0)=P(n—>5,0)+ P(n—6,0) = P(n—3);
P(n—2,0)=P(n—4,0)+ P(n—>5,0) = P(n—2),
P(n—1,0)=P(n—3,0)+P(n—4,0)=P(n—1),

) = P( )+ P( )= P(n—2)

The other identities are demonstrated similarly to identity (a). O]

Theorem 2.3. For n,m € N, the numbers in the form P(n,m) are described by:
P(n,m) = (P(n)P(m)) + (P(n)P(m — 1))i.

Proof. Let n € N, performing the second induction principle on m, for the value of m = 0 and
m = 1, there are respectively the properties P(n,0) = P(n)P(1) + P(n)P(—1)i = P(n) and
P(n,1) = P(n)P(1) + P(n)P(0)i = P(n) 4+ P(n)i previously validated by the Lemma 2.2,
where P(—1) = 0, P(0) = P(1) = P(2) = 1, whose initial values are P(0,0) =1, P(1,0) =1,
P(2,0)=1,P(0,1) =144, P(1,1) =144, P(2,1) =144, P(0,2) = 1+, P(1,2) = 1 +1,
P(2,2) =1+i.
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For m = 3, we have:
Therefore, form =1,2, ...
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Validating for m = k, from recurrence P(n, k) = P(n,k — 2) + P(n,k — 3), one can obtain:

P(n,k)=P(n,k—2)+ P(n,k —3);
P(n,k) = P(n)P(k — 2) + P(n)P(k — 3)i + P(n)P(k — 3) + P(n)P(k — 4)i
= P(n)P(k) + P(n)P(k — 1)i. O

3 Three-dimensional recurrence for the Padovan sequence

According with Harman [7], where it explains the numbers denominated by P(n,m) represent
the set of integers Gaussians (n, m) = n + m.i, where n and m integers. Thus, in order to verify
this extension of Padovan sequence for complex dimensions, the three-dimensional recursion
relations case will be explained for the Padovan sequence.

Definition 3.1. For the Padovan sequence, considering the following initial values, defined as:
P(0,0,0) = 1 = P(0), P(1,0,0) =1 = P(1), P(2,0,0) = 1 = P(2), P(0,1,0) = 1 + 1,
P(0,0,1) =144, P(1,1,1) =1+i+74, P(0,1,1)=1+i+j, P(1,0,1) =1+, P(1,1,0) =
1414, P(2,1,1) = 1+i+j, P(2,1,0) = 1 +14, P(0,2,0) = 1+14, P(0,2,1) = 1+i+ j,
P(1,2,0) = 144, P(0,0,2) = 147, P(0,1,2) = 1+i+y, P(1,0,2) = 144, P(1,1,2) = 14i+7,
P(1,2,1) =1+i+j, P(0,2,2) =1+ + jand P(2,0,1) = 1+ j in which i* = j* = —1,
forming the numbers in the form P(n,m,p) satisfies the following three-dimensional recurrence
conditions:

P(n+2,m,p) = P(n,m,p) + P(n—1,m,p)
P(n,m+2,p) = P(n,m,p) + P(n,m — 1,p)
P(n,m,p+2) = P(n,m,p) + P(n,m,p—1)

The tables below represent the coordinate plane of the three-dimensional Padovan relations,
for any n x m X p.

5 342 | 34+21|34+20|6+40 | 6+40 | 9+6e
4 2420|2421 | 242¢ 4440|4447 | 64 62
3 240 | 240 | 240 | 4420|4421 | 6+ 3
2 I14+¢ | 144 | 149 [ 2420|2420 |3+ 3
1 1+e | 1+2 | 147 | 2420|2427 |34+ 3
0 1 1 1 2 2 3
n X m 0 1 2 3 4 5

Table 2. Three-dimensional Padovan plane for initial values for p = 0
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5 3+204+37 | 3+204+37 | 3+20+37|6+414+67 |6+404+65 | 9+6:+9)
4 2420425 | 2420+2) |242i+2) |44+4i+4)j | 4+4i+4) | 6+6i+6j
3 2414+25 | 24+0+2) | 2+0i+2) |44+204+45 |44+204+45 | 6+ 30465
2 14+i+j 141+ 14i+5 |24204+27 |24+20+27 | 3+3+3)
1 14+i+j 14+1+7 14945 |24204+27 |24+20+27 | 3+3+3)
0 14+ 1+ 1+ 2+2j 2+2j 3+ 3y
nxm 0 1 2 3 4 5
Table 3. Three-dimensional Padovan plane for initial values for p = 1
5 3+204+37 | 3+204+37 | 3+20+37 | 6+40+65 | 6+40+65 | 9+6i+9)
4 2420425 | 242i+2j |242i+2j |44+4i+4j | 4+4i+4) | 6+6i+6)
3 2414+25 | 24+0i+2) | 2+0i+2) |44+204+45 | 44+204+45 | 64+ 30465
2 1+1+y 1+1+7 14i+7 |2420+27 |24+20+27 | 3+3+3)
1 141+ 141+ 14i+7 |2420+27 |24+20+27 | 3+3+3)
0 1+ 1+ 1+ 2+2 2+2j 3+3y
nXxXm 0 1 2 3 4 5

Table 4. Three-dimensional Padovan plane for initial values for p = 2

Lemma 3.2. The following properties are valid for the Three-dimensional Padovan sequence:

(a) P(n,0,0) =
(b) P(n,1,1) =
(c) P(n,1,0) =
(d) P(n,0,1) =

Proof. To demonstrate the property P(n, 0, 0)

P(n),

P(n) + P(n)i+ P(n)j,
P(n) + P(n)i,
P(n) + P(n)j.

= P(n), the relation P(n+2,m, p)

= P(n,m,p)+

P(n—1,m,p) will be considered and the initials values obtained by empirical means P(0,0,0) =

1 = P(0), P(1,0,0) =
= P(n,0,0) + P(n

P(n+2,0,0)

P(n+2,0,0) =

P(n—3,0,0) =
P(n—2,0,0) =
P(n—1,0,0) =

P(n,0,0) =

1 = P(1),P(2,0,0) =
—1,0,0), varyingn = (0, 1,2,3, ..

1 = P(2).

P(n,0,0) + P(n —1,0,0):

= P(1,0,0) + P(0,0,0) = 2 = P(3);
= P(2,0,0) + P(1,0,0) = 2 = P(4);
= P(3,0,0) + P(2,0,0) =3 = P(5
H4Qm+P@Qm=4=P@;
P(n—5,0,0) + P(n —6,0,0)
P(n —4,0,0) + P(n —5,0,0)
P(n —3,0,0) + P(n — 4,0,0)
P(n—2,0,0) 4+ P(n —3,0,0)

=P(n—2)+ P(n—3)=P(n).

The other identities are demonstrated similarly to identity (a).
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Lemma 3.3. The following properties are valid:
(@) P(0,m,0) = P(m) + P(m —1)i,

(b) P(0,m,1) = P(m) + P(m — 1)i + P(m)j,
(c) P(1,m,0) = P(m) + P(m — 1),
(d) P(1,m,1) = P(m) + P(m — 1)i + P(m)j.

Proof. From recurrence P(n,m + 2,p) = P(n,m,p) + P(n,m — 1,p) and with initial values
P(0) = P(1) = P(2) =1,P(0,0,0) = 1,P(0,1,0) = 1 + i and P(0,2,0) = 1 + ¢, the second
induction principle can be applied to m in n = p = 0. Thus, varying m = 1,2,3,... k, we
realize that:

,0)
k— )+P(k 3)i + P(k — 3) + P(k — 4)i
)+ P(k — 1)i.

Demonstrating property P(0,m,0) = P(m) + P(m — 1)i.
The other identities are demonstrated similarly to identity (a). ]

P(0,m +2,0) = P(0,m,0) + P(0,m — 1,0);

P(0,3,0) = P(0,1,0) + P(0,0,0) = 2 + i = P(3) + P(2)i:

P(0,4,0) = P(0,2,0) + P(0,1,0) = 2 + 2i = P(4) + P(3)i;

P(0,5,0) = P(0,3,0) + P(0,2,0) = 3+ 2i = P(5) + P(4)i:

P(0,6, 0) P(0,4,0) + P(0,3,0) = 4 + 3i = P(6) + P(5)i;
P(0,k — 3, 0) P(0, )+P(0 k—6, 0) P(k —3) + P(k — 4)i;
P(O,k—2 0) = P(O k—4 O)+P( ,0) = P(k —2) + P(k — 3)i;
P(0,k —1,0) = P(O k—3, 0) +P(O k—4 0) P(k —1) + P(k — 2)i;

P(0,k,0) = P(0, + P(0,k — 3,0)

P(
P(k

Lemma 3.4. The following identities are valid:

(a) P(0,0,p) = P(p) + P(p — 1),
(b) P(0,1,p) = P(p) + P(p)i + P(p — 1)j,
(c) P(1,0 p) P(p)+ P(p—1)j
(d) P(1,1,p) = P(p) + P(p)i + P(p — 1)j.

Proof. Being P(n,m,p + 2) = P(n,m,p) + P(n,m,p — 1) with the initial values P(0) =
P(1) = P(2) =1,P(0,0,0) =1, P(0,0,1) = 1 +4, P(0,0,2) = 1+ j and, applying the second

principle of induction p for n = m = 0 and varying p = 1,2, 3, ..., k, we have to:
P(0,0,p+2) = P(0,0,p) + P(0,0,p — 1);
P(0,0,3) = P(0,0,1) + P(0,0,0) =2+ j = P(3) + P(2)7;
P(0,0,4) = P(0,0,2) + P(0,0,1) =2+ 25 = P(4) + P(3);
P(0,0,5) = P(0,0,3) + P(0,0,2) =3+2j = P(5) + P(4)7;
P(0,0 6) P(0,0,4) + P(0,0,3) =4+ 35 = P(6) + P(5)J;
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P(0,0,k —3) = P(0,0,k — 5) + P(0,0,k — 6) = P(k — 3) + P(k — 4);
P(0,0,k —2) = P(0,0,k —4) + P(0,0,k — 5) = P(k — 2) + P(k — 3);;
P(0,0,k —1) = P(0,0,k — 3) + P(0,0,k — 4) = P(k — 1) + P(k — 2)5;
P(0,0,k) = P(0,0,k — 2) + P(0,0,k — 3)
— P(k—2)+ P(k—3)j + P(k — 3) + P(k — 4)j

= P(k)+ P(k —1)j.

Validating the property P(0,0,p) = P(p) + P(p — 1)j.
The other identities are demonstrated similarly to identity (a). ]

Theorem 3.5. Forn,m,p € N, the numbers in the form P(n, m,p) are described by:
P(n,m,p) = P(n)P(m)P(p) + P(n)P(m —1)P(p)i+ P(n)P(m)P(p —1)j.

Proof. So form = 2 with P(0,2,0) =1+14, P(0,2,1) =1+1i+ 74, P(0,2,2) =144+ j, it has
to be:

P(0,2,3) = P(0,2,1) + P(0,2,0) =2+ 2i + j = P(3) + P(3)i + P(2)y;

P(0,2,4) = P(0,2,2) + P(0,2,1) =2+ 2i + 25 = P(4) + P(4)i + P(3)y;

P(0,2,5) = P(0,2,3) + P(0,2,2) = 3+ 3i + 2j = P(5) + P(5)i + P(4)7;

P(0,2,6) = P(0,2,4) + P(0,2,3) =4+ 4i+ 3j = P(6) + P(6)i + P(5)J;
P(0,2,p—3)=P(0,2,p—5)+ P(0,2,p—6)=P(p—3)+ P(p—3)i+ P(p—4)j;
P0,2,p—2)=P(0,2,p—4)+ P(0,2,p—5)=P(p—2)+ P(p—2)i+ P(p— 3)j;
P(0,2,p—1)=P(0,2,p—3)+ P(0,2,p—4)=P(p—1)+ P(p—1)i + P(p — 2)5;

P(0,2,p) = P(0,2,p —2) + P(0,2,p — 3)

(p—2)+Plp—2)i+ P(p—3)j

= P(p)+ P(p)i+ P(p — 1)j.

Then, forn = 1,2, 3, ..., m we have that:
P(0,0,p) = P(0)P(p) + P(=1)P(p)i + P(0)P(p — 1)j;
P(0,1,p) = P(1)P(p) + P(0)P(p)i + P(1)P(p — 1)J;
P(0,2,p) = P(2)P(p) + P(1)P(p)i + P(2)P(p — 1)J;
P(0,3,p) = P(3)P(p) + P(2)P(p)i + P(3)P(p — 1)J;
P(0,4,p) = P(4)P(p) + P(3)P(p)i + P(4)P(p — 1)J;
P(0,5,p) = P(5)P(p) + P(4)P(p)i + P(5)P(p — 1)J;

P(0,k — 3,p) . P(0,k — 5,p) + P(0,k — 6,p) = P(k — 3)P(p) + (P(k — 4)P(p))i
+(P(k=3)P(p—1));
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P(0,k —1,p) = P(0,k — 3,p) + P(0,k — 2,p) = P(k — 1)P(p) + (P(k — 2)P(p))i
+(P(k=1)P(p—1));
P(0,k,p) = P(0,k — 2,p) + P(0,k — 3,p)
P(k=2)P(p) + (P(k = 3)P(p))i + (P(k = 2)P(p — 1))J;
+ P(k=3)P(p) + (P(k = 4)P(p))i + (P(k = 3)P(p = 1))j;
P(k)P(p) + (P(k = 1)P(p))i + (P(k)P(p = 1))j.

I
=
no
w

This proves the veracity of the Theorem 3.5, by applying it to n ., k, in the

following situation:

P(1,m,p) = P(1)P(m)P(p) + P(1)P(m — 1)P(p)i + P(1)P(m)P(p - 1)j;
P(2,m,p) = P(2)P(m)P(p) + P(2) P(m — 1)P(p)i + P(2)P(m)P(p — 1)j;
P(3,m,p) = P(3)P(m)P(p) + P(3)P(m — 1)P(p)i + P(3)P(m)P(p — 1)j;
P(4,m,p) = P(4)P(m)P(p) + P(4)P(m — 1)P(p)i + P(4)P(m)P(p - 1)j;
P(5,m,p) = P(5)P(m)P(p) + P(5)P(m — 1)P(p)i + P(5)P(m)P(p — 1)j;
P(6,m.p) = P(6)P(m)P(p) + P(6)P(m — 1)P(p)i + P(6)P(m)P(p — 1)j;

P(k — 3,m,p) = P(k — 3)P(m)P(p) + P(k — 3)P(m — 1)P(p)i
P(k—2,m,p) = P(k—2)P(m)P(p

P(k—1,m,p) = P(k—1)P(m)P(p
+ P(k—1)P(m)P(p—1)j;
P(k,m,p) = P(k —2,m,p)
= P(k—2)P(m)P(p) + P(k —2)P(m — 1)P(p)i
+ P(k—2)P(m)P(p—1)j + P(k — 3)P(m)P(p)
+ P(k—3)P(m —1)P(p)i+ P(k—3)P(m)P(p—1)j
= P(k)
(

4 On higher dimensional for the Padovan sequence recurrence

Based on the work of Harman [7], Oliveira, Alves and Paiva [12] and Polatli [15] the recurrent
on higher dimensional relations of the Padovan sequence will be defined, thus designating a
generalized expression for the hypercomplex numbers described in the form P(nq, no, ns, ..., n,),
where n represents each dimensional variable. The hypercomplex numbers are defined in the
form ag + ayt; 4+ asis + - - - + ani, wWhere ag, aq, as, . . ., a, represent an arbitrary real number and
11,19, ...,1, are certain symbols that represent the imaginary units introduced by Kantor [10].
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Definition 4.1. A number on higher dimensional of Padovan P(ni,ns,ns,...,n,), with n
variables and ni,ny,n3,...,n, € N for n > 3, and the following set of imaginary units
(1 =1, 2 = J, ..., n)- So, the following initial values are defined:

P(0,0,0,...,0) =0;
P(1,0,0,...,0)=1;
P(0,1,0,...,0) = p;
P(0,0,1,...,0) = us;
P(0,0,0,1,...,0) = ps;
P(0,0,0,0,1,0,...,0)

P(OJ 07 07 ) ]-) = Hn-1;
P(l)l,l’ 71):1+Z+M1‘|‘ +:un7
P<Oa1717 a1>:Z+,u1+ +MTL7
P(170717 71):1+N1+ +:U"m
P(171707 71):1+Z+M2‘|‘ + Hn;
P(lala 7,1,0):1+M1+M2++Mn71
Thus, the numbers in the form P(ny, ny, ns, . . ., n,) satisfy the following on higher dimensional
recurrence conditions:
P(ny,ng,ns,...,n,) = P(ny —2,n9,n3,...,n,) + P(ny —3,n2,n3,...,n,);
P(ny,na,ng,...,n,) = P(ni,ng —2,n3,...,n,) + P(ny,na — 3,n3,...,my);
P(ny,n9,ng,...,n,) = P(ny,ne,ng —2,...,n,) + P(ni,no,ng — 3,...,n,);
P(ny,ng,ns,...,n,) = P(ny,no,ns, ..., n, —2) + P(ny,na,ng,...,n, —3).
Theorem 4.2. The numbers in the form P(ny,ny, ng, ..., ny,), such that ny,ny,n3, ..., n, € N,

are determined by:

P(ny,ne,ng, -+ ,n,) = (P(ny1)P(n2)P(ng)--- P(ny,))

+ (P(n1)P(ny = 1)P(ns) - - - P(nn))
+ (P(n1)P(ng) P(ng — 1) -+ - P(nn)) 2
_|_ .

+ (P(n1)P(na)P(ng) - - P(nn, — 1)) .

Proof. Based on the statements made in the previous subsections, where the theorems are valid
P(n,m) = P(n)P(m) + P(n)P(m — 1)i and P(n,m,p) = P(n)P(m)P(p) + P(n)P(m — 1)
P(p)i+ P(n)P(m)P(p — 1)j , by means of induction we can verify that:
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)P(m) + P(n)P(m —1)i;
)P(m)P(p) + P(n)P(m —1)P(p)i
+ P(n)P(m)P(p —1)3;
)P(m)P(p)P(q) + P(n)P(m —1)P(p)P(q)i
(n)P(m)P(p—1)P(q)j + P(n)P(m)P(p)P(q — 1)k;

o,
S
E
S
3
&
3
2
I
o,
S
o,
S
>
o,
S
&
o,
S
2

5 Conclusion

A discussion about the Padovan sequence complexification process was presented in this paper.
This was done using inserting an imaginary unit based on the works of Oliveira, Alves and
Paiva [12], Alves and Catarino [2], in which they carry out the complexification process for the
Fibonacci sequence, being possible to carry out the same process but for another sequence. Thus,
a whole new set of algebraic representations and properties are developed for Padovan sequence.

The two-dimensional and three-dimensional recurrent relations are explored in order to
understand and describe the Padovan sequence generalization through mathematical properties.

The complexation process was generalized for an n-dimensional complex Padovan sequence
supported by Oliveira, Alves, and Paiva [12] and Alfred [1] and Horadam [8], where they present
similar relations for Fibonacci numbers and their properties.

For future work, one can explore the application and alternative representations of these
numbers in computational fields, such as graphs and geometrical representations. Other properties
and identities like the sum of powers of terms of a linear recurrence sequence as performed by
Chaves and Marques [5], Klavzar and Mollard [11].
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