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Abstract: In this paper we give representations for the coefficients of the Maclaurin series for
['(z + 1) and its reciprocal (where I" is Euler’s Gamma function) with the help of a differential
operator D, the exponential function and a linear functional * (in Theorem 3.1). As a result we
obtain the following representations for I' (in Theorem 3.2):

F(Z + 1) = (6_“(55)6—233 [eu(x)D*,
(F(Z + 1))71 = (eu(x)e—z@ [e_u(x)D*.

Theorem 3.1 and Theorem 3.2 are our main results. With the help of the first theorem we give
our approach for finding the coefficients of Maclaurin series for I'(z + 1) and its reciprocal in an
explicit form.
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1 Introduction

Let N be the set of all positive integers, C - the complex number field, E - the set of all entire
functions of one complex variable. For I € E the operator D¥ : E — [E is defined by:
DUlF(2)] == FO(z) = F(z2), z € C; DF[F(2)] == F®(2),k € N,z € C,ie., D = &
and D* = (4)F,

If D*[F(z2)] = Hy(z), we define D¥[F(2)] := Hy(s).
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Further, we shall use the following notation: ¢ for Riemann zeta function; v for Euler’s
constant, i.e. v = lim, 00 (31, ¥ — Inn) = 0.5772156649...; {(1) = v and {(k) = ¢(k)
for each integer £ > 1.

The Gamma function admits the following basic representations (see [7], pp. 31, 33, 34):
(i) T(z) = [,° e *t*"'dt, valid for = € C, Rez >0  (Euler)
where T" is a holomorphic function and D¥[I'(2)] = [~ e~*t*~*(Int)*d;

(i) T'(z) = lim,,_ oo % valid for 2 € C, 2 #0,—1,—2,... (Euler—Gauss)
(i) T(z) = ze " []>2, en(1+ %)_1, validforz € C, 2 # 0,—1,—-2,... (Weierstrass)

From (iii) it is seen that (I'(z)) ™! € E and that I'(z) is a meromorphic function without zeroes
and with simple poles: z =0, —1,—-2,....
We have ['(1) = 1 and for any z € C I" satisfies the functional equation

I'(z+1) = 2I'(2). (1)
Hence I'(2+1)~! € Eand I'(z + 1) is a meromoromorphic function without zeroes and with

simple poles: z = —1, -2, ...
Also, from (i), the representations:

A(k) =TW (1) = DET(z +1)] = /OO e t(Int)fdt, k=0,1,2,..., )
0

hold.

Although the Gamma function was introduced by Euler about two hundred and ninety two
years ago it still has its secrets. In the present paper we introduce a linear operator ® : E — [E on
which our main results are based — Theorem 3.1 and Theorem 3.2. With the help of Theorem 3.1
we find explicit formulae for the coefficients of Maclaurin series of I'(z + 1) and (I'(z + 1))~}
(Theorem 3.3.). Here we must note that such type of formulae are given by other authors too. For
example formulae for these coefficients are contained in: [3,4,6, 8].

2 A new operator 2 and its basic properties

Definition 2.1. Let u(z) € E. The operator © is defined by:
e D=4 D%Wu(2)] =u(z);

D[D°[u(2)]] = D'[u(2)];

D[D*[u(z)]] = kD¥u(z)], k>1;

DFu(z)] = D@ u(2)]], k=>1.
Lemma 2.1. Let u(z), F'(2),G(z) € E. Then
(1) D*[u(2)] = (k = D)!D*[u(z)] (Vk € N)

(jo) D" is a linear operator (Vk € N)
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39 PHFEGE] =3 () IFEREE) (e
(analogue of Leibnitz formula for DF[F(2)G(2)] )

(i) DIF(G())] = (DF)(G()PIG()

(js) For f,g € Eandn € N the following analogue of Faa di Bruno’s formula for O™ [f (9(=))]:

n

D"[f(9(2))] = D _(D™f)(g ZC D™ @)™ 3
m=0
is true, where: C,(a) = (1!)"‘1.011!(2!)"‘271.!042!.“(n!)‘1n.an! and Z means that the sum is

overall « = (ay,...,qy), for which aq,an,...,a, € NU{0}, g + -+ + o, = m and
l.ag+ -+ n.a, =n.

Proof. (j1) follows by induction from the definition of ©.
Let \, i € C. From (j;) and from the linearity of D* we obtain:

DFINF(2) + pG(2)] = (k — DIDYIAF(2) + uG(2)] = Mk — 1)!D*[F(2)] + pu(k — 1)!D*[G(2)]
= MD*[F(2)] + uD*[G(2)],
which proves (js).

Let us prove (j3) by induction. In the case k = 1, D coincides with D and (j3) is obvious. If
for k > 1 (j3) is true, then applying © to (j3) and using the linearity of ® we obtain:

14
v=0

SRR WL EREER)

The right-hand side R in the above equality is /; + 5, where:

I = 910G ()] + Z ()orvireiorice

k
k
L=) ( - 1)©k+l-”[F<z>]@”[G<z>1 + 9[F ()| G()].
v=1
15 is obtained after substitution v + 1 = ¢ and replacing ¢ with v.
Now using that (’;) + ( k ) = (k“), v=1,...,k, we obtain

v—1 v

R= Z (") )errereee

14

and (j3) is proved.
The proof of (j,) is obvious since D[F(G(z))] = (DF)(G(z))D[G(z)] and we may replace
D[G(z)] with ©[G(z)] (see Definition 2.1).
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Let us prove (j5). We consider the equalities:

(see (j4))-

Applying to the left one D" ! and to the right one D"~ and after that using Leibnitz formula
for the right-hand side of the first equality and the analogue of the Leibnitz formula (see (j3))
for the right-hand side of the second equality, one may see that D"[f(g(z))] and ©"[f(g(z))]
have the same structure with only one difference: D™[g(z)] for the first expression is replaced
with ©™[¢(z)] for the second expression. But since we have the Faa di Bruno’s formula (see [1],
p.823):

D"[f(9(2))] = ZDmf ZO g(2)))* .. (D [g(2)]) ™",

then replacing D™ (g(z)) with ©®™(g(z)) in it, we obtain exactly (3). O

Corollary 2.1. Formula (3) admits the representation

n

D" [f(9(2))] =D (D™ f)(g ZC ) [[((v=1))* (D g()])™ - (D"[g(2)])*" &)

m=0

Proof. Tt follows immediately from Lemma 2.1, (j;). O

Corollary 2.2. Formula (4) admits the representation

D"[f(9(2))] = Z D™ f)(g ZA g (D)™ )
where ol
An(a) = ' (6)

(1er292303 ... pan) (g laslag! - - - au!)

Proof. One may check directly that
o) [T =1 = Au (). =
v=1

Corollary 2.3. Let v € E and n € N. Then:

D"[e"] Z > An(@) (D' [u()))™ - (D" u(2)])*"

m=0 o (7)
D7) = e 3 S (D A, (a) (D)) - (D7)

m=0 «
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3 Maclaurin series for I'(z + 1) and its reciprocal

If £ > 0 we define ag, dx, bx, pi by:

klay = D{[T(z + 1)] ()
k'dk Dg[(T(z+1))7] ©)
= (=1D*klay, (10
pr = kldy, (11)
Hence:
_ Zakzk, 2 < 1, (12)
( z+1 dez |z| < 0. (13)

For the sequences {ay} and {d}} recurrence relations are known (see [5], pp. 12, 17; [2],
p. 12) that we give below but for the sequences {b;} and {py}:

k

b1 = Z (i) (k=) (k—v+1)b,, k>0, by=1, (14)
V:O ) )

Pri1 = Z (V> (k—)(=)""C(k—v+1)p,, k>0, po=1. (15)
v=0

3.1 Connection between the Gamma function and the exponential function

Definition 3.1. Let F'(zy, 2, .. ., 2) be a polynomial und u(z) € E. Then we define the mapping
* by:

(F(D'u(2)], D[ul2)]..... DH[u(=)])) = F(EW).E).. ... C(R).
Remark. From the above definition it is clear that * is a linear and multiplicative mapping. The
multiplicativity of * means that if F'(zy, ..., 2x) and G(z1, ..., z,) are polynomials and

H(z1,. .o 2n) = Fl(z1, ..o, 26)G(21, - oy 2m),

(H(Dl[u(z)], . D”[u(z)]))* = (F(Dl[u(z)], . ,Dk[u(z)]))*(G(Dl[u(z)], o ,Dm[u(z)]))*

Our first main result in this paper is the following.

Theorem 3.1. Vk € NU {0} by and py, are given by the formulae:

by = (e—u(z)gk[eu(z)])*’ (16)
Dy = ((_Dkeu(z)@k[e—u(z)})*‘ (17)
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Proof. We shall prove only (16) since one may prove (17) in the same way. We prove (16) by
induction. For k = 0 we have by = 1 and (e “G)DF[euZ)])* = (e~ DO[euZ)))* = ({1})* =
Assume that (16) is true for some k£ > 0. We will show that (16) is true for & + 1 too. Let

b;c—i—l _ (e—u(z)gk—i-l[eu(z)])*'
Then

b = (M ODHD])" = (¢ HODH DI
= (e "D Dlu(=)])" = (¢ DM OD[u(:)]))”

[now we apply Lemma 2.1, (j) to D*[e“®D[u(z)]]]

_ —uz>z< )@kﬂ Y[u(2)]0"[e*])"
25> (D)o tuta (e ey

v=0

[now we use DH17[u(z)] = (k — v)!D*17"[u(z)], see Lemma 2.1, (j1)]

_ (z’“: <l;> (k — )\ D u(2)] (e—U(z)Qu[eu(z)])> .

v=0

[from the linearity and multiplicativity of *]

= Z <k> (kj — I/) (Dk+1 V[U(Z)])*<6_“(Z)@V[eu(z)])*

*

[from the induction hypothesis we have (e*”(z)’D”[e“(Z)]) =b,,0<v<k]

Mw

( ) — )k — v+ 1)b, = by

(the last from (14)). Thus we proved b}, = b4 and (16) is proved. [
From Theorem 3.1, using the fact that the mapping * is linear and that the generating function

of the operator ®:
S
k!
k=0

, we obtain our second main result in this paper.

is equal to e=*®
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Theorem 3.2. I'(z + 1) and its reciprocal have the following important representations:

T(z+1) = (e "@e =2 [eu))", (18)
(F(z + 1))—1 _ (eu(ac)e—zi)[e—u(a:)])*7 (19)

where * acts only with respect to the variable .

Proof. We prove only (18) since one may prove (19) analogically.

_ (e—u(z) i E;)k@k[eu@)])*
_ (i (_]:! e—u(m)gk[eu(z)])*

k=0

[here we suppose that * is defined not only for polynomials but for power series, too]

(o) (eu(x)gk[eu(x)])*

k!
k=0

[from Theorem 3.1]

RS R G ) (SR s SR
S =Y b =Y a =T+, O

3.2 Explicit formulae for the coefficients

From Theorem 3.1 and Corollary 2.3 we obtain using (16) and (17):

by = Z Z Ap(a)(C(1)™ -+ ({(n))™"  (compare with [9], the formula for I (1))

po=(=1)" D Y (D)= A (a)(C(1)™ - (C(n))™

In [6], p. 43, (10) and (11), explicit formulae for a,, and d,, are given.
Further we shall find formulae for b,, and p,, in a polynomial form, of one variable, using
instead of this variable Euler’s constant . For this purpose we need two lemmas.

Lemma 3.1. For k > 2 the following identities are valid

e ODHH) = (D u() + 3 (’;) Ay (D'Tu(2)), 20)
k
(D] = (D) + 3 (4 (D) 21
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where:

Ay = D?*[u(z)], Az =D[D*[u(2)]], Ay =p.(D*[u(2)]).A,1+D[A,], p>3, (22)
oy = —D?*[u(2)], o3 =D[Du(2)]], op1=—p.(D*[u(z)]).0p1 —D[o,], p>3. (23)

Proof. We prove (20) by induction. For £ = 2 and £ = 3 we check directly the validity of
(20). Let £ > 3. We denote by Ry the right-hand side of (20) and let (20) be true for some
k > 3. For k + 1 we must verify that e “D*"![¢"] = Ry, ie, Ry = e "D [D*[e"]]
= e "D [e"e "DF[e"]] = (from our assumption for k) = e “D[e"R;] = (after computation)
= Dlu| Ry, + ®[Ry]. Thus, to prove (20), it remains to prove that Ry, = D[u] Ry + D[R]

It is easy to see that the coefficient in front of (D! [u(2)])*" 177 in the left-hand side of the last
equality equals to (k;fl) A, and in the right-hand side equals to (k +2 — p) (pf ,)Ap_a. D?u(2)] +
(Z) A, + (pfl)Q[Ap,l]. So, to prove (20), we must check that

kE+1 k k k
A,=(k+2-— A,_9.D? A D[A,4].
( p ) p= p>(p—2) r [U(Z)H(p) p+(p—1> -]
One may easily check the above equality using (22) and the well-known relations:
k+1 k k k -1
P P p—1 t t—1
In the same way, one may prove (21) (using (23)) and Lemma 3.1 is proved. [l

Lemma 3.2. For p > 2 the following representations hold:

Ap = Z Ap(@) (D?[u(2)])™ - (D" [u(2)])™, (24)
op = Z:(—l)”m:2 @ Ap(@) (D?[u(2)])™ - (D"[u(=)])™, (25)
where, for & = (aa, ..., ), A,(&) is given by:

p

Ap(a) = p! H (v =1)H)™ H (aV!(V!)au)*l _ P!

s (2a23a3 “'pap)(&g!a3!~--ozp!)

p
and Z means that the sum is over all nonnegative integers o, such that Z va, = p.

a v=2
Proof. We shall prove only (24) since (25) may be proved in the same way. First in (22) we write

A? instead of A, V¢ > 2. Second we replace in (22) © with D. As a result we obtain:
Ay =Du(z)],  AF = D[D[u(2)]], AP =p.(D*[u(2)]).A7 + D[A]], p>3.

p

Now we shall prove that

89 =3 e e (D) (D)

Lo (ph)or.ay)!
using induction with respect to p. For p = 2,3 the validity of the above equality is a matter
of direct check. Let @ = a(p), C,p(a(p)) = (20&2.&2!.’%@!)
v =2,3,...,p. For the sake of brevity, let C’p = C’p(d(p ).

o] and the equality is checked for
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We must prove that

p+1

> Con H D [u(2)])™ = Ay = p(D*[u(2)])-A;), + D[A]],

a(p+1) =

i.e. that the equality (further denoted by H):

3G [ = S0 2fu(2)]) " T](Dful2)])
(p+1) v=2 a(p—1) v=3

+ZZ%C PADIu(2)]) (DI fu(2)]) % Q4D fu(2)],

Jj=2 a(p
holds, where P and () are given by:
j—1 p—1
P=T1] (D" =)™ Q= 1] (D'[u(=)])
V=2 v=j+2

Let [T°—5(D”[u(2)])?” be an arbitrary monomial from the right-hand side of H. Below we calculate
the coefficient C' in front of this monomial:

p—1
C=pCp1(r2— 1,75, Wpr1) + Z(%‘ +1Cp(v2, -+ L — Lo 1)
=2
Soavie  _ (p+1)!

= p! :épﬂ(’Yz,---,’YpH)-

L)l TES )
Hence, the right—hand side of H is a sum of the terms C\y 1 (72, ..., Yps1) [ 125 ( D" [u(2)]), for
which ZV 5 VY, = p+ 1. Then, to prove H, it remains to show that in the right-hand side of H
all partitions "7} 1y, = p + 1 are met.

Indeed, let []"1.(D"[u(z)])* be an arbitrary monomial from the left-hand side of H. If
Ypr1 = 1, then 49 = 73 = -+ = 7, = 0, so this monomial is DP*![u(z)] and it is contained
in the right-hand side of H, too. If 7,41 = 0 but for some j, such that 2 < j < p, 7; # 0, we
consider in the right-hand side of H the sum:

i-2 d

Y aj1Cylaz,....a >(H (D”[u(z)])a“) (D7 u())) ™ (D)) T (D)™
a(p) v=2 v=j+1

Now we set: g = vo,...,Qj_0 = Yj_osaj_1 = Vi1t L0 = v — 1 ajpr = Vg1, -+ -5 Qp = Y.

Then > " _, va, = (ZT; vy,) —1 = (p+1) — 1 = p. Hence, according to the given definition
of Z the monomial [["2}(D"[u(z)])™ is contained in the right-hand side of H.

a(p)
If 75 # 0, then we consider in the right-hand side of H the sum:

> pCpa(as, ..y ) (D)) [ [(D* [ulz)])™.
a(p—1) v=3
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p—1 p+1
Letting cig = yo—1, 3 = 73, ..., ap_1 = Yp—1, We obtain Z va, = <Z V%) —2=p—1.

v=2 v=2
Hence according to the definition of Z the monomial [~} (D"[u(2)])" is contained in the
a(p—1)
right-hand side of H.
Thus we proved by induction that
l
D _ s 2 2 .. (DP op
&= 2 GGl (7 LD (D)™

In the above equality we replace D with ® (using the fact that Lemma 3.1 remains valid if we
replace in (22) and (23) ® with D) and obtain

Ay = Z (21)°2.aup 2 (D%[u(2)])™ - (D[u(2)]) ™.

Lo (phor.ayy!

Now, using the fact that D*[u(z)] = (k — 1)!D¥[u(2)] (see Lemma 2.1, (1)), we obtain

Ay =2 (2)22 0] .]?!. o) 1;[2((” = DY (D*[u(2)])™ -+ (D"[u(2)])™-

«

Hence
|
A :AD: p D2 012'.. Dp Oép.
’ ’ Za: (20233 - por) (anlag! - - ) ( [u(z)]) ( [u(z)])
Thus (24) and therefore Lemma 3.2 are proved. B

From Theorem 3.1, Lemma 3.1 and Lemma 3.2 we obtain the following explicit formulae for
the coefficients.

Theorem 3.3. The following representations are valid:

k k p
T
=Y (’;) P Iy a,@) [T (C)™ 27)

where Z means that we sum over all nonnegative integers o, such that y " _, vo,, = p.

«

Corollary 3.1. From (10)—(13) and from (26), (27) we obtain:

I(z+1) = 1—72+Zakzk, 2] <1 (28)
k=2
where
k p
= ! vl (29
ak k! i +p; D Py % (20423&3...pap)(a2!a3[...ap[) 11:[26:(”) ! ( )



Cz+ 1)) =14yz+ Y di2¥, |z] < o0 (30)
k=2
where

g : —,kap PP _sa 1 - a(v)
=gt G 2 [Tcwn e @b

J(alag!- - a,!)

and Z means that we take the sum over all nonnegative integers o, such that » " _, va,, = p.

In particular (see (2)):

k

T R L R (VT o () AT . S— J L
0 D — (292393 _por)(asglag!...ap!) S

p=2
and: ap = 1, a1 = —7, as = (42 +C(2)) = (v + %), as = —1(2® + 3¢(2)7 + 2((3)) =
52 —((2) =507 = ). ds = §7° = 5¢(2)y +

1P+ Ty + 2(3)); do = 1,dy =7, dy =
3C(3) = §7° — 57 + 3¢(3).

Remark. Using (1) and (28), one may observe that the Laurent series of I'(z) around z = 0 is:
I'(z) = L v+ iakzkl |z] <1
Z k72 Y Y

where a; are given by (29). Also, using (1) and (30), one may observe the Maclaurin series of
(D(2)) " is
1 2 - k+1
—— =z4+vz"+ dp 21,
18 2

where dj, are given by (31).
We must note that the representation (30)—(31) for (I'(z + 1)) ™! is given in another form by
Mika Sakata’s formula for (I'(2)) ! in [8], where Sakata uses multiple zeta values.

4 Conclusion

In the paper two important results are found in Theorem 3.1 and Theorem 3.2. With the help of
Theorem 3.1 we obtain explicit formulae for the coefficients of I'(z+ 1) and (I'(2 + 1))~ in their
Maclaurin series.
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