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1 Introduction

Currently, there are few works on the Leonardo sequence, initially presented by Catarino and
Borges [3] and, later, some authors presented studies related to this sequence, such as Shannon
[6], Alves and Vieira [1] and Vieira, Alves, and Catarino [7]. Alves et al. [2] report that the
absence of information on the historical process of Leonardo’s sequence is notorious, with the
mathematician Leonardo Pisano (1180–1250) being suspected as the creator of this sequence,
due to the name is given and for having a great similarity with the Fibonacci sequence.

Thus, the Fibonacci sequence is a second-order recursive linear sequence, called Fn, and
defined by:

Fn = Fn−1 + Fn−2, n ≥ 2, (1)

where F0 = 0 and F1 = 1 are the initial terms.
Thus, there is the Leonardo sequence, which is a second-order recursive linear sequence,

denominated by Len and defined by:

Len = Len−1 + Len−2 + 1, n ≥ 2, (2)

with Le0 = Le1 = 1.

From Eq. (2) it is possible to rewrite this recurrence relation, as performed in [3], presenting
a new recurrence, being:

Len+1 = 2Len − Len−2, n ≥ 2.

Catarino and Borges [3] present properties and theorems around these Leonardo numbers, as well
as a relationship between the Leonardo sequence and the Fibonacci sequence, notably:

Proposition 1.1. For every n ≥ 0, we have:

Len = 2Fn+1 − 1. (3)

Proof. The demonstration is carried out using the finite induction principle. For n = 2, we have:

Len = Len−1 + Len−2 + 1

Le2 = Le1 + Le0 + 1

Le2 = 3.

Assuming that Eq. (3) is valid for some n = k, k ∈ N, we have:

Lek = Lek−1 + Lek−2 + 1.

Thus, it is necessary to prove whether the equation is valid for n = k + 1. So, using the Eqs.
(2) and (1), we have:

Lek+1 = Lek + Lek−1 + 1

= (2Fk+1 − 1) + (2Fk − 1) + 1

= 2(Fk+1 − Fk)− 1

= 2Fk+2 − 1.

And yet, from Eq. (3), we get:

Fn+1 =
Len + 1

2
.
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With that, in the next sections, the two-dimensional and three-dimensional relations of
Leonardo’s sequence and identities inherent to this sequence in its complex form will be addressed.

2 Leonardo’s two-dimensional relations

Initially Harman [4] presented the two-dimensional, three-dimensional recurring relationship and
identities of Fibonacci numbers, in order to understand relevant aspects about their respective
complexification process.

Similar to the study carried out by Harman in [4] and Oliveira, Alves and Paiva [5], it
was possible to carry out an evolutionary process of Leonardo’s numbers in order to present
their two-dimensional recurrent relationship, based on its one-dimensional form, in which, the
dimension increase and the insertion of the imaginary unit i.

Based on the work of Vieira, Alves and Catarino [7] which depicts the two-dimensional shape
of Leonardo’s numbers, where for two integers n,m ∈ N in the form Le(n,m), we have:

Le(n,m) = [Le(n).
Le(m) + 1

2
+

Le(m) + 1

2
− 1] + (

Le(n) + 1

2
)(
Le(m− 1) + 1

2
)i.

Thus, according to the relationship between the two sequences, in which F (n + 1) =
Le(n) + 1

2
,

one can then restructure the two-dimensional relationship contained in the work of Vieira, Alves
and Catarino [7], obtaining:

Le(n,m) = (Le(n)F (m+ 1) + F (m+ 1)− 1) + F (n+ 1)F (m)i.

Still performing a small algebraic transformation, as a way to facilitate calculations for the
study of three-dimensional relations, we have that:

Le(n,m) = [Le(n)F (m+ 1) + F (m− 1)(
F (m− 1) + Le(m− 1)

2
)] + F (n+ 1)F (m)i.

3 Leonardo’s three-dimensional relations

Leonardo’s two-dimensional numbers support the study of recurrent three-dimensional relations,
in which it is explained for a third dimension. Thus, in addition to the imaginary unit i, the
imaginary unit j is also inserted.

Thus, in this section, some properties inherent to the three-dimensional relations of Leonardo’s
sequence will be discussed.

Definition 3.1. Leonardo’s three-dimensional numbers are defined with the initial values:
Le(0, 0, 0) = 1 = Le(0), Le(1, 0, 0) = 1 = Le(1), Le(0, 1, 0) = 1 + i, Le(0, 0, 1) = 1 + j,

Le(1, 1, 1) = 1 + i + j, Le(0, 1, 1) = 1 + i + j, Le(1, 0, 1) = 1 + j, Le(1, 1, 0) = 1 + i,

where i2 = j2 = −1, forming the numbers in the form Le(n,m, p) satisfying the following
three-dimensional recurrence conditions, where n,m, p > 0:

Le(n,m, p) = 2Le(n− 1,m, p)− Le(n− 3,m, p)

Le(n,m, p) = 2Le(n,m− 1, p)− Le(n,m− 3, p)

Le(n,m, p) = 2Le(n,m, p− 1)− Le(n,m, p− 3).
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Lemma 3.2. The following properties are valid for Leonardo’s numbers:
(a) Le(n, 0, 0) = Le(n),
(b) Le(n, 1, 0) = Le(n) + F (n+ 1)i,
(c) Le(n, 0, 1) = Le(n) + F (n+ 1)j,
(d) Le(n, 1, 1) = Le(n) + F (n+ 1)i+ F (n+ 1)j.

Proof. To demonstrate the property (a) Le(n, 0, 0) = Le(n), the relationship Le(n,m, p) =

2Le(n− 1,m, p)− L(n− 3,m, p) and the initial values initially defined. Thus, for m = p = 0,
that is, Le(n, 0, 0) = 2Le(n− 1, 0, 0)− L(n− 3, 0, 0), varying n = (0, 1, 2, 3, . . .). You can see
that:

Le(n, 0, 0) = 2Le(n− 1, 0, 0)− Le(n− 3, 0, 0) :

Le(3, 0, 0) = 2Le(2, 0, 0)− Le(0, 0, 0) = 5 = Le(3);

Le(4, 0, 0) = 2Le(3, 0, 0)− Le(1, 0, 0) = 9 = Le(4);

Le(5, 0, 0) = 2Le(4, 0, 0)− Le(2, 0, 0) = 15 = Le(5);

...

Le(n− 3, 0, 0) = 2Le(n− 4, 0, 0)− Le(n− 6, 0, 0) = Le(n− 3);

Le(n− 2, 0, 0) = 2Le(n− 3, 0, 0)− Le(n− 5, 0, 0) = Le(n− 2);

Le(n− 1, 0, 0) = 2Le(n− 2, 0, 0)− Le(n− 4, 0, 0) = Le(n− 1);

Le(n, 0, 0) = 2Le(n− 1, 0, 0)− Le(n− 3, 0, 0)

= 2Le(n− 1)− Le(n− 3) = Le(n).

The demonstration of Lemma 3.2, properties (b), (c) and (d) is carried out in a manner
analogous to that of property (a).

Lemma 3.3. The following properties are valid:
(a) Le(0,m, 0) = Le(m) + F (m)i,
(b) Le(0,m, 1) = Le(m) + F (m)i+ F (m+ 1)j,
(c) Le(1,m, 0) = Le(m+ 1) + F (m)i,
(d) Le(1,m, 1) = Le(m) + F (m)i+ F (m+ 1)j.

Proof. (a) In view of the recurrence Le(n,m, p) = 2Le(n,m−1, p)−Le(n,m−3, p), the second
principle of induction on m in n = p = 0. Thus, varying m = 1, 2, 3, . . . , k, it can be seen that:

Le(0,m, 0) = 2Le(0,m− 1, 0)− Le(0,m− 3, 0) :

Le(0, 3, 0) = 2Le(0, 2, 0)− Le(0, 0, 0) = 5 + 2i = Le(3) + F (3)i;

Le(0, 4, 0) = 2Le(0, 3, 0)− Le(0, 1, 0) = 9 + 3i = Le(4) + F (4)i;

Le(0, 5, 0) = 2Le(0, 4, 0)− Le(0, 2, 0) = 15 + 5i = Le(5) + F (5)i;

...
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Le(0, k − 3, 0) = 2Le(0, k − 4, 0)− Le(0, k − 6, 0) = Le(k − 3) + F (k − 3)i;

Le(0, k − 2, 0) = 2Le(0, k − 3, 0)− Le(0, k − 5, 0) = Le(k − 2) + F (k − 2)i;

Le(0, k − 1, 0) = 2Le(0, k − 2, 0)− Le(0, k − 4, 0) = Le(k − 1) + F (k − 1)i;

Le(0, k, 0) = 2Le(0, k − 1, 0)− Le(0, k − 3, 0)

= 2Le(k − 1) + 2F (k − 1)i− Le(k − 3)− F (k − 3)i

= Le(k) + F (k)i.

The demonstration of Lemma 3.3, properties (b), (c) and (d) is carried out in a manner
analogous to that of property (a).

Lemma 3.4. The following identities are valid:
(a) Le(0, 0, p) = Le(p) + F (p)j,
(b) Le(0, 1, p) = Le(p) + F (p+ 1)i+ F (p)j,
(c) Le(1, 0, p) = Le(p) + F (p)j,
(d) Le(1, 1, p) = Le(p) + F (p+ 1)i+ F (p)j.

Proof. (a) Applying the second principle of recurrent induction Le(n,m, p)=2Le(n,m, p−1)−
Le(n,m, p− 3) on p for n = m = 0 and varying p = 1, 2, 3, . . . , k, we have:

Le(0, 0, p) = 2Le(0, 0, p− 1)− Le(0, 0, p− 3) :

Le(0, 0, 3) = 2Le(0, 0, 2)− Le(0, 0, 0) = 5 + 2j = Le(3) + F (3)j;

Le(0, 0, 4) = 2Le(0, 0, 3)− Le(0, 0, 1) = 9 + 3j = Le(4) + F (4)j;

Le(0, 0, 5) = 2Le(0, 0, 4)− Le(0, 0, 2) = 15 + 5j = Le(5) + F (5)j;

...

Le(0, 0, k − 3) = 2Le(0, 0, k − 4)− Le(0, 0, k − 6) = Le(k − 3) + F (k − 3)j;

Le(0, 0, k − 2) = 2Le(0, 0, k − 3)− Le(0, 0, k − 5) = Le(k − 2) + F (k − 2)j;

Le(0, 0, k − 1) = 2Le(0, 0, k − 2)− Le(0, 0, k − 4) = Le(k − 1) + F (k − 1)j;

Le(0, 0, k) = 2Le(0, 0, k − 1)− Le(0, 0, k − 3)

= 2Le(k − 1) + 2F (k − 1)j − Le(k − 3)− F (k − 2)j

= Le(k) + F (k)j.

Validating ownership (a) Le(0, 0, p) = Le(p) + F (p)j.

(b) Using the second principle of recurrent induction Le(n,m, p)=2Le(n,m, p−1)−Le(n,m, p−
3) on p for n = 0 and m = 1 and varying p = 1, 2, 3, . . . , k, we have:
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Le(0, 1, p) = 2Le(0, 1, p− 1)− Le(0, 1, p− 3) :

Le(0, 1, 3) = 2Le(0, 1, 2)− Le(0, 1, 0) = 6 + 2i+ j = 3F (3) + F (3)i+ F (2)j;

Le(0, 1, 4) = 2Le(0, 1, 3)− Le(0, 1, 1) = 9 + 3i+ 2j = 3F (4) + F (4)i+ F (3)j;

Le(0, 1, 5) = 2Le(0, 1, 4)− Le(0, 1, 2) = 15 + 5i+ 3j = 3F (5) + F (5)i+ F (4)j;

...

Le(0, 1, k − 3) = 2Le(0, 1, k − 4)− Le(0, 1, k − 6) = Le(k − 3) + F (k − 2)i+ F (k − 3)j;

Le(0, 1, k − 2) = 2Le(0, 1, k − 3)− Le(0, 1, k − 5) = Le(k − 2) + F (k − 1)i+ F (k − 2)j;

Le(0, 1, k − 1) = 2Le(0, 1, k − 2)− Le(0, 1, k − 4) = Le(k − 1) + F (k)i+ F (k − 1)j;

Le(0, 1, k) = 2Le(0, 1, k − 1)− Le(0, 1, k − 3)

= 2Le(k − 1) + 2F (k)i+ 2F (k − 1)j − Le(k − 3)− F (k − 2)i− F (k − 3)j

= Le(k) + F (k + 1)i+ F (k)j.

Validating ownership (b) Le(0, 1, p) = Le(p) + F (p+ 1)i+ F (p)j.

(c) Through the second principle of recurrent induction Le(n,m, p) = 2Le(n,m, p − 1) −
Le(n,m, p− 3) on p for n = 1 and m = 0 and varying p = 1, 2, 3, . . . , k, we have:

Le(1, 0, p) = 2Le(1, 0, p− 1)− Le(1, 0, p− 3) :

Le(1, 0, 3) = 2Le(1, 0, 2)− Le(1, 0, 0) = 5 + 2j = Le(3) + F (3)j;

Le(1, 0, 4) = 2Le(1, 0, 3)− Le(1, 0, 1) = 9 + 3j = Le(4) + F (4)j;

Le(1, 0, 5) = 2Le(1, 0, 4)− Le(1, 0, 2) = 15 + 5j = Le(5) + F (5)j;

...

Le(1, 0, k − 3) = 2Le(1, 0, k − 4)− Le(1, 0, k − 6) = Le(k − 3) + F (k − 3)j;

Le(1, 0, k − 2) = 2Le(1, 0, k − 3)− Le(1, 0, k − 5) = Le(k − 2) + F (k − 2)j;

Le(1, 0, k − 1) = 2Le(1, 0, k − 2)− Le(1, 0, k − 4) = Le(k − 1) + F (k − 1)j;

Le(1, 0, k) = 2Le(1, 0, k − 1)− Le(1, 0, k − 3)

= 2Le(k − 1) + 2F (k − 1)j − Le(k − 3)− F (k − 3)j

= Le(k) + F (k)j.

Validating ownership (c) Le(1, 0, p) = Le(p) + F (p)j.

(d) According to the second principle of recurrent induction Le(n,m, p) = 2Le(n,m, p − 1) −
Le(n,m, p− 3) on p for n = m = 1 and varying p = 1, 2, 3, . . . , k, we have:
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Le(1, 1, p) = 2Le(1, 1, p− 1)− Le(1, 1, p− 3) :

Le(1, 1, 3) = 2Le(1, 1, 2)− Le(1, 1, 0) = 5 + 3i+ 2j = Le(3) + F (4)i+ F (3)j;

Le(1, 1, 4) = 2Le(1, 1, 3)− Le(1, 1, 1) = 9 + 5i+ 3j = Le(4) + F (5)i+ F (4)j;

Le(1, 1, 5) = 2Le(1, 1, 4)− Le(1, 1, 2) = 15 + 8i+ 5j = Le(5) + F (6)i+ F (5)j;

...

Le(1, 1, k − 3) = 2Le(1, 1, k − 4)− Le(1, 1, k − 6) = Le(k − 3) + F (k − 2)i+ F (k − 3)j;

Le(1, 1, k − 2) = 2Le(1, 1, k − 3)− Le(1, 1, k − 5) = Le(k − 2) + F (k − 1)i+ F (k − 2)j;

Le(1, 1, k − 1) = 2Le(1, 1, k − 2)− Le(1, 1, k − 4) = Le(k − 1) + F (k)i+ F (k − 1)j;

Le(1, 1, k) = 2Le(1, 1, k − 1)− Le(1, 1, k − 3)

= 2Le(k − 1) + 2F (k)i+ 2F (k − 1)j − Le(k − 3)− F (k − 2)i− F (k − 3)j

= Le(k) + F (k + 1)i+ F (k)j.

Validating ownership (d) Le(1, 1, p) = Le(p) + F (p+ 1)i+ F (p)j.

Theorem 3.5. For the three integers, n,m, p ∈ N, numbers in the form Le(n,m, p) are described
by:

Le(n,m, p) = F (n+ 1)F (m+ 1)L(p) + F (n+ 1)F (m− 1)(
F (m− 1) + L(m− 1)

2
) +

(
F (n− 1) + L(n− 1)

2
)F (n− 1) + F (n+ 1)F (m)F (p+ 1)i+

F (n+ 1)F (m+ 1)F (p)j.

Proof. So for n = 0 and m = 2, we have:

Le(0, 2, 3) = 2Le(0, 2, 2)− Le(0, 2, 0) = 11 + 3i+ 4j = 2Le(3) + 1 + F (4)i+ 2F (3)j;

Le(0, 2, 4) = 2Le(0, 2, 3)− Le(0, 2, 1) = 19 + 5i+ 6j = 2Le(4) + 1 + F (5)i+ 2F (4)j;

Le(0, 2, 5) = 2Le(0, 2, 4)− Le(0, 2, 2) = 31 + 8i+ 10j = 2Le(5) + 1 + F (6)i+ 2F (5)j;

...

Le(0, 2, p− 3) = 2Le(0, 2, p− 4)− Le(0, 2, p− 6) = 2Le(p− 3) + 1 + F (p− 2)i+ 2F (p− 3)j;

Le(0, 2, p− 2) = 2Le(0, 2, p− 3)− Le(0, 2, p− 5) = 2Le(p− 2) + 1 + F (p− 1)i+ 2F (p− 2)j;

Le(0, 2, p− 1) = 2Le(0, 2, p− 2)− Le(0, 2, p− 4) = 2Le(p− 1) + 1 + F (p)i+ 2F (p− 1)j;

Le(0, 2, p) = 2Le(0, 2, p− 1)− Le(0, 2, p− 3)

= 4Le(p− 1) + 2 + 2F (p)i+ 4F (p− 1)j

− 2Le(p− 3)− 1− F (p− 2)i− 2F (p− 3)j

= 2Le(p) + 1 + F (p+ 1)i+ 2F (p)j
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In addition, other properties inherent to this process are stimulated, for m = 1, 2, 3, . . . , k,
obtaining:

Le(0, 0, p) = F (1)Le(p) + (
F (−1) + Le(−1)

2
)F (−1) + F (0)F (p+ 1)i+ F (1)F (p)j;

Le(0, 1, p) = F (2)Le(p) + (
F (0) + Le(0)

2
)F (0) + F (1)F (p+ 1)i+ F (2)F (p)j;

Le(0, 2, p) = F (3)Le(p) + (
F (1) + Le(1)

2
)F (1) + F (2)F (p+ 1)i+ F (3)F (p)j;

Le(0, 3, p) = F (4)Le(p) + (
F (2) + Le(2)

2
)F (2) + F (3)F (p+ 1)i+ F (4)F (p)j;

...

Le(0, k − 3, p) = 2Le(0, k − 4, p)− Le(0, k − 6, p) = F (k − 2)Le(p)

+ (
F (k − 4) + Le(k − 4)

2
)F (k − 4)

+ (F (k − 3)F (p+ 1))i+ (F (k − 2)F (p))j;

Le(0, k − 2, p) = 2Le(0, k − 3, p)− Le(0, k − 5, p) = F (k − 1)Le(p)

+ (
F (k − 3) + Le(k − 3)

2
)F (k − 3)

+ (F (k − 2)F (p+ 1))i+ (F (k − 1)F (p))j;

Le(0, k − 1, p) = 2Le(0, k − 2, p)− Le(0, k − 4, p) = F (k)Le(p)

+ (
F (k − 2) + Le(k − 2)

2
)F (k − 2)

+ (F (k − 1)F (p+ 1))i+ (F (k)F (p))j;

Le(0, k, p) = 2Le(0, k − 1, p)− Le(0, k − 3, p)

= 2(F (k)Le(p) + +(
F (k − 2) + Le(k − 2)

2
)F (k − 2))

− (F (k − 2)Le(p) + (
F (k − 4) + Le(k − 4)

2
)F (k − 4))

= F (k + 1)Le(p) + (
F (k − 1) + Le(k − 1)

2
)F (k − 1))

+ (F (k)F (p+ 1))i+ (F (k + 1)F (p))j.

This proves the veracity of the Theorem 3.5, by applying it to n = 1, 2, 3, . . . , k, in the
situation presented below:

Le(0,m, p) = F (m+ 1)Le(p) + (
F (m− 1) + Le(m− 1)

2
)F (m− 1) + F (m)F (p+ 1)i

+ F (m+ 1)F (p)j

Le(1,m, p) = F (m+ 1)Le(p) + (
F (m− 1) + Le(m− 1)

2
)F (m− 1) + F (m)F (p+ 1)i

+ F (m+ 1)F (p)j
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Le(2,m, p) = 2F (m+ 1)Le(p) + 2(
F (m− 1) + Le(m− 1)

2
)F (m− 1) + 2F (m)F (p+ 1)i

+ 2F (m+ 1)F (p)j

Le(n,m, p) = F (n+ 1)F (m+ 1)Le(p) + [F (n+ 1)F (m− 1)(
F (m− 1) + Le(m− 1)

2
)

+ (
F (n− 1) + Le(n− 1)

2
)F (n− 1)] + F (n+ 1)F (m)F (p+ 1)i

+ F (n+ 1)F (m+ 1)F (p)j.

4 Three-dimensional identities for Leonardo’s numbers

From the study in relation to Leonardo’s three-dimensional numbers, some identities are presented
in their complex form, relating it to the Fibonacci numbers. It is worth noting that, in Vieira, Alves
and Catarino [7] it’s possible to obtain two-dimensional identities of these numbers.

Identity 4.1. The following identities are valid for Leonardo’s numbers:
(a) The sum of the first n numbers Le(n,m, p) with an index greater than zero is described as:

n∑
l=1

Le(l,m, p) = Le(n+ 1,m, p)− Le(0,m, p)− Le(1,m, p)− n

= (F (n+ 2)− 2)[F (m+ 1)Le(p) + (
F (m− 1)− Le(m− 1)

2
).

F (m− 1) + F (m)F (p+ 1)i+ F (m+ 1)F (p)j]

+(
F (n) + Le(n)

2
)F (n)− n

(b) The sum of the Le(n,m, p) numbers of even and non-zero index can be described by:

n∑
l=1

Le(2l,m, p) = Le(2n+ 1,m, p)− Le(1,m, p)− n

= (F (2n+ 2)− 1)[F (m+ 1)Le(p) + (
F (m− 1)− Le(m− 1)

2
).

F (m− 1) + F (m)F (p+ 1)i+ F (m+ 1)F (p)j]

+(
F (2n) + Le(2n)

2
)F (2n)− n

(c) The sum of the Le(n,m, p) numbers of odd and nonzero index can be described by:

n∑
l=1

Le(2l + 1,m, p) = Le(2n+ 2,m, p)− Le(2,m, p)− n

= (F (2n+ 3)− 2)[F (m+ 1)Le(p) + (
F (m− 1)− Le(m− 1)

2
).

F (m− 1) + F (m)F (p+ 1)i+ F (m+ 1)F (p)j]

+ (
F (2n+ 1) + Le(2n+ 1)

2
)F (2n+ 1)− n.
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Proof. To demonstrate the Identity (a), starting from the relation Le(n+1,m, p) = Le(n,m, p)+

Le(n− 1,m, p) + 1, it can be rewritten as Le(n,m, p) = Le(n+1,m, p)−Le(n− 1,m, p)− 1.
Thus, we have:

Le(1,m, p) = Le(2,m, p)− Le(0,m, p)− 1

Le(2,m, p) = Le(3,m, p)− Le(1,m, p)− 1

Le(3,m, p) = Le(4,m, p)− Le(2,m, p)− 1

Le(4,m, p) = Le(5,m, p)− Le(3,m, p)− 1
...

Le(n,m, p) = Le(n+ 1,m, p)− Le(n− 1,m, p)− 1

With that, performing the telescopic sum and Theorem 3.5, we have

n∑
l=1

Le(l,m, p) = Le(n+ 1,m, p)− Le(0,m, p)− Le(1,m, p)− n

= F (n+ 2)F (m+ 1)Le(p) + F (n+ 2)F (m− 1).

(
F (m− 1) + Le(m− 1)

2
) + (

F (n) + Le(n)

2
)F (n)

+F (n+ 2)F (m)F (p+ 1)i+ F (n+ 2)F (m+ 1)F (p)j

−F (m+ 1)Le(p)− (
F (m− 1)− Le(m− 1)

2
)F (m− 1)

−F (m)F (p+ 1)i− F (m+ 1)F (p)j

−F (m+ 1)Le(p)− (
F (m− 1)− Le(m− 1)

2
)F (m− 1)

−F (m)F (p+ 1)i− F (m+ 1)F (p)j − n

= [F (m+ 1)Le(p)](F (n+ 2)− 2) + [(
F (m− 1)− Le(m− 1)

2
).

F (m− 1)](F (n+ 2)− 2)

+[F (m)F (p+ 1)i](F (n+ 2)− 2) + [F (m+ 1)F (p)j](F (n+ 2)− 2)

+(
F (n) + Le(n)

2
)F (n)− n

= (F (n+ 2)− 2)[F (m+ 1)Le(p) + (
F (m− 1)− Le(m− 1)

2
)F (m− 1)

+F (m)F (p+ 1)i+ F (m+ 1)F (p)j] + (
F (n) + Le(n)

2
)F (n)− n

The demonstration of Lemmas 4.1 (b) and (c) are carried out in a manner analogous to Theorem
4.1 (a).

5 Conclusion

Recursive linear sequences have been studied over several years, with an emphasis on the
Fibonacci sequence. However, in this work, there was a contribution to the evolutionary and
complex study of the Leonardo sequence, relating it to the Fibonacci sequence. Thus, imaginary
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units were introduced to enable the process of expanding its dimensionality. Thus, starting
from the unidimensionality, the behavior of the three-dimensional relations was investigated, still
analyzing some mathematical identities.

It should be noted that the sequence studied was introduced by Catarino and Borges [3],
studying their respective two-dimensional relationship presented by Vieira, Alves and Catarino
[7].
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Matemática, Bauru, 11, 91–106.

[6] Shannon, A. G. (2019). A note on generalized Leonardo numbers. Notes on Number Theory
and Discrete Mathematics, 25(3), 97–101.

[7] Vieira, R. P. M., Alves, F. R. V., & Catarino, P. M. M. C. (2019). Relações bidimensionais e
identidades de Leonardo. Revista Sergipana de Matemática e Educação Matemática, 4(2),
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