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Abstract: In this paper we will prove some Ramanujan type identities such as
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1 Introduction

Ramanujan proved the following most well-known identities in his notebook [2]:

, om , 4 , 87\  s/5—3V7
\/cos (7) + \/COS (7) + \/COS (7) =\ (D)

*On July 8, 2021, shortly before obtaining all of the reviewers’ reports for this manuscript, the Editorial Office

was informed about the author Kai Wang passing away earlier this year. After receiving permission from Dr. Wang’s
family and with the valuable support of the reviewers, the Editorial Office made the decision to implement the minor
revisions suggested in the two positive review reports, and to publish the paper in its present form.
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) (5 o)

It is natural to ask if there are similar identities for sine and tangent functions. It turns out that

there are similar identities for sine and tangent functions at angles 7/7’s [6]. Since we could not

find such identities for sine and tangent functions at angles 77/9’s in the literature so we decide to

find similar identities. This is the motivation of this research.

However, after reviewing, it turned out that some type of these inequalities have already been

considered in papers [7, 8].

The purpose of this paper is to prove identities which are similar to identities (1), (2) for

sine and tangent functions. The identities are much more complicated. Our main results are the

following.

Theorem 1.1.

(— ‘f) <\3/6+3<</6—3\3/§+ {’/3—3€/§>),

- \2@) <\3/—€7§+6+3<§”/6—3%+ {’/3—3{75)).

3tan<i>+3tan 4—7T + {/tan 7—7T =
9 9 9 )

(- v3) <\/ 3V/3 + 6+ 3(3/21 — 3(3V/3 — V) — \/3+33f+f))), )
1

1
Jon(p) | o ()

\/tan 7”

1
_183

Theorem 1.3.

) (\/_%) +643({/21 —3(3V3— V) — {/3+3(3V3 + %))) .

m*%nﬁ

<_

+ i/sin (877T) =
) (s (Fosvm o))
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1 1 1
+ + =

i’/sin(%“) f/sin(%’r) ¢/sin(5F)

(— @) <§/6+3 ({/5—3{°ﬁ+ {’/4-3%)) .
Theorem 1.4.
\/tan + i/tan \/tan (87”) _

7)<\/ \/_+6+3<\/3\/_ 349 + 5+ /397 — 33/40 3)) ©)

1
</tan (7” \/tan 4” \/tan 7”

S —/49 + 643 \/3V7 —3V49+5+1/3V7—-3V49-3) | . (10)
) ({m o (V 757w 3))

The Equations (1)—(10) can be derived using the following result of Ramanujan [1-3].

Theorem 1.5. Let o, 3, and 7y denote the roots of a cubic equation
23 —ar? +br—1=0. (11)

If a, B,y are real and the values of the cubic roots of these numbers below are real, then

Va+ B+ ¥y =a+6+3t, (12)
and ] ] ]
= - = Vb+ 6+ 3t, (13)

where t is a real root of the equation
t5—3(a+b+3)t— (ab+6(a+b) +9) = 0. (14)

We assume henceforward that all the discussed cubic equations of the form (11) satisfy the
assumptions given in the theorem above. We will call Equation (14) an associated Ramanujan
Equation. The Ramanujan equation can be solved using Cardano formula. For our purpose, we
reformulate it in the following form.
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Theorem 1.6 ([4]). For a cubic equation,

3+ pt+q=0. (15)

4p3 _ 4p°
\/q+\/q +§+ \/q \/q+27 (16)

When we studied the term inside the square root in the Cardano formula (Equation (16)) we

a real solution is given by

found out that this term is a complete square and it can be expressed in term of roots of the
Equation (11). We believe that this formula is also new. This formula makes the computation of
the solution for Ramanujan equation much easier when the coefficients of a cubic equation are
not integers.

Theorem 1.7. Let o, 3, and ~y denote the roots of a cubic equation
2’ —ar® +br — 1 =0, (17)
where a, b are possibly complex numbers and let
24 pr+qg=0 (18)

be the associated Ramanujan equation. Then

2 4103_ a B v B,y «a ’
o= (5 +0) - (5+5+5)) )

Our methods and proofs are completely different from these in [6]. In the next Section 2, we
will introduce some notations and prove some basic properties of trigonometric functions. The
proof for Theorem 1.7 is given in the Section 3. We then prove the formula for sums of cubic
roots for sine and tangent functions in Sections 4, 5, 6, 7, respectively.

2 Notations and properties of sine and tangent functions

For the rest of this paper, for convenience, let § = g and let ) = g
We will use following well-known results (see [5]).

Proposition 2.1. The numbers {sin(6), sin(26), sin(140)} are the roots of the equation
3 1
x3—1x+§\/§:0 (20)

The numbers {cos 20, cos 46, cos 88} are the roots of the equation

3 1
S _Zor4+-=0. 21
x 43: 3 0 (21)

The numbers {tan(0), tan(40), tan(70)} are the roots of the equation
v —3V32® — 3z + V3 =0. (22)
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Note that we cannot use
{sin(260), sin(46), sin(860) }

for Equation (20) nor
{tan(20), tan(460), tan(86)}

for Equation (22). Note also for sine function, we rotate
{sin(0), sin(260), sin(146) }
and for tangent function, we rotate
{tan(#), tan(460), tan(70)}.
We will use following well-known results (see [5]).

Proposition 2.2. The numbers {sin(20), sin(40), sin(80)} are the roots of the equation

0.
8

The numbers {cos 20, cos 40, cos 80} are the roots of the equation

1 1 1
3, + 2 1ot
x+2m 21: 3 0.

The numbers {tan 20, tan 46, tan 86} are the roots of the equation
® + V722 = Tr + V7 =0,

Definition 2.3. Let {«, 3,7} be three numbers. For a function f(x) with one variable, let

S H(@) = fl@) + F(8) + ().

For a function f(x,y) with two variables, let

Zf(CY?ﬁ) :f(@75)+f(ﬁ77)+f(77a)'

For a function f(x,y, z) with three variables, let

> fla,B,y) = fla, B,7) + F(B,7:0) + f(7, @, B).

Definition 2.4. For an integer m, let
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Definition 2.5. For integers m,n, let

= E sin™ Sll’l

—ZCOS (20) cos™ 46’)

Z tan™(0) tan"(46).

Definition 2.6. Let

Py = sin(#) sin(26) sin(140) = —\/?3,
1

Q9 = cos(20) cos(46) cos(80) = —=
Ry = tan(f) tan(46) tan(70) = —V/3.
Proposition 2.7. With the above notations, forn =0, ..., 3,

To(n) = 3,3v/3,33,105V/3, . ..
To(—n) = 3,v/3,9,11V/3, . ..

Proof. Note that Ty(n) satisfy the following recurrence relations:

Ty(n) = 3v/3Ty(n — 1) + 3To(n — 2) — V3Ty(n — 3),

To(—n) = V3Ty(—n + 1) 4+ 3Ty(—n + 2) — \/—ng(—n +3).

3
Ty(0) = 3.
Ty(1) = 3V/3.
T5(2) = Ty(1)* — 2Wy(1,1)
= (3v/3)? — 2(-3)
= 33.

To(3) = 3v/3Ty(2) + 3Ty(1) — V/3Ty(0)
= 3v/3(33) + 3(3V3) — V3(3)

=105V/3.
Ty(~1) = VBTy0) + 3T(1) — LTy(2
= V/3(3) + 3(3V3) — ?(33)
— /3.
V3

To(—2) = V3Ty(—1) + 3T5(0) — ?Tg(l)

= V3(V3) +3(3) - ?(3\/5)

=9.
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Proposition 2.8.

Proof.
Wy(1,2) + Wy(2,1) Ztan 0) tan?(46) + Ztan2 ) tan(40)
= (Z tan(0 ) (Z tan(f) tan(46) ) — 3tan(f) tan(40) tan(70)

= (3v/3)(=3) = 3(—V3)
= —6V3.

Wo(1,2)We(2,1) = (Z tan(6) tan( ) (Ztan 0)
-8 () (Z wem)
=3 (3+ R%Ztan%e) +Rgzm)
=3 (3 + RigT(g) + Rng(—?)))

3 (3 + ;—%(105@ T (—ﬁ)(n\/ﬁ))

= 3(3 — 105 — 33)
= —405

) tan(46) )

Then {Wy(1,2), Wy(2,1)} are the roots of quadratic equation
x? — 6v/3z — 405 = 0. (23)

The roots for Equation (23) are {9\/3, —15\/3}.
With a help from calculator, we have

Wo(1,2) = 9V3, Wy(2,1) = —15V/3. O
Similarly, for 7/7 we have

Definition 2.9. For an integer m, let



Definition 2.10. For integers m,n, let

Definition 2.11. Let
P; = sin(20) sin(40) sin(89) = ——
Q7 = cos(20) cos(49) cos(89) =
}%7::tan(25)tan(45)tan(85):=-—\/?
Proposition 2.12. With the above notations, forn =0, ..., 3,
Ty(n) = 3, V7,21, -31V7,. ..
T(—)—Bvr52&f
Proof. Note that T%(n) satisfy the following recurrence relations:
Tr(n) = —VTTr(n — 1) + 7:T(n — 2) — VTTy(n — 3),

T7(2) = Tr(1)* — 2Wr(1,1)
= (VAR —2(-7

= 21.

T7(3) = —VTT5(2) + TT%(1) — VTT3(0)
= (=21 =7 =37
= —31V7.

(1) = VIO - (1) - )

:3V7+v5—21<%i>
= V7.
1,(-2) = VIT(-1) - 7,0) - Y1300

—Vivi-3- Y (V)

—7-3+1
=5
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Tr(=3) = VTTH(—2) — Ty(—1) — 7T7(0)
=57 — V7 - 3?
= (35-7— 3)\/77
257
==
Proposition 2.13.
Wx(1,2) = 9v/7,
Wr(2,1) = V7.
Proof.

Wa(1,2) + Wi(2,1) = T5(1)Ws(1,1) — 3R+
= (=VT)(=7) = 3(=V7)
= TVT+3V7
= 10V/7.

§ tan(24 tan(49
Wrz(1,2)W7(2,1) = (R7) (Z tangllég) (Z tang%i)
—7 (3 + Ri7 Ztan3(25) + Ry Z m>

7 (3 + Ri7T7<3) + R7T7(—3))

1
7 (3 - Wﬂ(?’) + (—ﬁm(—s))

1 25V/7
=7 (3 - W(—31\/7) - (—x/?)(T)>
= 7(3+ 31 — 25)

= 63.

Then {W7(1,2), W7(2,1)} are the roots of quadratic equation
2> — 10V7z + 63 = 0.

The roots for Equation (24) are {9v/7,v/7}.
With a help from calculator, we have

Wo(1,2) = V7, Wr(2,1) = V7.
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3 Proof of Theorem 1.7

Proof. Let

Then

Now we obtain

o s
u= 3 vzza
u+v= %+Z§
~(S0) (£5) -
=ab—3
2&3:(204)3—320425 32@62—6aﬁ7

:(Za)?’—?)z —32——6

:a3—3(ab—3)—6
=a® — 3ab + 3.

>l z— -3y 553y

1

6

aB?  afy
=) _szﬁ_sz__e)
= —3(ab—3)—6
= b% — 3ab+ 3.
= (25) (22)
-(5)(Z5)+ () () B(E
:3+Z;—7+Z%
:3+Za3+Z$

=3+ (a® — 3ab+ 3) + (b* — 3ab + 3)

=a®+ b3 —6ab+ 9.

2

u+v)° — duw

ab — 3)* — 4(a® + b* —

(u—v)* =

ab)® —

164

6ab +9)

(
= (
= ((ab)® — 6ab +9) — 4(a* + b* —
= (ab)? — 4a® — 4b* + 18ab — 27,

6ab + 9)

B

(0%

)



and, on the other hand,

q2+t—f = (ab+6(a+b)+9)* —4(a+b+3)°
= (ab)® + 36(a + b)? + 81 + 12ab(a + b) + 108(a + b) + 18ab
—4(a® + b* + 27 + 3a%b + b*a + 9a® + 9b* + 2a + 27b + 18ab)
= (ab)® + 36 * (a® + 2ab + b*) + 81 + 12ab(a + b) + 108(a + b) + 18ab
— (4a® + 40> + 108 + 12a*b + 12b%a + 364> + 36b* + 108a + 108b + 72ab)
= (ab)? — 4a® — 4b* + 18ab — 27

= (u—v)

This completes the proof. []

4 Proof of Theorem 1.1

In this section, we will prove Theorem 1.1.

Proof. Let ) ) )

a= % sin(#), 8 = % sin(26),v = % sin(146).

2 : : :
Z a= (—6—3> (sin(6) + sin(26) + sin(146))

2

-(-7)©

=0.

Z af = (Gig) (sin(0) sin(26) + sin(26) sin(146) + sin(146)) sin(F))
4 3

() (3)

_ 3

=35

= /9.
8

It follows that {«, 3, v} are roots of the equation:
® —V9r —1=0. (25)
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The associated Ramanujan equation is equal to

3+ pt4+q=0, (26)
where
b= 3\?/§ - 97
=6v9—9
We now compute Z% and Zg

Q

U = —

g

sin(6) sin(20)  sin(146)

sin(20)  sin(146) sin(6)
_ sin(#) sin(76)  sin(46)

sin(20)  sin(146)  sin(80)

sin(0) N sin(70) sin(40)
2sin(0) cos(d) ' 2sin(70) cos(70)  2sin(46) cos(40)

11 1 1
T2 (cos(@) i cos(70) cos(49)>
1 1

T2 Z cos(20)

1 Z cos(20) cos(40)
B cos(26) cos(46) cos(80)

_ (%) (é) S cos(40) cos(86)

In the following proofs, we use double angle formula for sine function.

=30
_ sin(20) N sin(140) sin(6)
sin(0) sin(20)  sin(146)
sin(20) | sin(146)  sin(86
(
)

N )

sin(0) sin(70)  sin(40)

_ 2sin(6) cos(0) n 2s8in(760) cos(70)  2sin(46) cos(46)
sin(0) sin(70) sin(460)

= 2 (cos(0) + cos(70) — cos(40))

=—2 Z cos(26)

=0.
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By Theorem 1.7,

3 2
(s

By Theorem 1.6, a real solution for the associated Ramanujan equation is given by

t—ig_ +1/ 2+4_pg+i3_ _ 2+4_p3
1 3 3 ]- 3 3
= —=/—(6V9—9)+3+ —=1/—(6V9—9) — 3
V(6759 +3+ ={/~(6v5-9)
1 s 1 s
=—\/—6V9+9+3+—=1/-6V9+9-3
Ly 1y
1 3 3 1 3 3
= —\/—6V9+12+ —1\/—6V9+6
V2 V2
—i\3/12—63§+i{’/6—6€/§
V2 V2

:§/6—3€/§+ {’/3—36/5.

By Theorem 1.5,

23/52\3/6+3(\3/6—3\3/§+ {’/3—3%).

and

1 5
Z%:\/b+6+3t

:§/_€/§+6+3({’/6—3\3/§+ 6/3—3675)

This implies Equations (3) and (4) in Theorem 1.1.

5 Proof of Theorem 1.2

In this section, we will prove Theorem 1.2.

Proof. Let
1 1 1
a=———tan(f), = ——=tan(460),y = ———=tan(70).
g3 00 =~ tantf)y = =g ten ()

1
= (—%> (tan(f) + tan(40) 4 tan(70))
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b= af
— (3%/3) > " tan(f) tan(40)

()
__¥

by = (-%) (tan(0) tan(48) tan(76))
=1.
It follows that {«, 3, v} are roots of the equation:
23 4+ 3V32% — V9r —1=0. (27)
The associated Ramanujan equation is equal to
t3+pt+q=0, (28)

where

p=33V3+V9-3),
g =—(18 - 6(3V3 — V/9)).

We now compute Z% and Zg
u=3" %
=2 t?r?((f@))
=2 tanEZ;l j;i)(izr)lgi)(m)
= Rig > tan®(f) tan(70)
()
()

= 9.
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_y 0
oy ?
B tan (40) tan(76)
B Z tan(f) tan(46) tan(70)

1 2
= Ztan (40) tan(76)

_ (%) 3 tan?(46) tan(70)

(e
= 15.

By Theorem 1.7,

¢ +—: (Z Z&>2:242‘

f\/ Ty +2_7+_\/q_ ¢
—1\/42 6(3V/3 — \/_+—\/6 6(3V/3 — V/9)
:\/21—33\/'—f +\/—3—33f—x/_)

= §/21 —3(3V3 - V9) - {’/3+3(3€’/§+ V9)
By Theorem 1.5,

Y Va=Va+6+3t

_ i/(—3{°7§)+6+3({’/21—3(3€/‘_\3/§)_€/3+3<3\7§+\7§))
:§/_3%+6+3(€/21—3(3\3/_—i3/§)—€/3+3(3\3/§+\3/§))

and

1 Y R

- \3/(—\3/§)+6+3(\3/21—3(3\7_—\7§)— {’/3+3(3\3/§+ v9))
- §/—€/§)+6+3(\3/21—3(3\3/§—\3/§)— {’/3+3(3\‘°’/§+ V9)).

This implies Equations (5) and (6) in Theorem 1.2.
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6 Proof of Theorem 1.3

To further illustrate out method, in this section, we will prove Theorem 1.3, which is similar to

the proof of Theorem 1.1.

Proof. Let

a= —% sin(20), 5 = —% sin(46),y = —% sin(86).

Z a= (—i> (sin(20) + sin(49) + sin(89))

T
-(5)(9)
— 7

afy = (—%) (sin(20) sin(46) sin(89))
1

It follows that {«, 3, v} are roots of the equation:
23 4+ V7a? —1=0. (29)

The associated Ramanujan equation is equal to

4+ pt+q=0, (30)
where
= 3(V7 - 3),
q=6v7-9.

We now compute Z% and Zg

B Z sin(20)
2sin(20) cos(29)

1 Z cos(26) cos(46)
cos(26) cos(46) cos(86)
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1
=30, Z cos(20) cos(40)

=4 Z cos(20) cos(40)
= -2

=37
B sin(40)
B Z sin(20)
2sin(29) cos(29)
B Z sin(24)

:22008 (20)
=—1

By Theorem 1.7,

q—l———(z - )2:1.

By Theorem 1.6, a real solution for the associated Ramanujan equation is given by

M ‘-’*vq+ﬁ+7¢ i-yer g
\/ q+\/_+ —q—
\/10 6\/_+ \/

- \/5—3\?77+ \/4—3%.

By Theorem 1.5,

Y a=Vat+6+3t
:i’/—\?’/?+6+3({’/5—3€ﬁ+ 6/4—3\‘7?)

= §/—€’/7+6+3{’/5—3€’f7+3\3/4—3x77

and

1 3
Z%:\/b+6+3t

— (’/6+3€/5—3€/?+3\3/4_3€’ﬁ

This implies Equations (7) and (8) in Theorem 1.3.
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7 Proof of Theorem 1.4

To further illustrate out method, in this section, we will prove Theorem 1.4, which is similar to
the proof of Theorem 1.2.

Proof.

> (tan(2d) + tan(46) + tan(80))

N
Q
I
/\/?\
Si-51-

~
—
|
S
~——

]
? Il
‘3'

(tan(2d) tan(49) + tan(46) tan(46) + tan(84)) tan(44))

S-Sl
~ ~

Il
7~ N "
N~
|
-

I

|
w
Ny
©

1
_7) (tan(29) tan(49) tan(89))

o
sy
2
|
= /T\

It follows that {«, 3, v} are roots of the equation:
2 — VT2 — V49x — 1 =0. (31
The associated Ramanujan equation is equal to
34+ pt4+q=0, (32)
where

p=—(3V7—3V49 +9),
q = (6V/7—6V49 +2).

We now compute » | % and ) g

I
/|\
|H
S~
-
v
=
no
—~
N
=
—+
2
=
[\
=
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By Theorem 1.7,

q+—(z Za>2—64.

+14/¢? T N
f —@ oo \/— g\

ﬂ —q+8+ﬁ¢—qi—

— 1 \/ (6v/7 — 6\/_+2)+8+\/_\/(6\/_ 6v/49 +2) — 8

:\/3\/_—3¢_+1 +4+¢3\/_—3J_+1)—
:i/3%—3@+5+{‘/3%—3%—3.
By Theorem 1.5,
S Va—Varora

=§/%+6+3(€/3€/7—3%+5+ \3/3%—3\3/4_9—3)

and

1 3
Z%:\/b+6+3t
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= =49+ 6+ 3 \/3V7 —3V49 + 5+ /37— 3V49 - 3 ).
(RE( / )

This implies Equations (9) and (10) in Theorem 1.4. O

8 Remarks

In a future paper, we will use the methods developed in this paper to compute Ramanujan type
identities when the roots are the following forms:

km_n ) 9 Y
tfny tfng tfny

where ¢ fny,tfns, t fns are trigonometric values.
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