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Abstract: Heilbronn sums is of the form H,(a) = Ee(a—lj), where p is an odd prime, and
e(r) = exp(2miz). This is a supercharacter and has .la?)l];)licze)ltion in number theory. We extend
this sum by defining D,(a) = ]Se(a—f), where p is an odd prime and prove that D,(a) is a
supercharacter and drive a few idl;titigs involving D, (a).
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1 Introduction

The theory of supercharacters for finite groups and algebra groups was introduced in [5]. It
generalizes the basic characters studied by Andre [1-3]. The classical character theory is a special
case of this theory.

For a finite group G, let

‘[TT(G) = {Xl - ]-G7 X2y - 7Xh}
be the set of irreducible complex characters of G' with 1 the trivial character. Let
OOTL(G) = {Kl - {1}7 K27 s 7Kh}

be the set of conjugacy classes of G with K the identity conjugacy class.
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Definition 1.1. Ler G be a finite group. The pair (X, K) is called a supercharacter theory for G
if

1. X is a partition of Irr(G) and K is a partition of G,

2. {1} e K,

3. &[] = [K],

4. Foreach X € X, the character ox = Y, x(1)x is constant on each Y € K.

x€X

The characters oy are called supercharacters and the elements of I are called superclasses.

There are two trivial supercharacter theory for a non-trivial finite group G as follows:

(@) X = U)MhKZ U K.

x€lrr(G KeCon(G)
(b) X ={lgtU{lrr(G) —{1g}}, K = {1} U{G — {1}}.
In case (a) the irreducible characters of GG are supercharacters and in case (b) the supercharacters
are 1¢ and pg — 1, where p¢ is the regular character of G.

An important construction of supercharacter theory which is mentioned in [5] is as follows:
Let G be a finite group and A be a subgroup of Aut(G). Let

Irr(G) ={x1 =1, X25- - -» X0}

Con(G) = {C, = {1},Cy,...,Cp}.
Suppose that foreach o € A, C* = C;,1 <i,j < hand x{(g) = xi(¢9*) forall g € G, a € A,
then the number of conjugacy classes fixed by « equals the number of irreducible characters fixed
by «, and moreover the number of orbits of A on C'on((G) equals the number of orbits of A on
Irr(G) [6]. Tt is easy to see that the orbits of A on [7r(G) and Con(G) yield a supercharacter
theory for GG. This supercharacter theory is called automorphic.

Supercharacter theory on certain Abelian groups yields interesting results. In [4]supercharacter
theories on the group Z¢ induced by the action of certain subgroups of G L,,(d) are considered. It
is shown that a variety of exponential sums which are of interest in number theory such as Gauss,
Ramanujan, Heilbronn, and Kloosterman sums appear as supercharacters.

One particular example is the Heilbronn sum which is studied in [4] and [7]. This sum is of

the form
p_l alp
Hy(a) = > e(—),
=1 P
where p is an odd prime and e(z) = e*™®. It arises as a supercharacter when considering

the action of a certain subgroup A < ZZQ, where Z; is the multiplicative group of invertible
elements of Z,: which is isomorphic to the cyclic group Zy,_1), on the group Z,> by left (right)
multiplication. Then Heilbronn sums appear as part of the supercharacter table of Z,.. Using the
corresponding supercharacter table, a few identities involving Heilbronn sums are derived. Also
a formula for the number of solutions to the equation

az? + by? = czP (mod p?)

involving Heilbronn sums is obtained.
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Motivated by [7], we extended the Heilbronn sums to

| Q

Dyfa) = T e(%5),

where p is an odd prime. We will prove that D, (a) is a supercharacter and obtain a few identities
similar to those in [7].

2 Preliminaries

Suppose G is a finite group and (X, K) is a supercharacter theory for G. Suppose that
X ={Xy,...,Xn}and K = {K},..., Kn} where X; = {1¢} and K; = {1}. Let

= > x()x

XEX;

be the corresponding supercharacter. The supercharacter table for G corresponding to (X, K) is
the N x N table in Table 1.

K, K, Ky
g1 0'1(K1) O'l(KQ) O'l(KN)
02 02(K1) 02(K2) UQ(KN)
ON UN(K1) UN(Kz) UN(KN)

Table 1

N
Let us set S = (ai(K J)) and let us call it the supercharacter table of the group G.
ij=1

Recall that a class function on G is a function f : G — C which is constant on conjugacy
classes of G. The set of all the class functions on G is denoted by ¢f(G, C) and has the structure
of a Vector space over C with an orthonormal basis /77 (G) with respect to the inner product:

(1.9) = 5 T St
Since supercharacters are constant on superclasses it is natural to call them superclass
functions. We have
1 N

(00, 05) = ‘G,;!Kklaz(Kk)Ug(Kk)

and by using the row orthogonality relations on I77(G) we obtain (0;, 0;) = d;; > x(1)>.

XEX;
N
oi(K;) /| K|
VXl

1

VIGI

If we set the matrix U =

, then by [4] this matrix is unitary,

ij=1

U=UtandU*=1.
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3 A supercharacter theory for Heilbronn-like sums

Let A be a subgroup of GLy(Z,) which is closed under transpose. Then obviously A acts on
Z% as well as on Irr(Z2%). Let X;, Xs,..., Xy be the orbits of A acting on G = Z%. By a
formulation given in [4], the functions

oi(y) = Z€<%) , Y EX;

CEGXi

are called supercharacters of GG and the sets X; are called superclasses. Here = - y denotes the
inner product of the vectors = and y as elements of Z¢, and e(x) = >,

In [4] it is shown that certain exponential sums which are used in number theory are
supercharacters on Abelian groups.
Gauss sums: G = Z,, p is an odd prime, g is a primitive root modulo p, I' = (g*). Then T acts
on G by multiplication. The resulting supercharacters are Gauss sums:
u 0
0 wut
in the natural way, and the corresponding supercharacters are Kloosterman sums.

Kloosterman sums: G = Zz, p is an odd prime, I' = { ] | u € Z) } Then I' acts on GG

Heilbronn sums: G = Z,2, p is an odd prime, I' = {17,27, ... (p — 1)} is a subgroup of Z;Z.

The group I has order p — 1 and acts on GG by multiplication. The corresponding supercharacters

p=1 4P
are Heilbronn sums Hy,(a) = > e(—).
=1 P
Ramanujan sums: G = Z,, I' = Z, I" acts on G by multiplication and the corresponding

supercharacters are the well-known Ramanujan sums.

p=l [/ qlP
Here we are interested to generalize the Heilbronn sums to: D,(a) = > e (—3) , where p 1s
=1 p
an odd prime.
Lemma 3.1. Let p be an odd prime and x,y € 7 which are not multiples of p. Then

2P = yP (mod p?) if and only if v = y (mod p?).

Proof. If x =y (mod p?), then z = y + rp?, for some r € Z. We can write

= (y+ 12 = 3 <Z> y?~H(rp*)F = yP (mod p?).
k=0
Therefore, 2P = y* (mod p?).

Conversely suppose 27 = y” (mod p?). Let g be a primitive root modulo p?, i.e., a generator
of Zy = Zyp-1). Then z = ¢’ and y = g¢* (mod p?), for some i, j. Then from
2P = 9P (mod p*) we obtain ¢’? = ¢*? (mod p®), hence gV=9? = 1 (mod p?). Therefore,
p?(p — 1) | (j — k)p which implies p(p — 1) | j — k. If we write j — k = mp(p — 1), for
some m € Z, then j = k +mp(p — 1). Hence x = ¢ = gFtmrr=) = gh(gpp=1)ym Byt
by Euler’s theorem in number theory g‘/’(PQ) = ¢?®= D = 1 (mod p?). Therefore, z = ¢/ =
g* (mod p?) =y (mod p?). Hence x = y (mod p?) and the Lemma is proved. O

By the above Lemma we deduce that

A={1r. 27 ... (p—1)P}
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is a proper subgroup of Z;jg of order p — 1. Let g be a primitive root modulo p?, i.e
O(g) = p*(p — 1), hence O(¢*") = (p — 1). Since Z; is a cyclic group of order p*(p — 1),
it has a unique subgroup of order p — 1, hence A = (¢*°), ¢*" € A.
Next we consider the action of A on Z,s by left multiplication. We will find the orbits of this
action as follows:
X1 =gA ofsizep—1
X, = ¢g?A of sizep — 1

Xp2 = gpzA = A ofsizep — 1
Xpe1 ={p(p+1),2p(p+1),...,(p— )p(p + 1)} of sizep — 1
X ={p(2p+1),2p(2p+1),...,(p — 1)p(2p + 1)} of sizep — 1

Xpeip = {p(0* + 1), 2p(0* +1),...,(p — Dp(p* + 1)} of size p — 1
Xpzipi1 = {p%20% ..., (p— 1)p*} of sizep — 1
Xp4p2 = {0}
Therefore, there are p® + p + 2 orbits, one of them has size 1 and the rest have size p — 1 each.

Now we calculate the supercharacter table of Z,> with respect to the above action. Using the
formula written at the begining of Section 3, we have:

o ) gilpgj gi+jlp it
Forl <i,j <p*oi(X;)= > e - = > e =D, (¢g""7)

3
zeX; zeX; p

Therefore D, (a) is a supercharacter.
For1<i<pXip*+1<j<p’+p,

=t (g'lPp(kp +1) gilr( kp+1 i
0i(X;) = l;e ( I’ = Hy(g'(kp+ 1))
where k =1,2,...,p.
lep gilr
For1<i<phj=p*+p+1,0iX;) = e p - 1
For1 <i<p*j=p’+p+2 wehaveaz( ;)=
—1 (iplkp+1)¢’ =1 [(kp+1)g’
Forp’+1 <i<p’+p,1<j<pioiX;) = E (P(P-f— )9): ((p+2 )g)
=1 =1 p

Here we define

Lo =S (%),

Then all values of [ are prime to p, hence [P = [ modulo p.
By [7, Theorem 3.1], {17, 27 ..., (p — 1)?} = {1,2,...,1} are different mod p?. Therefore

we can write
o= 5 () <5 ()
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Thus 0;(X;) = H,((kp + 1)¢’) where k = 1,2,...,p.
Forp? +1<i<p’+pp*+1<j<p’+p,

oi(X,) = ie (lp(k;p + 1)I'p(k'p + 1)) _ ”Ze (l(kp + 1)U (Kp + 1)) .

3
p =1 p

fork=1,2,...,p
Forp? +1<i<p’+pj=p*+p+1,

ai(Xj):pi (WL> pie (i(kp+ 1)) =p—1

=1 =1

for k =1,2,...,p. The following identities are clear:

0i(X;) =p—1, PP +1<i<p’+p, j=p*+p+2
Opripr(Xj) = =1, 1<j <p’

0p2+p+1< >_ _1,p2+1§j§p2—|—p
Oprprt(Xprpr1) = P = 1, 0peipit (Xpaipin) = p — 1
Op21pr2(Xj) =1, forall 5.

Therefore we have the following supercharacter table of Z,s in Table 2. The matrix U defined in

Section 2 is calculated as Table 3.
As mentioned in [4] the values K,(a), L,(a) and H,(a) are all real numbers. The matrix U is
symmetric and unitary, hence UU ! = U? = I. Using this, we derive the following identities:

p
Theorem 3.1. 1. Y D,(¢") =
=1

) P )
4. 3" Dy(g") Dp(g™!) + Yo Hy(g' (kp + 1)) Hy (g *+)) = p,

p
5 3 Hy g (kp+ 1) =p*(p—1), 1<k <p.
=1

Proof. Since U is a unitary matrix, its distinct rows and columns are orthogonal to each other.
Orthogonality of any row of U involving D,’s with the last but one row and the last row of U

yield:

=Y Dylg) + ( —1ZH (kp+1))—(p—1)+p-1=0,

p
VP 1> D) + Vb ZH (kp+1)—vp—14++/p—1=0.
=1

From the above identities we obtain (1) and (2).
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T T T T T T T T THd+edp
1—-d  1-d 1—d 1—d 1—d - - - THtato
1—-d 1-d - - - (1+4)H (14D D)H (1+D)b)g | o
1—-d 1-d I— - - ((1+dg)m (1 +dg)6)'m  ((1+dg)b)'y | Helo
1—-d 1-d - - - (1+d)Hg (1+d)0)'H  (1+d)b)g | Trelo
1-d  1- (T+)H (1+de)'y (1+d)y (D%a (5)a  (B)q o
1—-d  1- (1 + ;@) 6)H (1+dg)6)'g  ((1+4d)6)'H (H)a B)a  (H)a 2o
1-d 11— ((1+ D)6)'H (t+dg)b)'g (1 +a)b)'Hy (6)‘a (D) 'a  (H)a Lo

ttdtedy,  THdtedy, dtzdy ttedy T+edy mvm ey Ty
I 1—d 1—d 1—d 1—d 1—d 1-d 1-d

7 o1qeL
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1 1—4d 1—d 1—4d 1—4d 1—4d [—dn 1—d
[—dfr 1-d 1—d 1—d 1—d - 5 - -
[—dN 1—d - - - (T+ D) (1+ D b)'H  ((1+ D6)'H
1—dM 1-d I— - - ((1+dg)'m (1 +dz)b)'g  ((1+dg)b)'H
[—dpr 1-d - - - (1+4d)%H (t+ad)b)'g  (1+d)b)'Hy
T—dfM 1— (T+ )" (T +dg)'H (1+d)y (D%a (D)a ) a
1—dNr 1- ((1+ 9 0)'H (1+4d2)0)'g  (1+d)0)'H (D) a B)'a  (H)a
| 1=dN 1= | (T+ D5 H (1 +de)b)’a (1 +d)h)'H 0)a (¢0)'a  (H)'a

¢ Jl9EL
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Now we consider the square of relevant columns of U
1 /2 P
3 (ZDi(gl) + > HX ' (kp+1)+1+p— 1) —1,
p =1 k=1

% (iﬂﬁ(gl(kwr D) +p+p—17>+p— 1) =1.
P” \k=1

From the above identities (3) and (5) are obtained. Finally considering the product of any two
distinct rows of U involving D, (a)’s the identity (4) is obtained. O

!
Theorem 3.2. 1. Y H,(¢'(kp+ 1)H,(¢'(i + k)p+ 1) = —p?
k=1

p2
2. Y Dy(g") Hylg'(tp + 1)) = —p(p — 1)
=1
Proof. Orthogonality of the rows containing only H,,’s yields:
p
> Hy(g'(kp+ D)) Hy(g'(i + k)p+1) +p+(p—1)> +p—1=0,
k=1

where ¢ # (. We obtain the identity in (1).
Next consider the orthogonality of the rows containing D,’s and the rows containing f1,’s:

lilep@l)Hp(gl(tp +1)) - z Hy(g'(kp + 1) + (p— 1) +p—1=0,

now using the identity in Theorem 3, the identity (2) above is obtained. [l
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