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Abstract: The main aim of this study is to obtain De Moivre-type identities for Jacobsthal
numbers. Also, this paper presents a method for constructing the second order Jacobsthal and
Jacobsthal third-order numbers and the third-order Jacobsthal and Jacobsthal-Lucas numbers.
Moreover, we give some interesting identities, such as Binet’s formulas for some specific third-
order Jacobsthal numbers that we derive from De Moivre-type identities.
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1 Introduction

In the literature, the roots of the equation 22 — z — 1 = 0 are given as
v = (1+V5)/2,
o = (1 — \/5) /2,

and the following relation is satisfied

1+v5.  L,++5F,
Ly Ln2 V55 0
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where L,, denotes the n-th Lucas number and F;, denotes the n-th Fibonacci number. The relation
(1) is called De Moivre-type identity for Fibonacci numbers which is proposed by Stephen Fisk
in [1,2].

The Tribonacci and the Tetranacci numbers are like the Fibonacci numbers. But the Tribonacci
sequence starts with three predetermined terms and each term afterwards is the sum of the
preceding three terms instead of starting with two predetermined terms. Similarly, the Tetranacci
sequence starts with four predetermined terms and each term afterwards is the sum of the
preceding four terms. Lin in [10] and [11], gave the De Moivre-type identities for the Tribonacci

and the Tetranacci numbers by using the equation 2> — 22 — 2 — 1 = 0 and the equation

xt — 2% — 2% — 1 — 1=0, respectively.

Horadam in [8], defined the Jacobsthal sequence and he obtained some identities for the
Jacobsthal numbers. Also, Cook et. al. in [7] introduced the third-order Jacobsthal numbers
and presented some properties for the third-order Jacobsthal numbers. Moreover, there are a lot
of articles about Jacobsthal number such as [4-9] in the literature.

In this paper, the De Moivre-type identities for Jacobsthal numbers and the third-order
Jacobsthal numbers are shown by using the equation 2> — z — 2 = 0 and the equation

x® — 2% —x — 2 = 0, respectively.

2 De Moivre-type identities for Jacobsthal numbers

In this section, the De Moivre-type identity is given for the Jacobsthal numbers. The roots of the
equation 72 — z — 2 = ( are

r = (1+v9)/2 =2,
T2:<1_\/§)/2:—17

[8]. Moreover, the roots can be written in the following form:

1++9
T2 = 5 . )

The De Moivre-type identity for the Jacobsthal numbers can be found as follow:

(1i\/§)n_jni3jn
2 2

where j,, denotes the n-th Jacobsthal-Lucas numbers and .J,, denotes the n-th Jacobsthal numbers.

3)

Note that the sequence {7, } is the Jacobsthal-Lucas sequence in [8] (or the sequence A014551
in [12]) with the recurrence relation j,, = j,_1 + 2J,_2, forn > 1 and jo = 2,7, = 1. Also, the
sequence {.J, } is the Jacobsthal sequence whose recurrence relation is .J,, = J,,_1 + 2.J,,_», for
n>1land J, =0,J; =1, in [8].
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3 De Moivre-type identities for the third-order
Jacobsthal numbers

In this section, the De Moivre-type identity is given for the third-order Jacobsthal numbers. The
three roots of the equation

2?2 -2=0 4)
are
ry =2, 5
—1+14V3
ro = T’ (6)
—1—1iv3
rs = T’ (7)

[7]. Moreover, these three roots can be written in the following forms:

Tl—%‘f‘X‘i‘Y, (8)
1 1 3
1 1 3

ry3 = §—§(X+Y)_Z\/7_(X_Y)7 (10)

where X = %, Y = % Thus, the powers of the root r; can be calculated under the condition
XY =2 and X? +Y? = £ as follows:

w

2

==+ -(X+Y)+ (X?+Y?), (11)
3 3
10 5

r?:§+§(X+Y)+(X2+Y2), (12)
15 13

rf:§+§(X+Y)+2(X2+Y2), (13)
31 22

r) = §+§(X+Y)+5(X2+Y2), (14)
66 45

rd = §+§(X+Y)+9(X2+Y2) (15)

The coefficients of the above equations construct three third-order Jacobsthal sequences which
are denoted by {R,,}, {S,.}, and {T,, }, respectively. Thus,

1. the sequence {R,} is the third-order Jacobsthal sequence with the recurrence relation
R,=R, 1+ R, 2+4+2R, 3forn > 3and Ry = 3,R; = 1, Ry, = 3. Note that the
sequence { R, } is called as the modified third-order Jacobsthal sequence by Cerda-Morales
in [6], (it could have been considered as the third-order Jacobsthal-Lucas sequence, but this
was not mentioned in [6]).

97



2. the sequence {S,} is the third-order Jacobsthal sequence with recurrence relation
Sp = Sn_1+S,_2+2S,_sforn>3and Sy = 3,5, =2and Sy, = 5.

3. the sequence {7, } is the third-order Jacobsthal sequence with the recurrence relation
T, =T, 1+ T, o+ 2T, 5forn > 3and Ty, = 1,77 = 1 and T, = 2. Note that the
sequence {7, } is the 1-shifted sequence of the sequence defined by Cook et al. with the
initial conditions 7y = 0,77 = 1 and 75 = 1 in [7].

The first 11 terms of above sequences are presented in the following Table 1.

n |01 2 3 4 5 6 7 8 9 10
R,[3 1 3 10 15 31 66 127 255 514 1023
S, |3 2 5 13 22 45 93 182 365 733 1462
7, |1 1 2 5 9 18 37 73 146 293 585

Table 1. The third-order Jacobsthal numbers

L _ 4 _ -
By considering the sequences {R,}, {S,}, {T,}, XY = 5, X* + Y® = £, and applying

induction over n, we construct the following from the equations (11)—(15):

1 1
7“? - §Rn + gsn—l(X + Y) + Tn—2(X2 + YQ)' (16)
Similarly, we get
1 1 1 5 9 1 1 2 y2
ry = an—ESn—l(X+Y)—§ n—Q(X +Y >+\/§Z[68n—1(X_Y)_§ n—Q(X Y )]’ (17
and
o1 1 1 9 o .1 1 2 y2

Hence, the relations (16)—(18) are called De Moivre-type identities for the third-order Jacobsthal
numbers.

4 Generating functions and Binet’s formula
for the numbers R,,, S,,, and T,

In this section, we get the generating functions for the sequences {R,, }, { S, }, and {7}, }, by using
the recurrence relations and the initial conditions of them. Firstly, the generating function for

{R,} can be found as
3 —2x — a?
R(z) = i (19)

1l — gz — 22— 223

where R(z) = )", R,z", as in [6].
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The generating functions for the sequences {7}, } can be calculated as follows:

T(x) =) Ta"=1+z+22"+52°+» Ta" (20)

n=0 n=4

and by substituting the recurrence relation of 7},, we have
T(x)=1+x+22> +52° +2(T(x) — 1 — 2 — 22?) +2*(T(2) — 1 —2) + 22%(T () — 1). (21)

So we obtain

1
T(x) = 1l—o—a2—223

Similarly, we get
3—x
S(x) = (22)

1—ax—a2—22%

where S(z) =), Spa”.
Thus, the Binet’s formulas for sequence { R, }, {5y}, and {7},} can be found as follows:

R, =7r+ry +7ry, (23)
rn—i—? ,r,n+2 rn—i—?
T, = 5 + < + : , (24)
(T1—7“2)(7“1—7‘3) (7"2—7”1)(7“2—7“3) (7‘3—7“1)(7‘3—7"2)
S — (3r; — 1)rpt! (3ry — 1)ryt! (3rs — 1)ryt! 25)

(T1—7“2)(7“1—T3) (7"2—7”1)(7“2—7”3) (7‘3—7"1)(7“3—7“2)'

Note that the equation (23) was obtained in [6]. Moreover, for the proof of the equation (24),
we seek for constants d;, d, and ds such that

Tn = dﬂ”? + dg?”g + dg?”g.
The result is found by solving the system of linear equations forn = 0,n = 1 and n = 2,

d1+d2+d3:1
d1r1 —|—d27“2 +d37“3 =1
dfl"%—{—dg?"g—l—dg’f‘g :2

Hence, we find

r2
dl = 1 )
(7’1 - 7"2)(7"2 - 7”3)
2
T
dy = 2 :
2 (7“2—7’1)(7“2—7”3)
dy = 5

(rs —ri)(rs —ra)

Similarly, the Binet’s formula of .S,, can be obtained as in equation (25).
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5 Some properties of R,,, S,,, and T,

In this section, some interesting identities are derived by using the definitions of the third-order
Jacobsthal numbers. We know that the recurrence relations of the sequences {R,}, {S,} and
{T,,} are follows:

Rn+3 = Rn+2 + Rn+1 + 2Rn, for n Z 3, Ro = 3, R1 = 1, R2 = 3,
Sn+3 = Sn+2 + Sn+1 + 2Sn, for n > 3, So = 3, Sl = 2, SQ = 5,
Tn+3 = Tn+2 + Tn+1 + 2Tn7 for n 2 3,T0 = 1,T1 = 1,T2 = 2.

By using these relations, we can write

TO - 1,
T = 1,
T, = 2,

Ty, = 2+3=5=2Ty+1,
Ty = 5+4=9=2T;—1,

Ty = 9+9=18=2T},

Te = 18+19=237=2Ty + 1,
T, = 37+36="73=2T5—1,
Ty = 73+ 73 =146 = 2T+,

Ty = 146+ 147 =293 = 2Ty + 1,

So, it is seen that we have

2T, 1+1, n=0 mod 3
T,=4 2T,_.1—1, n=1 mod3 forn > 3. (26)
2T, 1, n=2 mod3

Similarly, we can find

25,.1+3, n=0 mod3
Sp=1 25,_.1—4, n=1 mod 3 forn > 3, 27)
25,-1+1, n=2 mod3

and
2R,_1+4, n=0 mod3

R,=4¢ 2R,_1—5, n=1 mod3 forn > 3. (28)
2R, 1+1, n=2 mod 3

\

Moreover, from the definition 7,, and .S,,, we have

S, =31, —T,_1, forn > 1.
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Now, we define a new sequence {U,, } with the recurrence relation

Un =1p1+ 2Tn—27 for n > 27

and Uy = 0,U; = 1. Note that the sequence {U,,} is also a third-order Jacobsthal sequence with

the recurrence relation
Un+3 == Un+2 + Un+1 + 2Un;

forn > 3 and Uy = 0,U; = 1, U, = 3. The first some terms of the sequence U, is

0,1,3,4,9,19, 36, 73,147,292, 585, . ..

Also, the sequence has the similar definition in the articles [10] and [3]. Hence, from the

definitions of the sequences {R,}, {S.}, {7} and {U,} and similar to equation (26), we can

calculate the three following equations:

U,+1, n=0 mod 3
T,=4 U,, n=1 mod3 forn >3,
U,—1, n=2 mod3

3U,—-U,.14+4, n=0 mod 3
Sp=1 3U,—U,_1—1, n=1 mod3 forn>1,
3U,—U,.1—3, n=2 mod 3

and
R, =3U,_1+U,_s, forn > 2.

By using the recurrence relation of I?,,, we have the following linear equation system:

Ry = Ry+ Ri+ 2R,
Ry = Rs+ Ro+ 2R,
Rn+3 = Rn+2 + RnJrl + 2Rn

So, we can write

n+3 n+2 n+1 n

ZRk = ZRk +2Rk+22Rk.
k=3 k=2 k=1 k=0

Furthermore, from the recurrence relations of R,, and U,,, we can write

(29)

(30)

1)

Ry + Ruso + Ryt =3 =13+ ) Ri=Ruo+ Ryt =3 =14 ) Ri+ Rup —3

k=0 k=0

+> R +2) Ry
k=0 k=0
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So, we have the following summation formula

" 4Up 1 + U,
S Ry = e (32)
3
k=0
Similarly, we can calculate
& Spis — Spp1 — 2
Z S, = +3 +1 (33)
3
k=0
Tso + 7T, — 2
+2 + (34)
3
and
& Upis — Uny1 — 3
Z U, = +3 +1 ‘ (35)
3
k=0
Finally, we know that
LT+ T+ + Toa T =) TeTi (36)
k=1

is satisfied. Also, if the equation (29) is substituted in equation (36), we obtain for n > 3

N Sy UieaUs) + 305 (Uit — Usye — 1), n=0 mod 3
ZTk—lTk = ZZ:l(Uk—lUk) + Z,(::_ll)/?’(ng_l - U3k - 1) + Un, n=1 mod3
k=1 o

> ket (Uk—1Uk) + Zk:f/g(USk—l —Us, — 1), n=2 mod 3.

6 Conclusion

In this article, we obtain the De Moivre-type identities for the Jacobsthal sequences. In the future,
this identity can be derived for the fourth-order Jacobsthal numbers, similar to the De Moivre-type
identity for Tetranacci numbers in [11].
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